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CERTAIN OPERATIONS ON m-POLAR PICTURE FUZZY GRAPHS

J. KHATUN', B. BERA?, S. AMANATHULLA3*, M. PAL', §

ABSTRACT. Fuzzy graphs and their extensions, including m-polar fuzzy graphs and m-
polar intuitionistic fuzzy graphs, find significant applications in various systems. The un-
certainties in everyday life, stemming from inconsistent information, pose challenges for
accurate modeling using existing techniques. To tackle this, researchers have introduced
m-polar picture fuzzy graphs (mPPFG), a novel approach that addresses indeterminate
and inconsistent information in real-valued problems. The paper presents several impor-
tant operations like, Cartesian product, compositions, union, join, direct product, semi
strong product and strong product of mPPFGs along with various properties and theo-
rems. Also, product mPPFG, complete product mPPFG are defined. The concepts of
ring sum of two product mPPFGs are also studied.
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1. INTRODUCTION

Graph theory serves as a powerful tool for modeling real-world systems, and fuzzy graphs
(FGs) have emerged as an extension capable of handling imprecise and uncertain informa-
tion. A recent advancement in this field involves m-polar picture fuzzy graphs (mPPFGs).
These graphs offer a versatile framework for representing and analyzing complex systems,
where nodes and edges possess degrees of membership with multiple polarities. By in-
corporating the advantages of F'G's and m-polar picture fuzzy sets, mPPFGs provide a
more comprehensive representation of uncertainty and imprecision. They capture diverse
perspectives, facilitating a deeper understanding of relationships and interactions within
the graph structure.

Utilizing fuzzy relations within fuzzy sets, Kauffman [1] pioneered the development of
FG theory. Subsequently, Rosenfeld [2] introduced the notation for F'Gs in 1975. Notable
contributions to the theoretical understanding of F'G theory were made by various au-
thors, including Mathew [3] and Mordeson [4]. Research conducted by Mordeson et al. [5]
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delved into F'Gs and fuzzy hypergraphs. Samanta et al. [6] introduced bipolar F'Gs, while
Akram [7] explored the application of bipolar fuzzy digraph notation in social groups. A
novel concept in F'Gs called fuzzy incident graphs was developed by Dinesh [8]. Addi-
tionally, Mathew et al. [9, 10] extensively studied fuzzy incidence graphs, investigating
various properties. Fang et al. [11] made significant contributions to understanding the
connectivity of fuzzy incidence graphs. Mahapatra et al. [12] explored fuzzy fractional
coloring of F'G along with its practical applications. Furthermore, Pal et al. [13] con-
ducted research on fuzzy planar graphs, uncovering crucial properties in this domain. In
2016, Parvathi et al. [14] introduced the concept of intuitionistic fuzzy graphs (IFGs),
laying the groundwork for intuitionistic fuzzy relations. Similarly, Shannon et al. [15]
proposed various generalized forms of I FGs. Additionally, Sahoo et al. explored differ-
ent products related to I FGs [16] and pioneered the development of intuitionistic fuzzy
competition graphs [17]. The notion of picture fuzzy graphs (PFGs) was introduced in
2019 by Zuo et al. [18]. These PFGs have been approached diversely by different re-
searchers. Das et al. introduced picture fuzzy tolerance graphs [19], and Amanathulla
et al. presented blanched PFGs [20]. Furthermore, in 2021, Amanathulla et al. applied
PFGs in the context of airline networks [21]. Additionally, Amanathulla et al. [22] ex-
plored various methods for decision-making involving multiple attributes within a picture
fuzzy environment. Rashmanlu et al. [23] introduced the concept of cubic graphs with
innovative applications. Amanathulla et al. provided insights into the application of dis-
crete mathematics in real-world scenarios [24] and involvement of graph theory in reality
[25]. Furthermore, Nazeer [26] introduced picture fuzzy incidence graphs, applying them
to control illegal transportation in both India and America. The concept of m-polar fuzzy
sets was initially introduced by Chen et al. in their work [27]. Subsequently, Ghorai et al.
[28, 29] delved into the research of m-polar fuzzy graphs, exploring their characteristics
and practical applications. They investigated the isomorphic properties of mPFGs with
various applications [30] and examined the planarity of mPFGs [31]. Within the realm of
m-polar fuzzy graphs, Mandal et al. [32] focused on different types of arcs, while Akram
et al. [33] explored the relationship between m-polar fuzzy graphs and line graphs. Ad-
ditionally, Akram et al. conducted studies on specific edge features and dominations in
m-polar fuzzy graphs [34], along with applications [35]. The fuzzy coloring of mPFGs and
its applications were explored by Mahapatra et al. in 2018 [36]. Mandal et al. [37] also
investigated the genus values of mPFGs. For further exploration of new terminologies
and applications in fuzzy graph theory, refer to [38]. In 2016, Wieslaw et al. [39] have
studied Operation on level graph of bipolar fuzzy graphs. New concepts of vertex covering
in cubic graphs with applications have studied by Huiqin et al. [40]. In 2020, Talebi et
al. have studied new concepts of isrregular-intutionistic fuzzy graphs with application
[41] and new concepts of m-polar interval valued intuitionistic fuzzy graph [42]. Khatun
et al. have studied an application of neutrosophic graph in decision-making problem for
alliances of companies [43], Picture fuzzy cubic graphs and their applications [44]. Baner-
jee et al. have introduced Optimization of disaster management using split domination in
picture fuzzy graphs [45] and application of picture fuzzy bondage set to find least crowded
passenger-friendly railway division in India [46].

1.1. Motivation. F'G has been used in modeling and analyzing complex systems, provid-
ing flexibility in dealing with uncertainty. Concepts such as F'Gs, I F'Gs and PFGs have
improved the representation of imprecise information. The study of m-polar F'Gs has fur-
ther deepened our understanding of these structures. In practical applications, real-world
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problems often require a combination of different F'G types to address uncertainty and in-
corporate visual representation. While existing fuzzy models offer some flexibility, m PFS
provide a more versatile approach. Intuitionistic fuzzy sets (I F'Ss) solely take into account
membership and non-membership values, potentially falling short in encompassing all pos-
sible decision-making scenarios. However, in certain situations, individuals may want to
remain neutral and not express a clear opinion. In such cases, picture fuzzy sets/graphs
are used as a decision-making tool. PF'S take into account three values: positive, neutral,
and negative membership values. This facilitates a more inclusive portrayal of preferences
or opinions. However, standard PF'S are typically limited to being 1-polar, meaning they
consider only one polar value. While this suffices for many problems, there are instances
where the complexity of the problem demands a more nuanced approach. To address
such situations, the concept of mPPFG is introduced. This structure is more general and
realistic compared to PF'(G, as it allows for the consideration of multiple polar values. By
using mPPF (G, a wider range of problems involving uncertainty can be effectively tack-
led, resulting in a more accurate and realistic representation of the underlying system.
Consequently, the exploration of mPPFGs, which combine the features of m-polar F'Gs
and PF'GSs, becomes a compelling avenue for constructing a powerful framework to model
and analyze complex systems with both uncertain and visual aspects.

The remaining part of the article are organized as follows:
In section 2, some basic terminologies are given. Some operations and several properties
and theorems of mPPF'Gs are presented in section 3. Finally, conclusion and future works
are given in section 4.
Abbreviations: The following abbreviations are used in this study.
FG Fuzzy graph.
I1FG Intuitionistic fuzzy graph.
PFG Picture fuzzy graph.
mPPFG m-polar picture fuzzy graph.

2. PRELIMINARIES
In this section some basic terminologies are given.

Definition 2.1. [18] A triple G = (Vg, A, B) of the underling graph G* = (Vg, Eq),
where A = (04, pa,m4) and B = (op, up,np) are picture fuzzy set on Vg and Vg X Vg,
respectively is called a PFG if

(i)oa:A—10,1], pua: A—[0,1] andna : A — [0,1] are respectively the positive, neutral
and negative membership functions, and they all meet the condition 0 < o4(t) + pa(t) +
na(t) <1 forallt € A.

(ii) op : Ax A —[0,1], up : Ax A —[0,1] and np : A x A — [0,1], are respectively
positive, neutral and negative membership functions of the edges (s,t) € A x A, and they
all meet the conditions

o5(5,t) < 0a() A oalt), p(st) < pals) A palt), mp(s,8) < na(s) v nalt) and 0 <
op(s,t) + pp(s,t) +np(s,t) <1 for each (s,t) € A x A.

Definition 2.2. [47] A triplet G = (Vi, A, B) of the underlying graph G* = (Vg, Eq),
where A = (04, pa,m4) and B = (op, up,nB) are picture fuzzy set on Vg and Vg X Vg,
respectively is called an m-polar PFG if for each i =1,2,...,m.

