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ON A CLASS OF CONSTACYCLIC CODES OVER THE RING

Zy[u]
<u?-3>
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ABSTRACT. In this paper, A-constacyclic codes and skew-A-constacyclic codes over the
Za[u]
<u?-—-3>
from R to the copies of Z4, we observed that Gray images of A-constacyclic codes over
R are cyclic, quasi-cyclic and permutation equivalent to quasi-cyclic codes over Z4. A-
constacyclic codes of odd length over R and generating polynomial of the Gray images
are studied. Further, it is observed that the images of skew-A- constacyclic codes over R

are cyclic, quasi-cyclic and permutation equivalent to quasi-cyclic codes over Zy.

ring R = are studied for A = 3 and 2 + 3u. Introducing new Gray maps
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1. INTRODUCTION

In the early 1970s, codes over finite rings were studied for research in algebraic coding
theory. Cyclic codes are pre-eminent among the class of linear codes and are researched
on different rings. Skew-cyclic codes, constacyclic codes, skew-A-constacyclic codes are
some of the generalizations of cyclic codes. Among all finite rings, the ring Z4 of integers
modulo 4 has a special place in coding theory. Hammons [6] established connections
between binary non-linear codes and Z4-linear codes. Also, codes over Z4 have a special
place in coding theory due to their links to lattices, designs, cryptography, etc. Also,
specific binary non-linear codes are obtained as Gray images of Z4 and are related to
lattices [12], combinatorial designs [5] and low correlation sequences [10].

Rings of order 16 are extensions of Z; and are of great interest. In 2015, Bandi and
Bhaintwal [4] studied the ring Zs+uZy, u? = 0 and discussed the Galois ring extensions and
ideal structure of their extension. They studied cyclic codes of odd length and presented
1-generator cyclic codes over the ring in terms of n*? roots of unity. In 2023, ST Timothy
et al.[11] worked on the ring Z4 +vZ4 +v2Z4 for v3 = 1 and studied cyclic, A-constacyclic
codes and skew-A-constacyclic codes for the unit (1 + 2v) and introduced new Gray maps.
The Gray images are cyclic, quasi-cyclic and permutation equivalent to quasi-cyclic codes
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over Zy. In 2015, Ashraf and Mohammad [1] considered Z; + uZ4 and studied (1 + 2u)-
constacyclic codes over the ring of odd length for u?> = 0 and proved that the Gray image
of (1 4 2u)-constacyclic codes of length n over the ring are cyclic codes of length 2n over
Zy4. In 2016, Ozen et al. [9], studied cyclic codes and constacyclic codes with shift constant
(24 u) over Z4+uZ, with u? = 1. They determined the form of generators of cyclic codes
and their spanning sets. They proved that the Z -images of a (2 + u)-constacyclic code of
odd length is a cyclic code over Z4. In 2018, Aydin et al. [2] studied A-constacyclic codes
over the ring R = Z4 + uZy, u* = 1 for the units (3 + 2u) and (2 + 3u) and determined
the Gray-images of A-constacyclic codes. They also conducted a computer search and
obtained codes with better parameters than currently best-known linear codes over Zj.
Recently, Bag et al. [3] in 2018, studied A-constacyclic codes over the ring R = Z4 + uZy
with u? = 3 for the units (1 + 2u) and (3 + 2u). New Gray maps from R to the copies of
Z4 are introduced and showed that the Gray images of A-constacyclic codes over the ring
are cyclic, quasi-cyclic and permutation equivalent to quasi-cyclic codes over Z;. They
extended and obtained the Gray-images of skew A-constacyclic codes over R.
Zau]

<u?—-3>

using the map v — u 4 1, which was discussed in

In this paper, we again consider the ring , an extension of Z4 that is iso-

Z4[u]
<u?—2(1+u) >
[3]. This ring can be expressed as Z4 + uZy, u?> = 3 and A-constacyclic codes over R for
A =3, 2+ 3u are studied. We aim to find some relations among constacyclic codes over
R and introduced new codes as the Gray images of A-constacyclic codes over R which is
cyclic, quasi-cyclic and permutation equivalent to quasi-cyclic codes over Z4.Our results
are in agreement with those of [3] even after the change of units and Gray maps.

