TWMS J. App. and Eng. Math. V.15, No.6, 2025, pp.1487-1495

CENTRAL STAR DECOMPOSITION OF COMPLETE GRAPHS

M. CAAY!™ R. MAZA?Z, §

ABSTRACT. In this paper, we define the central star decomposition of graphs and show
that the oriented graphs correspond to central star decomposition of a simple graph and
vice versa.
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1. INTRODUCTION

Graph decomposition is one of the most researched concepts in graph theory for it
offers a wide range of research ideas and applications. Omne of the studied notions of
decomposition is the star decomposition. A star decomposition of graph G is defined
as the partitioning into stars, and its first attempt of study was done by Ae, et.al. in
[10] in the unpublished works entitled, “Line-disjoint Decomposition of Complete Graph
into Stars”. Tarsi in [11] introduced the notion of decomposition of graphs into stars,
and Zhao and Wu in [12] studied this notion and concluded that there exist infinitely
many graphs that have certain star decompositions with given bounds with respect to a
particular degree. Sebastian, et.al. in [8] studied the minimum number of vertices of stars
in a star decomposition of graphs.

One of the classical notion in graph theory is the Marriage Theorem which was intro-
duced by Hall [6] in 1935, and has paved a lot of applications to combinatorial mathematics
and graph theory. In combinatorial formulation, it deals with a collection of finite sets
and provides the necessary and sufficient condition for finding a matching that covers at
least one side of the graph. Button, et.al. [7] studied that given a group G and a finite
index subgroup H of G, the application of marriage theorem can be used to show that
there is a set T such that T is a transversal for both the set of left cosets and right cosets
of H in G. Hall in [9] showed the application of marriage theorem as a tool in the usual
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proofs of the fact that an r x n Latin rectangle can always be extended to an (r + 1) x n
Latin rectangle when r < n, and so, ultimately to Latin square.

In 2022, Gunasekara in [5] applied Marriage Theorem by assigning vertices to the edges
to study the star decomposition in graphs. In this paper, we use the Marriage Theorem
by assigning edges to the vertices of graph to establish the star decomposition and thus
introduces the notion of central star decomposition as a result of applying the Marriage
Theorem.

2. PRELIMINARIES

Let G be a graph and A C V(G). We denote by Eg(A) the set of all the edges of G
incident with some vertices in A. That is,

Eq(A)={uw e E(G) : ue Aorve A}.
Remark 2.1. For any set A of vertices of a graph G,

Eq(A) = | Ea(u).
ucA

The papers in [1], [2] and [3] state that D C V(G) is the dominating set of G if for
every v € V(G) \ D, there exists u € D such that uv € F(G). Thus, the collection of
center of the stars will always form a dominating set, but a dominating set of a graph will
not necessarily form a set of centers of some central star decomposition.

The decomposition of of the complete graphs into stars is seemingly unrelated concept
to tournaments (directed complete graphs). Recall that a digraph D (or directed graph)
is a graph whose edges are directed. We call the edges of D as arcs. In this paper, we
sometimes called digraphs as oriented graphs. For a given vertex v of D, we call outdegree
of v, denoted by v,u¢, as the number of vertices of D to which v is adjacent, while we call
indegree of v, denoted by v;,, as the number of vertices of D from which v is adjacent.

We present the working definition of this study.

Definition 2.1. Given a graph G, we say G is centrally decomposable to the stars
SkysSkys .-y Sk, if
(1) Every edge of G belongs exactly one of Sk,, Sky, .-, Sk
(2) The centers of the stars are distinct.

n

We shall occasionally call this decomposition a central decomposition.

Remark 2.2. The following are the notations used in this study:

i) for simplicity, we denote by Sy the star Sy of size k;
ii) we denote Si(v) to be the star of size k whose center is v; and
iii) we let the trivial graph Kj to be the star of size zero.

Following Definition 2.1, we have the following remarks:
Remark 2.3. Every graph has a central decomposition.

Remark 2.4. FEvery central star decomposition is a star decomposition, but converse is
not necessarily true. In general, if a graph G with V(G) = {v1,...,v,} is centrally de-
composable to Sk, (v1), -, Sk, (vn), then G is centrally decomposable to

Sdeg(m)—lﬁ (U1)7 R Sdeg(vn)—kn (Un)

Definition 2.2. [4] A tournament is defined as a digraph such that for every pair u,v
of distinct vertices, exactly one of (u,v) and (v,u) is an arc.
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3. CENTRAL STAR DECOMPOSITION
We now state the two main results here:

Theorem 3.1. Let G be a graph of order n and k1, . ..k, be non-negative integers. A nec-
essary and sufficient condition for G to be centrally decomposable to the stars Sk, ..., Sk,
is that there exists a function ¢ from V(G) onto {ki,ka,..., kn,} and for every A C V(QG)

@) =Y ki (1)
=1

and
|Ec(A)] =) ¢(v) (2)
vEA
Proof. If a graph G is centrally decomposable to Sk, , ..., Sk, , then there is an assignment

of edges of G to the vertices of G and this assignment gives inequalities.