(i)oa:A—[0,1]™, pa:A—[0,1]™ and na : A — [0,1]™ are respectively the positive,
neutral and negative membership functions, and they all meet the condition 0 < p;oo4(t)+
Popra(t) +piona(t) <1 for allt € A.

(ii)op : Ax A—[0,1]™, up : Ax A—[0,1]™ and np : A x A — [0,1]™, are respectively
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positive, neutral and negative membership functions of the edges (s,t) € A x A, and they
all meet the conditions

pioop(s,t) <piooa(s) Apiooa(t), pioup(s,t) <piopa(s) Apiopa(t), pions(st) <
pi 0 na(s) V piona(t) and 0 < p; o op(s,t) + pi o up(s,t) + pionp(s,t) < 1 for each
(s,t) EECV xV.

Note that p; o B(s,t) = 0, for all (s,t) € V x V — E. Here, A is called the m-polar
picture fuzzy vertex set of G and B is called the m-polar picture fuzzy edge set of G.
An m-polar picture fuzzy relation B on V is called symmetric if for each ¢ = 1,2,...,m,
p; o B(s,t) = p; o B(t, s) for all s,t € V.

Definition 2.3. [47] Let G = (V, A, B) be an m-polar PFG, where A = (04, 1a,ma) and
B = (0B, puB,nB). Then G is called a strong m-polar PFG if for each i =1,2,...,m,
pioop(s,t) =piooa(s) Apiooa(l), piopup(s,t) =piopa(s) Apiopa(t), pions(st) =
piona(s)Vpionalt) Vv (s,t) € VA

Definition 2.4. [47] Suppose we have an m-polar PFG denoted by G = (V, A, B), where
A= (oa,p4,n4) and B = (0B, up,nB). In this case, we refer to G as a complete m-polar
PFG if for each i = 1,2,...,m, p;oop(s,t) = piooa(s) Ap;ooca(t), pioup(s,t) =
pi o pa(s) Apiopa(t), pionp(s,t) =piona(s)Vpiona(t) Vst € A.

3. SOME OPERATIONS ON mPFG

In this section we defined some operations along with their properties and related the-
orems.

Definition 3.1. Let G1 = (Vig,, A1, B1) and Ga = (Vg,, A2, B2) be two mPPFG of
the underlying graphs G7 = (Vg,, Eq,) and G5 = (Va,, Eqg,) respectively. Then the
Cartesian product of G1 and Go is denoted by G1 X Go and is defined by G1 X Gy =
(Vg, X Vi, A1 X Ao, By X B3), where A1 X As = (04, X Ay, LA, X Ay NA, X NA,) and
By X By = (0B, X 0By, kB, X [BysNB; X NB,) Such that for alli=1,2,...,m,
(i) For all (u,v) € Vg, x Vg,,
(a) pio (UAI X 0142)(“7 U) =Ppico4 (u) ADi©0A, (U)7
(b) pio (pa, x pa,)(u,v) = piopa, (u) Ap; o pa, (v);
(C) pbio (77141 X TIAQ)(U: ’U) =Diona, (u) V pi © N4, (’U),
(ii) For all s € Vg, and wv € Eg,,
(CL) pio (031 X UBQ)((87 u)(37 U)) =Dpi© UAl(S) N pio UBQ(UU);
(b) pbio (/“31 X MBQ)((S,U)(S,U)) =Ppio MA1( ) N pi©o :uBQ(uv);
(¢) pi o (15, X 13 )((5, 4)(5, 0)) = Pi 014, (5) V pi © 1, (w);
(i1i) For all s € Vi, and uwv € Eq,,
(a) pio (0B, X 0B,)((u,s)(v,8)) = p; 0 op, (uv) Ap;ooa,(s);
(b) pio (B, % puB,)((u,s)(v,8)) = pi o pp, (uv) A p; o pa,(s);
(¢) pi © (3, X ;) (1, 5) (v, 5)) = pi 0 13y (uv) V pi Ny (5);
(iv) For all (u,v)(s,t) € Vg, X VG - F,
(a) pio (o, X 0B,)((u,v)(s,1)) =
(b) pio (kB X pB,)((u,v)(s,1))
(¢) pio (B, X nBy)((u,v)(s, 1))

)

0;
0;
0;

Where, E = {((u, $)(v,$)) : uv € Eg,,s € Vg, } U{((u, $)(u,t)) : u € Vig,, st € Eg, }.

Example 3.1. Let G} = (Vg,,Eq,) and G5 = (Vg,, Eq,) be two crisp graphs, where
Va, = {u,v}, Vg, = {s,t}, Eq, = {uwv} and Eg, = {st}. Let us consider two 4PPFGs
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(t,p) (t,q) (s,p) (s,q)
pro (Al x A7) | (4,1,2) | (:3,1,.1) | (:3,1,.2) | (:3,1,.2)
pao (A x Ay) | (2,1,1) | (5,1,1) | (2,1,1) | (:3,1,1)
P30 (A1 x As) | (5,1,2) | (4.1,1) | (4,1,2) | (4.1,1)
pio (A x Ay) [ (3,1, 1) | (2,.1,1) | (4,1,1) | (:3,1,2)

TABLE 1. Membership values of the nodes of G; x Go

((t,p), (t,q) | ((5,p),(s,9)) | ((s,p), (t,p)) | ((5,9),(t,q))
pro(Bix By) | (.3,.1,2) (3,.1,.3) (2,1,.3) (2,1,.3)
p2 o (By X Bag) (.2,.1,.1) (.2,.1,.2) (.3,.1,.2) (.4,.1,.1)
p3o(B1 x Ba) | (4,.1,2) (4,1,2) (5,.1,.3) (5,1,.1)
pio(B1 x By) | (.3,.1,.1) (3,1,2) (3,1,.1) (3,1,.1)
TABLE 2. Membership values of the edges of G1 X Go

G1 = (Vg,, A1, B1) and G2 = (Vig,, A2, B2) of the underlying graphs G5 and G% respectively
shown in Fig. 1. Then the Cartesian product G1 x Ga = (Vig, X Vig,, A1 X A2, By X Ba) of
G1 and Go are shown in Fig. 2. The membership values of nodes and edges of G1 x Go
are shown in Table 1 and Table 2 respectively.

<(:2,.1,.3).(4,.1,.1),(.5,.1,.1),(.3,.2,.1) >
(3,.2,3).(5.1,2),(6,1,1,(4 .22 >q, < (5,1,2).(6,2,1), (7, 1, 1), (4,2,.1) >
< (3,1,2).(.2,1,1),(4,.2,2).(3,1,1) > )
< (5,2,3).08 1,205 2.3).(6,.1,1G < (3.1,.01.(421),0521},(3.1,1) >

FIGURE 1. Two 4PPF(Gs Gy and Gy

(t,p) (t,q)

(s,p) (s,9)
FIGURE 2. The Cartesian product G x Go

Theorem 3.1. The Cartesian product of two mPPFGs is an mPPFG.

Proof. Let G1 = (Vg,,A1,B1) and Gy = (Vig,, A2, B2) be two mPPFG of the under-
lying graphs G} = (Vig,, Eq,) and G5 = (Vig,, Eg,) respectively. Then Gi x G2 =
(Vi X Vigy, A1 X A2, By X Ba), where Ay X Ay = (04, X 0Ay, A, X LAy, NA, X NA,) and
Bi x By = (031 X OBys WBy X UBy; "By X 7]32)'

Since all condition of mPPFG for A1 x Ay are automatically satisfied. Therefore, verifi-
cation needs only for By X Bs.
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Let s € Viz, and uv € Eg,. Then Vi =1(1)m

pi© (031 X 032)((5a u)(s, U))

Therefore, p; o

pbio (MB1 X NB2)((87U)(37U))

Therefore, p; o

© (7731 X 7732)((8,’11,)(8,1}))

Therefore, p; o

pio (031 X 032)((u7 5)(1}7 S))

Therefore, p; o

o (mBy X 1By)((u, 8)(v, 8))

Therefore, p; o

© (7731 X 7732)((”7 3)(1)7 3))

Therefore, pZ

(031 x 032)(( v)(s,
o (nBy X pBy)((u,v)(s,

Pi

9y u)(57

(O-Bl X 0By ) ((S

(/~LBl X ,U'BQ)((Sa

(B, X NB,)((5,1) (s,

Let s € Vg, and wv € Eg,.