This paper is organised as follows: Section 2 lists some definitions and basic ideas of
the ring. Section 3 defines different Gray maps with respect to the units 3 and 2+ 3u, and
studies the Gray images of A-constacyclic codes over R. In Section 4, constacyclic codes
over R are studied along with Nechaev’s permutation. In Section 5, skew A-constacyclic
codes over R are studied with their Gray images and we conclude this article in Section 6.

morphic to the ring

2. PRELIMINARIES

In [3], Bag et al. studied the finite commutative ring R = Z; +uZ4, u?> = 3. It is a local
Z4[u]
<u?-3>
¢ € R, we write c = a+ub,V a,b € Z4. The unit elements are {1, 3,u, 3u,2+u, 1+ 2u, 3+
2u,2 + 3u} and non-unit elements are {0, 2, 2u, 1 +u, 1 + 3u, 2 + 2u, 3+ u, 3 + 3u}. There
are 4 ideals in this ring given by {< 0 >, < 2 >, < 24 2u >, < 1 + u >}, with the chain
condition < 0 >C< 2+ 2u >C< 2 >C< 1+ u > and the ideal generated by < 1+ u > is
the unique maximal ideal. In this paper, we study constacyclic codes over R for the units

3 and 2 + 3u and introduce new Gray images.

A linear code C of length n over R is an R-submodule of R"”. Taking A to be a unit
in R, a linear code C over R is said to be A-constacyclic code if and only if C is invari-
ant under the constacyclic shift operator 7y : R — R" defined as 7 (co,cl, ...,cn,l) =
(Acn_l, €O, ers Cn_g). For A =1, the constacyclic code is cyclic and negacyclic for A = —1.
Let us consider the cyclic shift operator defined as p(co, Clyaeny Cn—1) = (Cn—17 €Oy eees Cn_g),
then C is cyclic if p(C) =C.

For a € Z]"" with (al\a2| e ]am),ai € Z},Vi=172,..,m,let n beamap from Z]"" to
Z{"™ defined by 7 (a) = (p(a*)|p(a?)]-- - |p(a™)), where p is cyclic shift from Z} to Z} and
“|” is the usual vector concatenation. A code of length mn over Z, is called quasi-cyclic

ring with characteristic 4 and cardinality 16. Clearly R = . For an element
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code of index m is n(C) = C. A linear code C over the ring R is a s-quasi-cyclic if it is
invariant under the cyclic shift p® i.e. p* (C) = C, where p is cyclic shift on R".

A linear code C of length n over R is A-constacyclic code if and only if it is an ideal of
Rz] Rx]
_ —————— defined b
<z —=A> <an— x> e

(cosC1y s Cn1) = o+ 1T+ + cn_lx”_l(mod <z =\ >).

under the R-module isomorphism R"” —

3. GRAY IMAGES OF A-CoNSsTACYCLIC CODES OVER R

In this section, we introduce different Gray maps from R to copies of Z4 and study
A-constacyclic codes over R for A = 3 and 2 4+ 3u.

3.1. A-constacyclic codes over R.

For A\ = 3, we establish three different Gray maps on the ring. Firstly, we define
¢1: R — Z2 by ¢1 (a + ub) = (a + 2b,3a + 2b). It is a Z-linear map and can be extended
componentwise to a Gray map defined as, ®1 : R* — Z3" by

g1 (E) = (ao + 2bg, a1 + 2b1, ..., Gp_1 + 2by_1, 3ag + 2bg, ..., 30,1 + 2bn,1),

where ¢ = (cg, c1,...,¢n—1) € R, ¢; = a; +ub; ¥ a;,b; € Zy and i = 0,1,...,n — 1.
Also, other two Gray maps are defined as
®y: R — 730 by

P9 (¢) = (2a0,2a1, ..., 2an—2, 2an_1, 2by, 2b1, ..., 2by, 2, 2bp_1 ) ,

and, 3 : R™* — Z43” by

®3(¢) :(ao + 3bg, a1 + 3b1, ..., ap_1 + 3bp_1,3ag + by, 3a1 + b1, ...,3an_1 + bp_1,
2aq, 2a1, ...,Qan_l),
where ¢ = (¢, ¢1,...,cn—1) € R, ¢; = a; +ub; ¥ a;,b; € Zy and i = 0,1,...,n — 1.
With respect to A = 2 + 3u, we define the Gray map as follows: ¥y : R* — Z3* by
Uy () =(2a0,2a1, ..., 2an—2, 2an_1, 2by, 2b1, ..., 2by_2, 2bp 1,
2a0 + 2bo, 2a1 + 2b1, ..., 2ap_1 + 2bp_1),

where ¢ = (¢, ¢1,...,cn—1) € R, ¢; = a; + ub; for a;,b; € Zy and i =0,1,....n — 1.

None of the Gray maps are bijective. By using the above defined Gray maps with cyclic
shift, constacyclic shift and quasi-cyclic shift operations, we investigate the relation be-
tween them and obtain the following results.

Proposition 3.1. Let 13 be the 3-constacyclic shift of R™, then ®113 = p®1, where p and
@1 are introduced as above.

Proof. Let ¢ = (co,c1,...ycn—1) € R™, where ¢; = a; + ub;, for a;,b; € Z4 and i =
0,1,2,....,n — 1.
Now,
@173 (€) =P1 (3¢n-1,€0, -0, Cn—2)
=(3an—1 + 2bp—1,a0 + 2bo, .., an—2 + 2by—2, an—1 + 2by_1, 3ag + 2by,
3ay + 2by, ..., 3an—2 + 2b,_2)

=pP, (5) .

Hence, @113 = p®;.
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Theorem 3.1. The ®1-Gray image of 3-constacyclic code of length n over R is a cyclic
code of length 2n over Zy.

Proof. Let C be a 3-constacyclic code of length n over R, then 73 (C) = C. Applying ®; on
both sides, we get ®173 (C) = ®; (C). By Proposition 3.1, we get p®; (C) = ®; (C), which
implies @ (C) is a cyclic code of length 2n over Zj.

Proposition 3.2. Let 135 be the 3-constacyclic shift of R, then ®a13 = n®o, where n and
®y are introduced as above.

Proof. Let ¢ = (co,c1,...y¢n—1) € R™, where ¢; = a; + ub;, for a;,b; € Z4 and i =
0,1,2,...,n — 1. Now,
Dy73(¢) =Po (3¢1—1,€0, ey C—2)
=(2an—1,2a9,2a1, ..., 2an_2, 2by_1, 2bg, 2b1, ..., 2b,,_2)
=nd2 (¢).
Hence, @213 = nPs.

Theorem 3.2. The ®9-image of 3-constacyclic code of length n over R is a quasi-cyclic
code of index 2 over Zy of length 2n.

Proof. Let C be a 3-constacyclic code of length n over R, then 73 (C) = C. Applying ®3 on
both sides, we get ®o73 (C) = 2 (C). By Proposition 3.2, we get n®2 (C) = ®2(C). This
implies that ®3 (C) is a quasi-cyclic code of index 2 over Zy4 of length 2n.

In the following results, we find the Gray-images of A-constacyclic codes to be permu-
tation equivalent to a quasi-cyclic codes over Z4.

Proposition 3.3. Let § be a permutation of Z3" defined by & (21,02, ..o Ty ey Tan, ooy T3p) =
(xﬁ(l),...,xﬁ(n),..,xﬁ(gn),...xﬁ(gn)) with the permutation 8 = (1,n+1) of {1,2,...,3n},
then ®3m3 = dnds3, where 13, 3 and n are introduced as above.