(0B, x oB,)((u,

(:U’Bl X B, ) ((uv

(7731 X 1B, ) ((u

))—OSPiO
t)) =0<p;o

= piooa,(s) Apioop,(uv)

< piooa,(s) A{piooa,(u) Apiooa,(v)}

= {picoa,(s) Apiooa,(u)} A{piooa,(s) Apiooa,(v)}
= pio(oa, X 0a,)(s,u) Apio(oa, X oa,)(s,0)

0)) < pro (04, X 03)(5,u) Api 0 (04, X 713)(5,0).
= pi o pa(8) Api o pp, (uv)

< piopa, (8) A {pi O A, (’LL) A Pi O A, (U)}

= {pi oA, (S) A Pi oA, (u)} A {pi o pnA, (S) A p; o :U’AQ(U)}
= Pi©° (:uAl X :U’Az)(s’u) Apjo (/"’Al X ,LLA2)(S,’U)

u)(s,v)) <pio° (MA1 X MAQ)(S,U) N pi© (NA1 X ILLAZ)(S7U)‘

= piona,(s)Vpions,(uw)
< piona, (s) VA{piona,(u) Vpiona,(v)}

{pi ona,(s) Vpiona,(u)} vV {piona (s)Vpiona,(v)}
= pio(na, X na,)(s,u) Vp;o(na, Xna,)(s,v)
v)) < pio(nay X Nay)(s,u) Vpio(na, Xna,)(s,v).
Then Vi = 1(1)m
= pioop, (uv) Ap;ooa,(s)
< {piooa,(u) Apiooa, (v)} A piooa,(s)
= {piooa,(u) Apiooa,(s)} AMpiooa,(v) Apiooa,(s)}
= Dpi©° (UAI X UAz)( u, ) pi© (JA1 X UAz)(Uvs)
5)(’”75)) <pio (O-Al X UA2)(u’ )/\pi 0 (UA1 X O'AQ)(U,S).
= pioup, () Ap;iopa,(s)
< A{piopa, (w) Apiopa, (V) A piopia,(s)
= {Pz‘OHAl( )/\pzoﬂAz(S)}/\{ploﬂA1( )/\piONAQ(S)}
= Dpi° (:UJAl X MA2)( u, ) bio (:UA1 X /J’AQ)(U7S)

S)(U’ 8)) <pio (IU’AI X MA2)(uv 5) N pi© (HA1 X MAQ)(Uv 5)'

A

= Di 07731( U) V pi 077142(3)
< A{piona, (u) Vpiona, (v)}V piona,(s)

{pi ona, (u) Vpiona,(s)}V{piona, (v) Vpiona,(s)}
= pio(na, X na,)(u,s) Vpio(na, Xna,)(v,s)
$)(v,8)) < pio(na, X Ma,)(u,8) Vpio(na, Xna,)(v,s).

— E. ThenV i=1(1)m

(04, X 04,)(u,v) Ap;o
(1A, X pa,)(u,v) Ap;o

(04, X 04,)(8,1).
(MA1 X NAQ)(Svt)'
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(t,p), . q) | ((s,p),(s,9) | ((s:p); (£, p)) | ((5,9), (. q) | ((5,p), () | ((5:9), (%))
pLo(B1Lx Ba) | (.3,1,2) (:3,.1,.3) (2,1,.3) (2,1,.3) (2,.1,.3) (:3,.1,.3)
pzo(B1x Ba) | (2,1,1) (2,1,2) (3,1,2) (4,1,1) (:3,.1,.2) (2,.1,2)
pso(B1Lx Ba) | (4,1,2) (4,.1,2) (5,.1,.3) (5,.1,.1) (5,.1,.3) (4,.1,2)
pio(BLx Ba) | (.3,1,.1) (3,1,2) (3,1,1) (3,1,1) (3,1,.1) (3,1,2)

TABLE 3. Membership values of the edges of G ® G2

o (7731 X WBQ)((U,U)(SJ)) =0<pio (77141 X 77A2)(U7U) V pio (77141 X nA2)(Sat)'
Hence the theorem. ]
Definition 3.2. Let G = (Vig,, A1, B1) and Ga2 = (Vg,, A2, B2) be two mPPFG of
the underlying graphs G; = (Vg,, Eq,) and G5 = (Va,, Eqg,) respectively. Then the
composition of G1 and Gy is denoted by G1 @ G2 and is defined by G1 @ G2 = (Viz, X
Va,, A1 @ Ay, By @ Bs), where Aj @ As = (04, ® 04,, [1A, ® [LA,,74, ® A,) and B; @ By =
(0B, ®0B,, LB, ® ILB,, 1B, ® NB,) Such that for alli=1,2,...,m,
(i) For all (u,v) € Vg, x Vg,
(a) pio(oa, ®0a,)(u,v) =piooa,(u) Ap;ooa,(v);
(b) bio (HAI O;LAQ)(U,U) =pio :uAl( ) A p;© :uA2( )’
(C) bi© (77141 d 77142)(“’ U) = Piona, (u) V' pi 01Na, (’U),
(i) For all s € Vi, and (u,v) € Eg,,
(a) bio (031 i 0'32)((S,u)(8,11)) =Ppic04 (S) A pi© UBQ( ,U),
(b) pi 0 (111, ® i, )((5,0)(5,0)) = pi © oay (5) A i i (e v);
(¢) pio(nB, ®nB,)((s,u)(s,v)) = piona,(s) V pi o np,(u,v);
(ii3) For all s € Vg, and uwv € Eg,,
(CL) pio (031 i UB2)((”? 8)(1), 3)) =Pic0p (U’U) ADi© 04, (3)7
(b) pio (NB1 i MBz)((uv 3)(”? 3)) =Pi O UB, (U’U) APi©pha, (S)’
(C) pio (7731 hd UBQ)((% S)(”? 3)) =PpionNB (uv) V pi 014, (3);
(iv) For all (u,v)(s,t) € Ey — E,
(a) pio(oB, ®oB,)((
(b) pio (B, ® up,)((u,v)(s,)) = pi o g, (us) A pi o pray(v) Apj o puay(t);
(¢) pio (nB, ®nB,)((u,v)( s,t)) pionBy (us) V pi 004y (V) V pi o na,(t);
(v) For all (u,v)(s,t) € (Vg, x Va,
(a) pio (0B, ®0B,)((u,v)(s,
(b) pi o (115, ® i) (1w, 0) s,
(a) pio (B, ®nB,)((u,v)(s, )) = 0
where, E = {((u, s)(v,s)) : wv € Eg,,s € Vg, } U{((u,s)(u,t)) : u € Vg, st € Eg,} and
Ey=FEU{((u,s)(v,t)) :us € Eg,,s #t € Vg, }.

)

u,v)gs,t)) =pioop, (us) Ap;ooa,(v) Apiooa,(t);
t

Example 3.2. Here, we consider two 4PPFGs Gy and G2 same as the Example 3.1,
then compute the composition G1 @ Go of G1 and Go. The nodes of G1 e Gy and their
membership values are the same as the Cartesian product Gy X G, given in Table 1. The
membership values of the edges of G1 @ Go are displayed in Table 3.

Theorem 3.2. The composition of two mPPFGs is an mPPFG.

Proof. Let G1 = (Vg,,A1,B1) and Gy = (Vig,, A2, B2) be two mPPFG of the under-
lying graphs G7 = (Vg,,Eq,) and G5 = (Vi,, Eq,) respectively. Then G; e Gy =
(Vio, x Vg,, A1 @ Ay, B @ By), where Aj @ Ay = (04, ® 04,, 114, ® [L4,,74, ® 4,) and
Bi e By = (031 ® 0By, By ® KBy 1B, ® 7732)'

Since all condition of mPPFG for A; e A; are automatically satisfied. Therefore, verifi-
cation needs only for B; e Bs.
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(t.p) (t,q)
(s,p) (s,9)
FIGURE 3. The composition G e G2

Let s € Vi, and uv € Eg,. Then V i = 1(1)m,

pio (0B, ®ap,)((s,u)(s,0))

Therefore, p; o (op, ® 0,)((s,

pio (uB, ® 1uy)((s,u)(s, v))

Therefore, p; o (,UBl g MBz)((&

bi o (7731 b 7732)((87u)(5a U))

Therefore, p; o (7731 o 7732)((37
Let s € Vg, and uv € Eg,.

pi© (031 b O-Bz)((uv S)(U, 5))

Therefore, p; o (o, ® oB,)((u,

pi o (/’LBI b NBQ)((uﬂ S)(Uv 3))

= p;ooa(s)Apioop,(uv)
< piooa(s) A{piooa,(u) Apiooa,(v)}

{piooa,(s) Apiooa,(u)} Apiooa(s) Apiooa,(v)}
= pio(ca, ®04,)(s,u) Ap;o(ca, ®04,)(s,v)

u)(s,v)) < pio(ca, ®04,)(s,u) Apio(ca, ®04,)(s,v).