Proof. Let ¢ = (cp,c1,...,cn—1) € R", where ¢; = a; + ub;, for a;,b; € Z, and i =
0,1,2,...,n — 1. Now,

$373 (¢) =P3 (3¢p—1,€0, -y Cn—2)
:(3an,1 + bp_1,a9 + 3bg, a1 + 3b1, ..., ap_92 + 3by_2,an_1 + 3b,_1, 3ag + by,
3ai + by, ...,3a4,_9 + b,_9,2a,_1, 209, 2a1, ..., 2an_2).
Also,
n®s (¢) :n(ao + 3bg, a1 + 3b1, ..., an_1 + 3bp_1,3ag + bo, 3a1 + b1, ..., 301 + bn_1,
2a9,2ay, ..., 2an_1)
:(an_l 4+ 3b,_1,a9 + 3bg, ..., Qn_o + 3byp_9,3an_1 + bp_1,3a9 + by, ..., 3Gn_2 + by_2,
2651, 2ag, ..., Qan_g).
Applying the permutation 6 on n®3 (¢), we get P373 = dnPs.

Theorem 3.3. The ®3-image of 3-constacyclic code of length n over R is permutation
equivalent to a quasi-cyclic code of index 3 over Zy of length 3n.

Proof. Let C be a 3-constacyclic code of length n over R, so 73 (C) = C. Applying ®3 on
both sides, we get ®373 (C) = @3 (C). By Proposition 3.3, we get dn®s3 (C) = @3 (C). So,
®3 (C) is permutation equivalent to a quasi-cyclic code of index 3 over Zj of length 3n.
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Proposition 3.4. Let 7(243,), V1 and n be the maps as introduced above, then W1T(gy3,) =
SnWy, where § is a permutation of Z3" defined in Proposition 3.1.5.

Proof. Let ¢ = (cp,c1,...,cn—1) € R", where ¢; = a; + ub;, for a;,b; € Z, and i =
0,1,2,...,n — 1. Now,

U1 T(2430)(€) =1 ((2 + 3u)en—1,co, -, Cn—2)
=V ((2ap-1+ bp-1) + u(3an—1 + 2b,—1) ,ag + ubg, ..., an—2 + uby_2)
=(2bn—1,2a0,2a1, ..., 2an—2, 2an_1, 2bg, 2b1, ..., 2by_1, 2ap_1 + 2bp_1, 2a0+
2b0, . 2052 + 2bp_3).

Also,

on¥q (€) =6n(2a0, 2ay, ..., 2an_1, 2by, 2b1, ..., 2b,—1, 2ag + 2by, ..., 2an1 + 2b,_1)
=0(2an—1,2ao, ..., 2an—2, 2bp_1, 2bo, ..., 2bp—2, 2a5_1 + 2by_1, 2ag + 2b, ...,
20,2 + an_g)
=(2bn—1,2a0, ..., 2an_2, 2an_1, 2by, .., 2bp—2, 2an_1 + 2by_1, 2ao + 2by, ...,
2a,_9 + an_g).

Hence, W1t(g,3,) = dn¥y.

Theorem 3.4. The Vi-image of (2 + 3u)-constacyclic code of length n over R is permu-
tation equivalent to a quasi-cyclic code of index 3 over Zy of length 3n.

Proof. Let C be a (2 + 3u)-constacyclic code of length n over R, so T(243,) (C) = C. Ap-
plying ¥y on both sides, we get Wi7(943,) (C) = W1 (C). By Proposition 3.4, we get
¥ (C) =V (C). So, ¥y (C) is permutation equivalent to a quasi-cyclic code of index 3
over Z4 of length 3n.

3.2. Permutation version of Gray maps.

We use the permutation version ®, 1 of ®; defined as

(1)71-71 (E) :(CL(] + 2bg, 3ag + 2bg, a1 + 2b1, 3aq + 2b1, as + 2bo, 3as + 2bo, ...,
an—1+ 2bn—1; 3an—1 + an—l)v

where ¢ = (¢, ¢1,...,¢cn—1) € R, ¢; = a; +ub; ¥ a;,b; € Zy and i = 0,1,...,n — 1.

Also, we introduce the permutation version ®, o of ®9 as follows
<I>7'r,2 (E) :(2(10, 2b07 2(11, 2b17 2&2, 2b27 ) 2an72a an,Q, 2an717 2bn71)7

where ¢ = (g, 1, ..., Cn—1) € R", ¢; = a; +ub; ¥V a;,b; € Zy and i = 0,1,...,n — 1.

Proposition 3.5. For any ¢ € R", ®,1p(¢) = p*®,1 (2).
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Proof. Here,
p*®r1 (€) =p*(ao + 2bo, 3ag + 2by, a1 + 2b1, 3ar + 2b1, as + 2b, 3ag + 2by, ..., an—1 + 2b,_1,
3an-1+ 2bp_1)
=p(3an—1 + 2bp—1, ag + 2by, 3ag + 2bo, ar + 2by, ..., ap—2 + 2bp—2, 3an_s + 2b,_2,
an—1+ 2bn_1)
=(an—1 + 2bp—1,3an-1 + 2bn_1, ag + 2bo, 3ag + 2bg, ay + 2b1, ..., an—2 + 2b,_2,
3an—2 + 2by,_2)
=@ 1 (cp—1,c0,C1, ..., Cn—2)
=0, 1p(c).
Hence, the result follows.

Corollary 3.1. Let C be a cyclic code of length n over R, then its Zy image ®, 1 (C) is a
2-quasi-cyclic code of length 2n over Zy.

Proof. Here, C is cyclic code so, p (C) = C. Applying @, ; on both sides, we get & 1p(C) =
®,1(C). By Proposition 3.5, ®,1p(¢) = p?®. 1 (¢),Ve € R", which means &, ; (C) =
pQCIJml (C). So, @1 (C) is a 2-quasi-cyclic code of length 2n over Zy.
Proposition 3.6. For any ¢ € R", ®9p(¢) = p*®, 2 (0).
Proof. Here,
p*®r 2 (€) =p®(2a0, 2bo, 2a1, 2b1, 2a2, 2bs, ..., 2an—2, 2bp—2, 2051, 2by,—1)
=(2an—1, 2by—1, 2a0, 2bo, 2a1, 2b1, 2az, 2bs, ..., 2an—2, 2bp—2)
=@ o (cp—1,c0,C1, ..., Cn—2)
=®r2p(C).
Hence, the result follows.

Corollary 3.2. Let C be a cyclic code of length n over R, then its Zy image 2 (C) is a
2-quasi-cyclic code of length 2n over Zy.

Proof. Here C is cyclic code so, p (C) = C. Applying @ 2 on both sides, we get @, 2p (C) =
®,5(C). By Proposition 3.6, ®,2p(¢) = p?*®,2(¢),V ¢ € R™ which gives ®,5(C) =
p2<1>7r72 (C). So, @2 (C) is a 2-quasi-cyclic code of length 2n over Zy.

4. 3-CoNsTACYCLIC CODES OF ODD LENGTH WITH THEIR GENERATING POLYNOMIALS

In this section, constacyclic codes of odd length are considered over the ring R. Here
A" = A, if n is odd and A = 3 and we try to find the relation via the permutation map.
Further, we also obtain the generator polynomial of the Gray images of the cyclic codes.
Similar to the results in [2, 3, 7, 8, 13], the following results are stated without proofs.

Definition 4.1. Let n be odd, the Nechaev’s permutation w is defined as
(€0, €1, 25 oy Can—1) = (Cc(0)5 Ce(1)s -+ Ce(2n—1))
with the permutation ¢ = (1,n+1)3,n+3)---(2i+1,n+2i+1)---(n—2,2n—2) on
{0,1,2,...,2n — 1}.
Proposition 4.1. Let n be an odd integer and A = 3. Then the map I' : R,, — R,, ) defined
Rl Rz
s Lip N —

by I' =c(Ax) i ing i hi here R, = ———— _—.
y I'(e(x)) = c(A\x) is a ring isomorphism, where Ry, —o 1 oS
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Corollary 4.1. Let n be an odd integer. Then I is an ideal of R, if and only if T (I) is
an ideal of R, x.