= piopa,(s) Apiopup,(uv)

Pi © 14, (8) Api o pra, (u) A piopa,(v)}

{pi o pa, (s) A piopa, ()} Apiopa,(s) Apiopa,(v)}
= pio(pa, ®pa,)(s,u) Apio(pa, ®pa,)(s,v)

IN

u)(s,v)) < pio(pa, ®pa,)(s,u) Apio(pa, ® pa,)(s,v).

= piona,(s)Vpiong,(uv)

Pi 0na, (8) V A{pi 0 na,(u) V piona,(v)}

= {piona,(s) Vpiona,(u)}V{piona(s)Vpiona,(v)}
= DPi© (77A1 hd 77142)(87“) V p;o (77A1 i 77142)(37 1))

IN

u)(s,v)) < pio(na, ®na,)(s,u) Vpio(na, ®na,)(s,v).
Then V i = 1(1)m,

= pioop (uv) Ap;ooa,(s)

< Apicoa(u) Apiooa, (v)} A piooa,(s)

= {picoa,(u) Apiooa,(s)} NMpiooa, (v) Apiooa,(s)}
= Di° (UA1 b UA2)(U> 8) A pi© (JA1 b O—Az)(’U? 5)

8)(Ua 5)) S<pio (UAl ® O-Az)(ua S) A pi o (UAl ® UAz)(vv 5)'

= piou, (uv) A p;opa,(s)
< Apiopa, () Apiopa, (V)FA piopa,(s)

{pi o pa, (w) Apiopas(s)} A{piopa, (v) Apiopa,(s)}
= Ppio° (:uAl hd ,UA2)(’LL, 5) ADp;io (:ufh hd :UJAz)(’Ua 8)

A

u)
u)

Therefore, p; o (:U’Bl i MBQ)((U’ 8)(”? 5)) <pio (:uAl i NAQ)(U7 S) Apio (:uAl i HAZ)(U’ 5)‘
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o (1B, ®NB,)((u,8)(v,8)) = pionp, (w)V p;ona,(s)

{pioma, (w) V piona, (v)}V piona,(s)

{piona, (u) Vpiona,(s)}V{piona (v) Vpiona,(s)}
= pio (77A1 b 77A2)(“7 S) V pio (77141 i 77142)(U7 S)

Therefore, p; o (7731 i 7732)((“? 3)(”? S)) <pio (77141 b 77142)(”7 8) V pio (77141 b 77A2)(Ua 5)'

Let (u,v)(s,t) € Eg — E, where,

E = {(( s)(v,8)) : wv € Eg,,s € Vo, ' U{((u,s)(u,t)) : uw € Vg,,st € Eg,} and

Ey=FEU {((u s)(v,t)) cus € Eg,,s #t € Vg, }. Then for i = 1(1)m

pio(op, ®op,)((u,v)(s,t)) = pioop,(us) Ap;jooa,(v) Ap;ooa,(t)
< Apiooa,(w) Apiooa,(s)} Apiooa,(v) Apiooa,(t)

{piooa,(u) Apiooa,(v)} Apiooa,(s) Apiooa,(t)}

= Pbi© (UA1 b 0142)(“?”) A pi©o (JAI i UA2)(5at)

Therefore, p; o (UB1 hd 032)((U, 1})(8, t)) <pio (UAI b UAz)(uv v) A pio (UA1 i UA?)(S7 t)'

IN

o (1B, ® pBy) (U, v)(s,t)) = piopp, (us) Apiopa,(v) Apiopay(t)
{piopa, (u) Apiopa,(s)} Apiopay(v) Apiopay(t)
= {piopa, (u) Apiopa,(0)} Api o pay (s) Apio pay ()}
0 (:uAl b UA2)(ua U) Apio (luAl o /LAQ)(Sa t)
Therefore, p; o (up, ® 1up,)((u,v)(s,t)) < pio (pa, ® pa,)(u,v) Ap;o(a, @ pna,)(s,t).

IN

pbio (7731 d 7732)((“7 U)(S’ t)) = Di°NB, (US) V pi 014, (U) V pi © N4, (t)
{pi © 77A1( ) V i 0 N4, (S)} V pio 77A2(U) V p;o 77A2(t)
{pi o ma, (w) V piona, (v)} V{piona,(s) Vpiona,(t)}
= '0(77A1 ’UAQ)(%U)\/PiO(??Al .77A2)(87t)

Therefore, p; o (5, ® np,)((u,v)(s,1)) < pio (14, ®Na,)(u,v) V pi o (na, ®04,)(s,1).

Let (u,v)(s,t) € (Vg, x Vg,)> — E. Then Vi = 1(1)m
pi0<0'310032)((u )( ))=0<p1 (UA1.UA2)( 7”)/\1)2 UAl.JAz)(37t)'

o (uB, ® uBy)((u,v)(s,1)) =0 < pjo(pa, ®pa,)(u,v) Apio(pa, ®pa,)(s,t).

o (nB, ®nB,)((u, v)(sat)) =0 <pio(na, ®nay)(u,v) Vpio(na, ®na,)(st).
Hence, the theorem. O
Definition 3.3. Let G1 = (Vio,, A1, B1) and Gy = (Vg,, A2, B2) be two mPPFG of the
underlying graphs G7 = (Vq,, Eq,) and G5 = (Va,, Eqg,) respectively. Then the union of
G1 and Go is denoted by G1UGq and is defined by G1UG2 = (Vig, UV, A1U Ay, B1UB3),

where AJUAg = (04, U0 a,, pa, Upa,, na, Una,) and BiUBy = (op,Uop,, B, ULB,, N5, U
nB,) such that ¥V i =1(1)m

IN

(i)
pi 0 o4, (u) ifu € Vg, andu ¢ Vg,
(a) pio(oa, Uoa,)(u) = Pi © 0 A, (1) ifu ¢ Vg, andu € Vg,
piooa; (u)Vpiooa,(u) ifu€ Vg NVg,.

Di 0 pa, (u) ifu€ Vg, and u ¢ Vg,
(b) pio(pa, Upa,)(u) = Pi 0 pa, (u) if u¢ Vg, andu € Vg,
piopa, (W) Vpiopa,(u) ifu€ Vg, NVg,.
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i 0nA, (u) ifu€e Vg, and u ¢ Vg,
(€) pio(na, Unay)(u) = Pi ©NA, () if u ¢ Vg, and u € Vg,
piona, (W) Apiona,(u) ifu€ Vg, NVg,.
(i)
pi © 0B, (uv) ifuv € Eq, and uwv ¢ Eg,
(a) pio(op, Uop,)(uv) = Pi © 0B, (uv) ifuv ¢ Eg, and uwv € Eg,
pioop, (uww)Vp;joop,(u) ifuve Eg, NEg,.
Pi © 1B, (uv) ifuv € Eg, and uv ¢ Eg,
(b) pio(up, Upp,)(uwv) = Di © LBy (V) ifuv ¢ Eg, and uwv € Eg,
Pi 0 B, (uv) Vp;opup,(u) ifuv € Eg, NEg,.
pi 0 1B, (uv) if uw € Eg, and wv ¢ Eq,
(¢) pio(nB, Unp,)(uv) = Di © 1By (uv) ifuv ¢ Eg, and uwv € Eg,
pionp, (ww) Ap;onp,(u) ifuv € Eq, N Eqg,.

(v) For all uv € (V—;Q U VGQZ) — Eg, UEg,,
(a) pio (o, Uop,)(uww) = 0;
(b) pio (kB Upp,)(uv) =0;
(a) pi o (nB, Unp,)(uww) = 0;

Theorem 3.3. The union of two mPPFGs is an mPPFG.
Proof. The proof is similar to Theorem 3.1. 0

Definition 3.4. Let G1 = (Vg,, A1, B1) and Go = (Vg,, A2, B2) be two mPPFG of the
underlying graphs G7 = (Va,, Eq,) and G5 = (Va,, Eq,) respectively. Then the join of Gy
and Gy is denoted by G1+ Go and is defined by G1+ G = (Vig, UV, A1 + A2, B1 + Ba),
where Ay + Ay = (UAI T OAys HA, T Ay, 1A T 77A2) and By + By = (UBI + 0By, 4B, T+
By, MB, + NB,) such that for all i = 1(1)m,
(i) For all u € Vg, U Vg,,
(a) pio (UAI + UAQ)(U) =Dpio (Uz‘h U UA2)(U)
(b) pio (pa, + pay)(w) = pi o (pa, Upay)(u);
(¢) pio (na, +nay)(u) = pi o (na, Una,)(u);

)