Corollary 4.2. C is a cyclic code over R of length n if and only if 1 (C) is a A-constacyclic
code of length n over R, where p : R™ — R™ is defined by p(co,c1,C2y...sCn—1) =
(Co, Acq, )\202, ceey )\nflcn_l) .

Theorem 4.1. Let C =< a(x) + ub(z) > be a 3-constacyclic code of length n over R.
Then ®1(C) is a cyclic code of length 2n over Z, generated by the polynomials (a(x) +
20(x)) + 2" (3a(x) + 20(z)) and (2a(z) + 3b(z)) + 2™ (2a(z) + b(x)).

Proof. For polynomials, we define the Gray map ®; as
. R[] Zy[x] Zy[x]
oA <an 1> <an— 1>
by @1 (a(z) + ub(z)) = (a(x) + 2b(x), 3a(z) + 2b(x)) ,Va(z),b(x) € Z4[z].
For pi(z),p2(x) € Z4[x], we obtain
D1 [(p1(x) + up2(2)) (a(x) + ub(x))] =p1(z) (a(x) + 2b(z), 3a(x) + 2b(x))
+ p2(x) (2a(x) + 3b(x), 2a(z) + b(x)) .

Of}

Z4 [a;} % Z4 [CL']

1S T it corresponds to the vector a + bx™ €
" — " —

For a vector (a,b) €
Za ]

<x—1>
[a(x) + 2b(z) + 2™ (3a(z) + 2b(z))] and [2a(x) 4+ 3b(z) + =™ (2a(z) + b(x))].

. Thus, @4 (C) is generated by the polynomials

Similar to this result, we obtain the following theorems.

Theorem 4.2. Let C =< a(x)+ub(z) > be a 3-constacyclic code of length n over R. Then

D9(C) is a quasi-cyclic code of length 2n over Zy generated by the polynomials 2a(x) +
2b(z)x™ and 2b(x) + 2a(z)x™.

Theorem 4.3. Let C =< a(x)+ub(z) > be a 3-constacyclic code of length n over R. Then
®3(C) is permutation equivalent to a quasi-cyclic code of length 3n over Z, generated by the
polynomials (a(x) +3b(z)) + 2" (3a(x) +2b(z)) + 2" (2a(z)) and (a(z)+3b(x)) +2™(a(x) +
b(x)) + 2" (2b(x)).

We study 3-constacyclic codes of odd length in relation with the Nechaev’s permutation
T over ZZ”.

Proposition 4.2. Let u be the map defined in Corollary 4.2, ™ be the Nechaev’s permu-
tation and n be an odd integer, then ®1p = 7wd;.

Proof. Here n is odd, so
p(€) = (co,3c1,¢2,3¢3...,3¢n—2,Cpn—1)
:(ao + ubg, 3a1 + 3uby, as + ubs, 3ag + 3ubs, ..., 3an_9 + 3ub,_9, ap_1+
ubn_l)
— Oy (¢) =(ao + 2bo, 3a1 + 2b1, az + 2b, 3ag + 2bs, ..., 3an—2 + 2by_2, an—1 + 2b,_1,
3ag + 2bg, a1 + 2b1, 3as + 2by, ag + 2bs, ..., ap_9 + 2by_o,3an_1 + 2bn_1).
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Also,
@y (¢) =P1 (co,C1,C2, ey 1)
=(ag + 2bo, a1 + 2by, ag + 2ba, .., an—1 + 2b,—1,3ag + 2by, 3a1 + 2b1, 3az + 2bs, ...,
3p_1+ 2bn,1).
Applying the permutation 7 on ®1 we get the result i.e. ®1p = 7Py.

Corollary 4.3. Let w be the Nechaev’s permutation and n be odd. If 6 is the &1 Gray
image of a cyclic code C over R, then 7 (0) is a cyclic code.

Proof. Let C be a cyclic code over R and § = &1 (C). By Proposition 4.2, &1 (C) =
7®1 (C) = 7 (#). Since C is cyclic, by Corollary 4.2 i (C) is a 3-constacyclic code of length
n over R. By Theorem 3.1, @11 (C) is a cyclic code of length 2n over Z4. So, () is cyclic
code of length 2n over Zy.