(it) For allwv € Eg, U Eg,,
(a) pio (0B, +0B,)(ww) = p;o (op, Uop,)(uv)
(b) pio (uB, + pB,)(uv) = p;o (g, Upp,)(uv);
(¢) pio (nB, +nB,)(uv) = p; o (nB, Ungs,)(uv);

)

(iii) Let E* =the collection of all edges adding the elements of Vi, and Vi, and assum-
ing that Vg, NV, =0 then ¥V uwv € E®, For all wv € Eg, U Eg,,
(a) bio (031 + 032)(u’ v) =Pic04A (u) AV 2t (U);
(b) pio (HB1 + NBQ)(uv 1)) = Pi o Ha, (u) ADi© [ha, (U);
(¢) pio (B, +1B,)(u,v) = piona, (u) V pi o na,(v);

(iv) For all uv € (V012 UVZ,) — Eg, UEg, UE*,
(¢) pio (B, +0B,)(ww) = 0;
(b) pio(ps, + NBz)(uv) =0;
(a) pi o (B, +15,)(uwv) = 0;
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S t

p q

FIGURE 4. The join G1 + G2

st pq sp sq tp tq
p1o(B1+ Bg) | (.2,.1,.3) | (.3,.1,.2) | (.3,.2,.3) | (.3,.1,.3) | (.5,.1,.3) | (.3,.1,.2)
peo (By+ Bo) | (4,.1,.1) | (.2,.1,.1) | (.3,.1,.2) | (4,.1,.2) | (.3,.1,.2) | (.4,.2,.1)
pso (B1+ Bs) | (.5,.1,.1) | (4,.2,.2) | (.5,.1,.3) | (.5,.1,.1) | (.5,.1,.3) | (.5,.1,.1)
pyo (B1+ Bg) | (.3,.2,.1) | (.3,.1,.1) | (.4,.1,.2) | (.3,.1,.2) | (\4,.1,.1) | (.3,.1,.1)
TABLE 4. Membersh1p values of the edges of G + G

Example 3.3. Here, we consider two 4PPFGs Gy and Gy same as the Example 3.1, then
compute the join G1 + G2 of G1 and Ga. The nodes of G1 + G2 are s,t,p and q and their
membership values are shown in Fig. 4. The membership values of the edges of G1 + G2
are displayed in Table 4.

Theorem 3.4. The join of two mPPFGs is an mPPFG.
Proof. The proof is similar to Theorem 3.1. g

Theorem 3.5. Let G1 and Go be two strong mPPFGs corresponding to the underlying
graphs G} = (Vi , Eg,) and G5 = (Vi,, Eq,) respectively. Then G1 X G2, G1 @ G and
G1 + G are strong mPPFG.

Proof. Let G1 = (Vig,, A1, B1) and Go = (Vg,, A2, Ba) be two strong mPPFG of the
underlying graphs G} = (V,, Eq,) and G5 = (Vig,, Eq,) respectively.

Then for all wv € Eg,, st € Eg, and for each i = 1(1)m, p; o o, (u,v) = p; 0o o4, (u) A
piooa,(v)and p;oop,(s,t) =p;ooa,(s) Ap;ooa,(t). Now,V s € Vi, and uv € Eg,,

pio(op, X 0p,)((s,u)(s,0)) = piooca,(s)Ap;oop,(uv)
= piooa,(s) Apiooa,(u) Ap;ooa,(v)
= piooa,(s) Apiooa,(u) Apjooa,(s) Ap;ooa,(v)
= pio(op, XoB,)(s,u) Ap;o(op, X op,)(u,v)

Di © A, (8) A pioup,(uv)

= piopa,(s) Apiopa,(u) Apiopa,(v)

= piouAl( ) ADi 0 pay(u) Apiofia,(s) Apiopa,(v)
= pio(up, X uB,)(s,u) Apio(up, X pup,)(u,v)

© (/"LBI X u32)((s,u)(s,v))

= piona,(s)Vpiona,(u) V p;ona,(v)
= piona(s)Vpiona,(u)Vpiona(s)Vpiona,(v)
= PiO(UBl XnBz)(S’u)\/pi (7731 XWBQ)(U’U)

u)
o (nB, X NBy)((s,u)(s,v)) = piona,(s)V p;onp,(uv)

(

(
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Again, V s € Vg, and uv € Eg,,

bio (031 X 032)((u7 3)(U7 3)) = Di©°0pB (U’U) ADPi©0A, (3)
= piooa,(u) Ap;ooa,(v) Apiooa,(s)
= piooa,(u) Apiooa,(s) Apiooa, (v) Apiooa,(s)
= piO(UBl XUBQ)(uvs)ApiO(UBl XUBz)(U7S)

pio (kB X pBy)((u,8)(v,8)) = piopp, (uv) Ap; o pa,(s)
= piopa, (w) Ap;opa, (v) Ap;o pa,(s)
= piopa, (u) Apiopa,(s) Apiopa, (v) Apiofia,(s)
= Di©° (MBl X /’LBz)(uv 5) A p; o (/’LB1 X /’LBZ)(U? 5)

pio(nB, X nB,)((u,8)(v,8)) = pionp, (uv)V p;ona,(s)
= piona,(u) Vpiona, (v) Vpiona,(s)
= piona,(u)Vpiona,(s)Vpiona, (v) Vpiona,(s)
= Pi©° (7731 X nt)(ua 5) V pio (7731 X 7732)(Ua S)
1) € Vg, X Vg2 —F,
bi o (031 X 032)(( ’U)(Svt)) =0=pio (031 X 032)(u7v) A pio (031 X 032)(8’t)7
pi o (:LLBI X :LLBz)(( 72})(5775)) =0=pio (MB1 X /‘Bz)(uvv) A pi©o (:U’Bl X MBz)(S’t)v
bi© (7’31 X UBQ)((U,U)(S, t)) =0=p;o (7731 X nBz)(uvv) V pio (7731 X 7732)(57t)
Hence, G1 x G5 is a strong mPPFG. Similarly, we can prove that G; ¢ G2 and G + G»
are strong mPPFGQG. g

Also, V (u,v)(s

u
u

Theorem 3.6. If G x Gy is a strong mPPFEFGs then at least one of G1 and G2 must be
a strong mPPFG.

Proof. Let G1 = (Vg,, A1, B1) and G2 = (Vg,, A2, B2) be two mPPFG of the underlying
graphs G7 = (Vg,, Eq,) and G5 = (Vg,, Eg,) respectively so that G; x Gy is a strong
mPPFG. If possible let, both G; and Go are not strong mPPFGs. Then there exists
at least one edge uv € Eg, and at least one edge st € Eg, such that p; o op, (u,v) <
pi 004, (u) Ap;ooa (v) and p; o op,(s,t) < pi o oa,(s) Apiooa,(t). Without loss of
generality, we assume that

S Pi©c 0B (u7 'U)

< pioaay(u) Apsooa,(v)

< pioon(u)

Pi © 0By (87 t)

Let a € Vg, and st € Eg,. Then

pio(op X op,)((a,8)(a,t)) = piooa,(a) Apioop,(st)
< piooa, (@) Ap;ooga,(s) Ap;ooa,(t)

Again, p; o (04, X 04,)(@,8) = p; 0 ga,(a) Apiooa,(s) and p; o (04, X 04,)(a,t) =
piooa, () Apiooa,(t).

Therefore, p;o(ca, Xo4,)(a,s)Apio(ca, Xoa,)(a,t) =piooa, (@) Apiooa,(s)Apiooa,(t).
So,

pio(op, xoB,)((a,s)(a,t)) = piooa,(a)Apioop,(st)
< pio (UAI X UA2)(aa S) ADpjo (UAI X UA2)(a7t)
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This implies that G; x G4 is not a strong mPPFG, a contradiction. By contrapositively,
at least one of G or G2 must be a strong mPPFG. O

Theorem 3.7. If G1 @ G5 is a strong mPPFGs then at least one of G1 and Go must be
a strong mPPFQG.

Proof. The proof is similar to Theorem 3.6. U

Definition 3.5. Let G1 = (Vg,, A1, B1) and Gy = (Vg,, A2, B2) be two mPPFG of the
underlying graphs G; = (Va,, Eq,) and G5 = (Vg,, Eg,) respectively. Then the direct
product G1 M Ge = (Vg, x Vi, A1 1 A, B1 11 By) of the graph G NG = (Vg, x Va,, E?),
where A1MAy = (JA1 Moy, pa, Npay, A, |_|7’A2)7 BiMBy = (031 Mo Bys B, THBy 1B, I—mBz)7
E? = {((u,8)(v,t)) : wv € Eg,, st € Eg,} and Vg, N Vg, = 0 such that for all i = 1(1)m
(i) For all (u,v) € Vg, x Vg,,

(a) pio (UAI M 0142)( ) =Ppico4 (u) ADi©0a, (U),‘

(b) pio (pay Mpa,)(u,v) = piopa, (u) Api o pa, (v);

(c)pi 0 (1as N 7143) (s 0) = pi 0 1, () ¥ 1 0 7y (0);

(ii) For all ((u,s)(v,t)) € E?,
(CL) pio (031 M UBQ)((U7 5)( 7t)) =Pio0py (uv) APioop, (St)’
(b) pio (/“31 M /1’32)((”7 )( 7t)> =DPioUB, (uv) Apio /’LBQ(St)7
(C) pio (7731 M 7732)((“7 3)( )) bionp, (uv) V pi © B, (St)7

Theorem 3.8. The direct product of two mPPFGs is also an mPPFG.
Proof. The proof is similar to Theorem 3.1. O
Theorem 3.9. If G1 and Gy are two strong mPPFGs then G1 MGy is also an mPPFG.

Proof. Let G1 = (Vg,, A1, B1) and Gy = (Vig,, A2, Ba) be two strong mPPFG of the un-
derlying graphs G = (V,, Eq,) and G5 = (Vig,, Eq,) respectively. Then for all uv € Eg,,
for all st € Eg, and for each i = 1(1)m

(a) pi© 0B, (U/U) =Ppicoa (U) ADi 004 (U) and DPioop, (St) =PiC oA, (8) A pi© UAQ( )

(b) pi o up, (uv) = p; o pa, (w) Apiopa,(v) and p; o pup, (st) = p; o pa,(s) Api o pa,(t).

(¢) pionp, (uv) = p;ona,(u) V piona, (v) and p; o np,(st) = p; 0Nay(s) V pi 0 Nay(t).

The direct product of G1 = (Viz,, A1, B1) and Gy = (Vig,, A2, Ba) is G1 M G2 = (Vg, X
VGQ,Al M Ay, By M BQ), where A1 M Ay = (UA1 Moay, ha, T Ay, DA, T 77A2)7 B By =
(o, MoBy, iy, M 1By MB, MNB,). Now, for all ((a, 8)(d,7)) € E? and for all i = 1(1)m,
(i)
pio (0B, Mag,)(,B)(0,7)) = pioop (ad) Apioas,(B7)

(piooa,(a) Apiooa,(0)) A(piooa,(B) Apiooa,(7)
(piogay (@) Apiooa,(B)) A(pioaa,(0) Apiooa,(7)
pio (04, Moa,)(e, B) Apio(oa, Maa,)(d,7)

(i)
o (up, Mpp,) (@, 8)(6,7)) = piopp, (ad) Apiopup,(By)
= (piopa, (@) Apiopa,(6) A (piopa,(B) Apiopa, ()
(pi 0 pay (@) Apiopay(B)) A (piopa, (8) Apiopa,(v)
= pio(pa, Mua,)(e, B) Apio(ra, Mpay)(d,7)
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(iii)

o (B, Mns,) (@, B)(8,7)) = pionp, (ad)V pions,(67)
= (piona, (@) Vpiona, () V (piona,(B)V piona,(y)
= (piona, (@) Vpiona,(B))V (piona,(0) Vpiona,(v)
= pio(na, Mna,)(a, B) Vpio(na, Mna,)(d,7)

O

Definition 3.6. Let G1 = (Vig,, A1, B1) and Ga = (Vg,, A2, B2) be two mPPFG of
the underlying graphs G7 = (Va,, Eq,) and G5 = (Vi,, Eq,) respectively. Then the semi
strong product G1*Go = (Vg, xVia,, A1*Ag, B1xBs) of the graph GixG = (Va, xVg,, E?),
where Ay x Ay = (UAI ¥O0 Ay KAy * LAy, 1A, *"7142)) By % By = (O-Bl *¥0By, WBy * By, 1By *nB2)’
= ((VG1 X VGQ) X (VGl X VGZ)), E3 = {((a,ﬁ)(a,v)) o EGl,ﬂ’)/ S EG2} U E? and

Ve, NV, =0 such that for all i =1(1)m
(i) For all (o, B) € Vg, X Vg,

(a) pio (UAI * UA2)(a’/B) =Di©0A (a) A pi© O-A2(5)’

(b) pio (HA1 * MAQ)(a7 5) =Dio MA1( ) A pi© IU’AQ(B)’

(¢) pi o (nay *may)(, B) = piona, (@) V pi o na, (B);

(ii) For all ((u, s)(v,t)) € E2, for all (o, B)(c, 7)) € (E3 — E?),
(a) pi o (0B, * 0B,)((a, B)(a,7)) = pi o oa (@) Apioop,(By) and pio (0B, *
032)((u7 8)(1), t)) =Ppi°0B (’U,’U) AD;i© OB, (St)
(b) pi o (B, * uBy)((a, B)(a,7)) = pi o pa, (@) Api o pup,(By) and p; o (up, *
MBQ)(<U’7 5)(1)7 t)) =DPi O UB, (U’U) A Pi© B, (St)
(c) pi o (B, * nB,)((a, B)(, 7)) = pi o B, () V pi 0 nB,(BY) and p; o (B, *
7732)(<u7 3)(U7t)) =Ppionp (u ) Vpio 7732(375)

)

Theorem 3.10. If G1 and G2 are two strong mPPFGs then G1 * Go is also a strong
mPPFQG.

Proof. Let G1 = (Vg,, A1, B1) and G = (Vig,, A2, Ba) be two strong mPPFG of the un-
derlying graphs G} = (Vg,, E¢, ) and G5 = (Vig,, Eq,) respectively. Then for all uv € Eq,,
for all st € Eg, and for each i = 1(1)m

() pi 0 0, (1) = p; 0 0.4, (1) A pi © 7.4, (v) and pi 0 73, (5t) = ps 0 0.1, (5) A s 0 .1y ().

(b) pi o pp, (uv) = piopa, (u) Apiopa,(v) and p; o pp,(st) = pi © pa,(s) Api o pra, ().

(¢) pi on, (uv) = pi o na, (u) V piona, (v) and p; 0 np, (st) = pi 0 14,(s) V pi 0 114, (£).

The semi strong product of G1 = (Vig,, A1, B1) and Gy = (Vig,, A2, B2) is G1 x Gy =
(VG1 XVGQ,A]_*AQ, Bl*Bg), where Al*AQ = (O’A1 *OT Agy LA ¥ A, nA1*77A2)7 Bl*Bg = (O'Bl*
OBys KBy * By, 1B, *7732)’ Now, for all ((auﬁ)((sa ’Y)) € EQ, for all ((U,’U)(U, S)) € (E3_E2)
and for all i = 1(1)m,

(i)

pio(op, *0p,)((u,v)(u,8)) = pjooa,(u) Apioap,(vs)
= piooa, (u) A (piooa,(v) Apiooa,(s))
= (piooa,(u) Apiooa,(v)) A (piooa,(u),piooa,(s))
= pio(oa, x0a,)(u,v) A pio(oa, *0a,)(u,s)
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and

pio (0B, x0B,)((a, 8)(6,7)) = pioop, (ad) Apioop,(By)
= (piooa, () Apioaa,(8)) A (piooa,(B) Apiooa,(y))
= (piooa,(a) Apiooa,(B)) A (piooa,(d) Apiooa,(v))

pio(oa, x0a,)(a, B) A pio(oa, *04,)(0,7)
(ii)
o (uBy * By (w,v)(u,8)) = piopa,(u) Ap;o pp,(vs)

= piopa, (w) A (piopa,(v) Apiopia,(s))
= (piopa, () Apiopay(v) A (pio pa, (), pi o pa,(s))
= pio(pa, * pa,)(u,v) A pio(pa, * pa,)(u,s)

and

o (B, *nB,)((ar, B)(6,7)) = pionp, (ad) Apionp,(B7)
= (piona, (@) Apiona,(0)) A (pi o nay(B) Apionay (7))
= (piona, (@) Apionay,(B)) A (piona,(0) Apiona,(v))
= pio (N4, *nay)(, B) A pio(na, *na,)(3,7)

(iii)
pio(op, xop,)((u,v)(u,s)) = pjooa,(u)Vp;oop,(vs)
= piooa,(u)V(piooa,(v)Vpiooa,(s))
= (piooa,(u)Vpiooa,(v)V(piooa,(u),piooa,l(s))
pio(oa, *x04,)(u,v)V pio(ca, *xoa,)(u,s)
and
pio(oB, x0p,)((a, B)(6,7)) = pioop (ad)Vpioop,(By)
= (picoa, () Vpiooa, () V (piooa,(B)Vpiooa,(y))
= (picoa, (@) Vpiooa,(B))V (piooa,(8)Vpiooa,(y))
= pio(oa, x04,)(a,B)V pio(oa, *x04,)(d,7)
Therefore, Gy * Go is a strong mPPFQG. O