Proposition 4.3. Let u be the map defined above, then ®3u = xP3, where the permutation

X of Z3™ is defined by X(cl,cl, ...,c;»,n) = (05(1),65(2), ...,65(3n)), with the permutation 0 =

(2,n+2), (4,n+4),....,(n—1,2n—1) of {1,2,...,3n}.

Proof. We have,
w(e) = (ag + ubg, 3a1 + 3uby, as + ubs, ..., 3an—2o + 3uby_2,an_1 + ubn_l)

= <I>3u(6) :(ao + 3bg, 3a1 + b1, a9 + 3ba, ..., an—1 + 3bn—_1,3ag + bg, a1 + 3b1, 3az + ba, ...

3an—1+ bn-1, 209, 2a1,2as, ..., 2a,_2, 2an_1).
Also,
o3 (C) :(ao + 3bg, a1 + 3b1,as + 3by, ..., an_1 + 3bn_1,3ag + by, 3a1 + b1, 3as + bo, ...,

3ay_1+ by_1,2a9,2a1, 2a9, ..., 2an,1).

Applying the permutation x on ®3 we get, P = xP3.

Theorem 4.4. Let n be odd integer, if a is the ®3-Gray image of the cyclic code C over

R,then « is permutation equivalent to a quasi-cyclic code over Zy of index 3 of length 3n
via the permutation map x.

Proof. Let a = ®3(C), where C is cyclic code over R. By Proposition 4.3, ®3u (C) =
x®3 (C) = xa. Since C is cyclic, by Corollary 4.2, 1 (C) is a 3-constacyclic code of length n
over R. By Theorem 3.3, ®31 (C) is permutation equivalent to quasi-cyclic code of index
3 over Z4 of length 3n. So, a is permutation equivalent to a quasi-cyclic code over Z4 of
index 3 of length 3n.

5. SKEW A-CONSTACYCLIC CODES AND THEIR GRAY IMAGES

In this section, skew A-constacyclic codes of length n over R = Z4 + uZ4 over R are
studied with reference to Gray images. For this, we consider the automorphism given in
[3], @ : R — R, defined as 0 (0) = 0,60 (1) = 1,0 (u) = 3u i.e. 0 (a+ub) =a+ 3ub Va,b €
Zy4. The order of the automorphism is 2. The set R[x;@} = {ao + a1z + agx® + - +
an_lw"_l} forms a ring (skew polynomial ring) under the usual addition of polynomials
and multiplication with respect to the condition (awi) (bxj ) = ab’ (b) s
Definition 5.1. [7] A subset C of R™ is called a skew \-constacyclic code of length n if C
satisfies the following conditions:

(a)C is an R-submodule of R™.
(b) If € = (co, c1,€2, ..., cn—1) € C, then g » (¢) = (0 (Acp—1),0 (o), ...,0 (cn—2)) € C.
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Theorem 5.1. [7] Let C be a linear code of length n over R. Then C is a skew A-
R[z; 0]

<at— >

Proposition 5.1. Let o9 ) be a skew A-constacyclic shift on R", then p®1 = ®109 ), where

D, and p are defined above.

Proof. Here,
oo (€) =(0 (3cn-1),0(c0),0(c1),.... 0 (cn—2))
(Ban,l + uby,_1, a9 + 3ubg, ..., an_o + 3ubn,2)
= ®109 (€) =(3an—1 + 2by—1, a0 + 2bo, ..., an—2 + bp—2, an—1 + 2b,_1, 3ag + 2by,
ey 3o + 2bn,2)
=p® ().

Theorem 5.2. The ®1-Gray image of a skew A-constacyclic code over R of length n is a
cyclic code over Zy with length 2n.

constacyclic code over R if and only if C is a left R[x;0]-submodule of

Proof. Let C be a 3-skew constacyclic code of length n over R, then o  (C) = C. Applying
®; on both sides, we get @109 5 (C) = @1 (C). Using Proposition 5.1, we obtain p®; (C) =
®; (C) which means @, (C) is a cyclic code of length 2n over Zy.