Definition 3.7. Let G1 = (Vig,, A1, B1) and Go = (Vg,, A2, B2) be two mPPFG of the
underlying graphs G7 = (Vg,, Eq,) and G5 = (Va,, Eqg,) respectively. Then the strong
product G1 ® Ga = (Vg, X Vg,, A1 ® Az, B1 ® By) of the graph G ® G5 = (Vg, X Va,, E),
where A1 @ Ay = (UAl KO Ayy A, DAL, Ay ®77A2)7 B1® By = (JBl K OBy By @By, 1By @
nB,), BE* = EUE? and Vg, N Vg, = 0 is defined as follows:

For alli=1(1)m

(i) For all (o, B) € Vg, X Vg,

(a) pio(0a, ® oa,)(a, B) =piooa,(a) Apiooa,(B);
(b) pio (MAl ® :LLAQ)(O‘vﬁ) =pio MAl( ) Apio MA2(5)7
(C) pio (77141 ® 77142)(O‘7ﬁ) =Dpi° 77A1(a) V p;o nAz( )}

(i) For all ((u,s)(v,t)) € E?, for all (o, B)(a,)) € E, ((u,v)(s,v)) € E,
(a) bio (031®032)(( ﬁ)(OZ»’Y)) = piOUAl( )/\pZOO-BQ(B’Y) bioc (031®032)((u’ U)(S,U)) =
pioop, (us) Ap;ooa,(v) and p;o(op, ®op,)((u,s)(v,t)) = p; o op, (uv) A p; o op,(st)
(b) pio(up, ®us, ) (o, B)(a, 7)) = piOMAl(a)AszMBQ (B7), pio(pB, @B, ) ((u,v)(s,v)) =
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pi o pup, (us) Apiopray(v) and pio (g, @ pup,)((u,s)(v,t)) = p; o pp, (wv) A p; o up,(st)
(C) PiO(UBl XNB, ((Oé, 5)(04, 7)) = PioNA,; (a)\/pionBz (67); pio(nB1 ®7732)((u’ U)(Sv U)) =
pi o, (us) V pi 0na,(v) and p; o (np, ® np,)((u,s)(v,t)) = pi o np, (uv) V p; o N, (st).

Theorem 3.11. If G; and Ga are two complete mPPFGs then G1 G4 is also a complete
mPPFQG.

Proof. The proof is similar to Theorem 3.10. 0

Definition 3.8. Let G = (Vg,A,B) be an mPPFG of the underlying graph G* =
(Va, Eg), where A = (0a,pa,n4) and B = (o,up,nB). Then G is called product
mPPFG if Vi = 1(1)m, p; o op(s,t) < p; o 0a(s) X p; o 0a(t), pi o pp(s,t) < p;o
pa(s) % pi o pa(t), pionp(s,t) < piona(s) x piona(t) V st € V3, where, x denote the
sitmple multiplication.

Proposition 3.1. Every product mPPFG is an mPPFG.

Definition 3.9. Let G = (Vig, A, B) be a product mPPFG of the underlying graph G* =
(Va, Eg), where A = (04,pa,m4) and B = (op,up,ng). Then G is called a complete
product mPPFG if Vi = 1(1)m, p; o op(s,t) = pi 0o 04(s) X p; o ga(t), pi o up(s,t) =
piopa(s) xpiopa(t), pionp(s,t) = piona(s) x piona(t) ¥V st € V3, where, x denote the
simple multiplication.

Definition 3.10. Let G; = (Vig,, A1, B1) and G = (Vig,, A2, B2) be two product mPPFGs
of the underlying graphs G} = (Vg,, Eq,) and G5 = (Va,, Eq,) respectively. Then the ring
sum G1 @ Ga = (Vg, UVa,, A1 ® A, B1 @ Bs) of the graph G5 & G5 = (Va, UVa,, Eciea,),
where A1 & Ay = (UA1 DoAy; A, DAy, NA; @77142); B1® B, = (031 DoBys B, DUB,y; B D
nB,) s defined as follows:

For alli=1(1)m,

0
picoa,)(9) if 6 € Vg, — Va,
(a) pio(oa, ®0a,)(8) = § Piooa,)(d) if6 € Vg, — Vg,
piOGAl((S)\/piOUA2(5) if(SGVGlﬂVGQ
bio MA1)<5) if 6 € Vg, — Vi,
(b) pio(pa, ®pa,)(0) = q piopa,)(d) if 6 € Vo — Vi,
Dbi o pa, (5) V Pi 0 A, (5) if 6 € Vg, NV,
pio nA1)<5) if 6 € Ve, — Ve,
((I) bio (77A1 D 77142)(5) = bio 77A2>(5) if 6 € Ve, — Ve,
piOUAl((S)/\PiOUAQ((S) if&eVGlﬁng
(i)
pio 031)(56) if 0B € EG1 - EG2
(a) pio(op, ®op,)0B = pioop,)(0B) if 6B € Eg, — Eg,
0 otherwise

pioup,)(0B) ifdB € Eg, — Eg,
(b) pio(uB, © pB,)0B = piops,)(0B) ifdp € Eg, — Eg,
0 otherwise
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bio 7731)<55) if 0 € EG1 - EG2
(a) pio(ns, ®np,)(08) =  pions,)(68) iféB € Eq, — Eg,
0 otherwise

Proposition 3.2. The ring sum of two product mPPFGSs is a product mPPFG.

4. CONCLUSION

The mPPFG is a generalization of the m polar F'G, m polar I F'G and picture fuzzy
graphs. The flexibility and comparability of mPPFGs are much higher than those of m
polar FG, m polar IFG and picture fuzzy graphs. An mPPFG can deal with uncer-
tain problems, whereas an m polar FG, m polar I FG and picture fuzzy graphs may not
be effective in such contexts. This article introduces new terminologies and explores the
properties and operations of mPPFGs. It defines and discusses various types of opera-
tions of mPPF'(s, including Cartesian product, compositions, union, join, direct product,
semi strong product and strong product of mPPFGs. Several important proporties and
theorems regarding different operations of mPPFG are also provided. This article de-
fined product m PPFG and complete product mPPFG. The concepts of ring sum of two
product mPPF s are also studied in this article. In future we will study about different
operations on interval-valued mPPFGs.

Compliance with ethical standards.

Disclosure statement. No potential conflict of interest was reported by the authors.
Ethical approval. This article does not contain any studies with human participants or
animals performed by any of the authors.

REFERENCES

[1] Kaufmann, A., (1975), Introduction to the theory of fuzzy subsets, Academic press.

[2] Rosenfeld, A., (1975), Fuzzy graphs: In Fuzzy sets and their applications to cognitive and decision
processes, Elsevier, 77-95.

[3] Mathew, S., Sunitha, M. S.; (2009), Types of arcs in a fuzzy graph, Information sciences, 179(11),
1760-1768.

[4] Mordeson, J. N., Chang-Shyh, P., (1994), Operations on fuzzy graphs, Information sciences,
79(3),159-170.

[5] Mordeson, J. N., Nair, P. S., (2012), Fuzzy graphs and fuzzy hypergraphs, 46, Physica, 1-248.

[6] Samanta, S., Pal, M., (2012), Bipolar fuzzy hypergraphs. International Journal of Fuzzy Logic Systems,
2(1), 17-28.

[7] Akram, M., (2013) Bipolar fuzzy graphs with applications, Knowledge-Based Systems, 39, 1-8.

[8] Dinesh, T., (2016), Fuzzy incidence graph-an introduction, Advances in Fuzzy Sets and Systems,
21(1), 33-48.

[9] Malik, D. S., Mathew, S., Mordeson, J. N., (2018), Fuzzy incidence graphs: Applications to human
trafficking, Information Sciences, 447, 244-255.

[10] Mathew, S., Mordeson, J. N.; (2017), Connectivity concepts in fuzzy incidence graphs, Information
Sciences, 382, 326-333.

[11] Fang, J., Nazeer, 1., Rashid, T., Liu, J., (2021), Connectivity and wiener index of fuzzy incidence
graphs, Mathematical Problems in Engineering, Article ID 6682966, 1-7.

[12] Mahapatra, T., Ghorai, G., Pal, M., (2020), Fuzzy fractional coloring of fuzzy graph with its applica-
tion, Journal of Ambient Intelligence and Humanized Computing, 11, 5771-5784.

[13] Pal, A., Samanta, S., Pal, M., (2013), Concept of fuzzy planar graphs, Science and Information
Conference, IEEE, 557-563.