Proposition 5.2. Let 09y be a skew A-constacyclic shift on R" and ®3 the Gray map
from R™ to ZZ”, then ®o7(3) = P09 x-

Proof. Here,
oo (€) =(0 (3cn-1),0(c0),0(c1), ..., 0 (cn—2))
(3an,1 + uby_1,a0 + 3ubg, ..., an_o + 3ubn,2)
= ®909,) (€) =(2an-1,2a0,2ay, ..., 2an_3, 2052, 2bp_1, 2bg, 2b1, ..., 2b,_3, 2b,,_3).
Also,
®o73 (¢) =P2 (3en—1,€0, ..., cn—2) = P2 (3an—1 + 3ubp_1,ap + ubg, ..., an_2 + uby_2)
=(2an—1, 2a0,2a1, ..., 2an_3, 2an_2, 2by_1, 2bg, 2b1, ..., 2b,,_3, 2b,,_2)

:(I)20'97)\ (5) .

Theorem 5.3. The ®o-Gray image of a skew A-constacyclic code over R of length n is a
quasi-cyclic code of index 2 over Zy of length 2n.

Proof. Let C be a 3-skew constacyclic code of length n over R, then o (C) = C. Applying
@3 on both sides, we get ®206, (C) = ®2(C). By Proposition 5.2, we get ®a7(3) (C) =
®, (C). Using Proposition 3.2, we get n®2 (C) = ®2 (C) which means @5 (C) is a quasi-cyclic
code of index 2 over Z4 of length 2n.

Proposition 5.3. Let 0g \ be a skew A-constacyclic shift on R", then W1T(5,3,) = V1095,
where U1 is the Gray map from R™ to Z3".

Proof. Here,
oo (€) =(0 ((2+ 3u) cn—1),0 (co) , 0 (c1) , ..., 0 (cn—2))
((2an_1 +bp—1) + u(an—1+ 2bp_1),a0 + 3ubg, ..., an—2 + 3ubn_2)
= W09, (¢) =(2bn-1,2a0, ..., 2an_2, 2a5_1, 2bo, ..., 2bp—2, 2an_1 + 2b,_1, 2a0 + 2by,
vy 2059 + 2bn_2).
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Now,

U1 T(2430) (€) =¥1 ((2 + 3u) cp—1, co; s Cn—2)
=V ((2ap-1 4+ bpn-1) + u (3an—1 + 2bp—1) ,ap + ubg, ..., an—2 + ub,_2)
=(2bn—1,2a0, ..., 2an_2, 2a5_1, 2bo, ..., 2bp—2, 2an_1 + 2b,_1, 2ag + 2by, ...,
2a,,_9 + an,Q)
=W109(€) -

Theorem 5.4. The Vi-Gray image of a skew A-constacyclic code over R of length n is
permutation equivalent to a quasi-cyclic code over Zy of length 3n.

Proof. Let C be a (2 + 3u)- skew constacyclic code of length n over R, then og ) (C) = C.
Applying ¥y on both sides, we get W10y (C) = ¥y (C). By Proposition 5.3, we get
V1 7(9430) (C) = W1 (C). By Proposition 3.4, én¥; (C) = ¥ (C) which means ¥ (C) is
permutation equivalent to a quasi-cyclic code of index 3 over Z4 of length 3n.

6. CONCLUSIONS

We have studied A-constacyclic codes over R = Z; + uZy,u? = 3 for A = 3,2 + 3u. By
defining different Gray maps from R to the copies of Z4, the Gray images of A- constacyclic
codes over R are observed to be cyclic, quasi-cyclic, 2-quasi-cyclic and permutation equiv-
alent to a quasi-cyclic codes over Z4. A-constacyclic codes of odd length over R as well as
the generating polynomial of the Gray images are considered. Further, it is observed that
the images of skew-A-constacyclic codes over R are cyclic, quasi-cyclic and permutation
equivalent to quasi-cyclic code over Zy.
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