[14] Parvathi, R., Karunambigai, M. G., (2006), Intuitionistic fuzzy graphs, In Computational Intelli-
gence, Theory and Applications, International Conference 9th Fuzzy Days in Dortmund, Germany,
Proceedings, Springer, 139-150.

[15] Shannon, A., Atanassov, K., (2006), On a generalization of intuitionistic fuzzy graphs, NIFS, 12(1),
24-29.



838
[16]
[17]
[18]
[19]
[20]

[21]

[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]

[30]

TWMS J. APP. ENG. MATH.....

Sahoo, S., Pal, M., (2015), Different types of products on intuitionistic fuzzy graphs, Pacific Science
Review A: Natural Science and Engineering, 17(3), 87-96.

Sahoo, S., Pal, M., (2016), Intuitionistic fuzzy competition graphs, Journal of Applied Mathematics
and Computing, 52(1), 37-57.

Zuo, C., Pal, A., Dey, A., (2019), New concepts of picture fuzzy graphs with application. Mathematics,
7(5), Article ID 470, 1-18.

Das, S., Ghorai, G., Pal, M., (2022), Picture fuzzy tolerance graphs with application, Complex &
Intelligent Systems, 8(1), 541-554.

Amanathulla, S., Bera, B., Pal, M., (2021), Balanced picture fuzzy graph with application, Artificial
Intelligence Review, 54(7), 5255-5281.

Amanathulla, S., Pal, M., (2022), An introduction to picture fuzzy graph and its application to select
best routes in an airlines network, In Handbook of Research on Advances and Applications of Fuzzy
Sets and Logic, IGI Global, 385-411.

Amanathulla, S., Muhiuddin, G., Al-Kadi, D., Pal, M., (2021), Multiple attribute decision-making
problem using picture fuzzy graph, Mathematical Problems in Engineering, Article ID 9937828, 1-16
Rashmanlou, H., Muhiuddin, G., Amanathulla, S., Mofidnakhaei, F., Pal, M., (2021), A study on
cubic graphs with novel application, Journal of Intelligent & Fuzzy Systems, 40(1), 89-101.
Amanathulla, S., Bera, B., Pal, M., (2021), Real world applications of discrete mathematics, Malaya
Journal of Matematik, 9(1), 152-158.

Amanathulla, S., Pal, M., (2020), Involvement of graph theory in reality, Mathematics and Its Con-
nections to Real World, Kindle Direct Publishing 113-131.

Nazeer, N., Rashid, T., (2021), Picture fuzzy incidence graphs with application, Punjab University
Journal of Mathematics, 53(7), 435-458.

Chen, J., Li, S., Ma, S., Wang, X., (2014), m-polar fuzzy sets: an extension of bipolar fuzzy sets, The
scientific world journal, Article ID 416530, 1-8.

Ghorai, G., Pal, M., (2015), On some operations and density of m-polar fuzzy graphs, Pacific Science
Review A: Natural Science and Engineering, 17(1), 14-22.

Ghorai, G., Pal, M., (2016), Some properties of m-polar fuzzy graphs, Pacific Science Review A:
Natural Science and Engineering, 18(1), 38—46.

Ghorai, G., Pal, M., (2016), Some isomorphic properties of m-polar fuzzy graphs with applications,
Springer Plus, 5, 1-21.

Ghorai, G., Pal, M., (2016) A study on m-polar fuzzy planar graphs, International Journal of Com-
puting Science and Mathematics, 7(3), 283-292.

Mandal, S., Sahoo, S., Ghorai, G., Pal, M., (2020), Different types of arcs in m-polar fuzzy graphs
with application, Journal of Multiple-Valued Logic & Soft Computing, 34(3), 263-282.

Akram, M., Adeel, A., (2017), m-polar fuzzy graphs and m-polar fuzzy line graphs, Journal of Discrete
Mathematical Sciences and Cryptography, 20(8), 1597-1617.

Akram, M., Waseem, N., Dudek, W. A., (2017), Certain types of edges m-polar fuzzy graphs, Iranian
Journal of fuzzy systems, 14(4), 27-50.

Akram, M., (2018), m-polar fuzzy graphs: Theory, Methods & Applications, Springer, 1-296.
Mahapatra, T., Pal, M., (2018), Fuzzy colouring of m-polar fuzzy graph and its application, Journal
of Intelligent & Fuzzy Systems, 35(6), 6379-6391.

Mondal, S., Sahoo, S., Ghorai, G., Pal, M., (2018), Genus value of m-polar fuzzy graphs. Journal of
Intelligent and Fuzzy Systems, 37, 2137-2151.

Pal, M., Samanta, S., Ghorai, G., (2020), Modern trends in fuzzy graph theory, Springer.

Wieslaw, D., Ali, T., (2016), Operations on level graphs of bipolar fuzzy graphs, Buletinul Academiei
deS tiint e a Moldovei, Matematica, 81(2), 107-124.

Huiqin, J., Ali Asghar, T., Zehui, S., Seyed Hossein, S., Rashmanlu, H., (2022), New concepts of
vertex covering in cubic graphs with its applications, Mathematics, 10(3), Article Id 307, 1-29.
Talebi, A. S., Ghassemi, M., Rashmanlu, H., (2020), New concepts of iregular-intuitionistic fuzzy
graphs with applications, Annals of the University of Craiova-Mathematics and Computer Science
Series, 47(2), 226-243.

Talebi, A. S., Rashmanlu, H., Seyed Hossein, S., (2020), New concepts on m-polar interval-valued
intuitionistic fuzzy graph, TWMS Journal of Applied and Engineering Mathematics, 10(3), 806-818.
Khatun, J., Amanathulla, S., (2023), An application of neutrosophic graph in decision-making problem
for alliances of companies, In Fuzzy Optimization, Decision-making and Operations Research: Theory
and Applications, Springer, 241-255.



J. KHATUN ET AL.: CERTAIN OPERATIONS ON M-POLAR PICTURE FUZZY GRAPHS. 839

[44] Khatun, J., Amanathulla, S., Pal, M., (2023), Picture fuzzy cubic graphs and their applications,
Journal of Intelligent & Fuzzy Systems, (Preprint):1-18.

[45] Banerjee, A., Amanathulla, S., (2023), Optimization of disaster management using split domination
in picture fuzzy graphs, Journal of Applied Mathematics and Computing, (doi.org/10.1007/s12190-
023-01965-6), 1-25.

[46] Banerjee, A., Amanathulla, S., (2022), Application of picture fuzzy bondage set to find least crowded
passenger-friendly railway division in india, Research Square, doi.org/10.21203/rs.3.rs-2251891/v1.

[47] Khatun, J., Amanathulla, S., Pal, M., (2023), A comprehensive study on m-polar picture fuzzy graphs
and its application. Communicated.

Jasminara Khatun is currently a Research Scholar of Mathematics in Vidyasagar
University. She has completed her M. Sc from Vidyasagar University. Her research
interests include graph theory, fuzzy graph theory, Topological indices, and chemical
graphs.

Biswajit Bera is currently an Associate Professor of Mathematics at Kabi Jagadram
Roy Government General Degree College, Mejia, Bankura, India. He is also a research
scholar of Department of Mathematics, Sidho-Kanho-Birsha University, Purulia, In-
dia. He has published more than 5 articles in different leading international journals,
all are indexed in either SCIE or Scopus or UGC care. His specializations include Al-
gorithmic and Fuzzy Graph Theory, Genetic Algorithms, and Parallel Algorithms.

Dr. Sk Amanathulla is currently an Assistant Professor of Mathematics at Raghu-
nathpur College, Raghunathpur, West Bengal, India. He has completed his M. Sc and
Ph. D from Vidyasagar University. He has published more than 25 papers in different
leading international journals, all are indexed in either SCIE or Scopus or UGC care.
He also has published three book chapters in an edited book. His specializations include
Algorithmic and Fuzzy Graph Theory, Genetic Algorithms, and Parallel Algorithms.
He is an editor of “The International Journal of Discrete Mathematics” and a reviewer
in many national and international journals.

Dr. Madhumangal Pal is a Professor of Applied Mathematics, at Vidyasagar Uni-
versity, West Bengal, India. He has published 450 research articles in different in-
| ternational and national journals. He has successfully guided 40 Ph.D. scholars. His
specializations include computational and fuzzy graph theory, genetic algorithms and
parallel algorithms, fuzzy matrix theory, and Soft Computing. He is the author of
many books published in India and UK and these are written for undergraduate and
postgraduate students and other professionals. He is the Editor-in-Chief of two reputed
journals and a member of the Editorial board of different journals. Also, he is the area
Editor of IJCIS (SCIE indexed) and JAMC (SCIE indexed). He has visited China,
London, Greece, Hong Kong, Thailand, Malaysia, UAE, and Bangladesh for academic purposes.