Conversely, suppose inequalities (2) and (1) holds then we can assign k; edges to the
set Eg(v;) and in turn assigns k; edges to v;. Thus, G is centrally decomposable to the
stars Sk, Skys - -+ Ok, - O

n

The integers ki, ...k, in Theorem 3.1 are not necessarily distinct. However, if some of
the k;’s are equal then the function maps two distinct vertices, which are centers of some
stars, to the same size. We are often using a much simpler version of theorem 3.1 in which
we only need to consider positive values of k;’s.

Theorem 3.2. Let G be a graph with no isolated vertices and of order n, and k1, ... ky, be
positive integers with m < n. A necessary and sufficient for G to be centrally decomposable
to the stars Sk, Skys- .., Sk, is that there exists a subset U of V(G) with size m and a
function ¢ from U onto {ki,ka,..., kn} such that for every A C U, we have

|B(G)| =) ki 3)
=1

and
|Ea(A)] =) ¢(v). (4)
vEA
Moreover, U forms a dominating set of G and consists of the centers of the stars in the
decomposition.

Proof. If we assign zero edges to the rest of the vertices of G then the theorem 3.2 is
exactly theorem 3.1, and the set U will consist of vertices mapped to a positive k;. Hence,
U will be the set of vertices where we assign the edges. In other words, U is a set of centers
of the stars in the decomposition. O

Example 3.1. Consider the figure below

Lemma 3.1. A complete graph K, is centrally decomposable to p copies of the star Sy,

. . n(n—1
if and only if p <2(n—m) —1 and pm = (2 ),

Proof. Let G = K,,. First note that for each A C V(G), we have

Bo(a)] = 14] (n - 952
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Indeed, every edge in Eg(A) have either both end vertices are in A or exactly one end
vertex in A. The number of edges with both the end vertices are in A is

[Al(AI=1)
5 )
The number of edges incident to one vertex in Aisn—1— (|A| —1) =n —|A|. A total of
|A|(n — |A|) edges have one end vertex in A. Thus,

= D 4y 1)

B 4] +1
= |A] (n 5 .

[Ea(S)] = |9 (n _ |S|2+ 1)

[Ec(A)]

If G is centrally decomposable to p copies of the star S, then there are p vertices in G

that are centers of the stars S; (i € {1,2,...,}), and let Z be the set of the centers of the

stars. All edges of K, are incident to exactly one vertex in Z. Hence, pm = nnl)

Now, we assign the edges of a star to the centers and assign no edge for any other
vertices that are not centers (if any). Applying theorem 3.2 with p of the k;’s are equal to
m and all the other k; are zero gives

41 (- ) ~ e

> |Alm
n — M >m
Al <2(n—m)—1
for A C V(G) is non-empty. If Z is the set of centers, then
p=|Z]<2(n—m) -1

Conversely, suppose p < 2(n —m) — 1 and pm = @, then let Z be any subset of
V(K,) with cardinality p. Thus, for any A C Z,

Al <2(n—m)—1

and so,

Bo(a)] = 14] (n - 952)

> |Alm.

This proves the claim. ([l

Theorem 3.3. A complete graph K,, is centrally decomposable to p copies of the star Sy,
if and only if either i. p=n andm:”Tf1 orii. p=n—1andm=73.
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Proof. If K, is centrally decomposable to p copies of the star S,,, then p < 2(n —m) —1

and pm = @ by lemma 3.1. From these two relations, we get the following.
n(n—1)
o
< 2nm — 2m? —m
-1
om? —m(2n — 1) + ”(”2 ) <o
Thus,
n—1 n
<m< 9
and so the conclusion holds. The converse is obvious. O

In a star decomposition, we may think of a vertex as a center of multiple stars. Moreover,
in a general decomposition into stars, a vertex which is a center of multiple stars can be
considered to be a single center provided we think of the stars as one. For example, if the
stars 51,52, ..., S all have the same center v, then we integrate all of them into one star
with center v. In this manner, we can transform a problem of general decomposition to
star into a problem of decompositions. We write this idea in the following remark.

Remark 3.1. If a graph G is decomposable to stars
Sm1,1 ’ Snga s 7Sm1,k1

Sm2,1 ’ Sm2,27 ot Sm2,k2

Stn1s Smnzs s Omp ik,
such that there exists n vertices v1,...,v, in G for which v; is a center of
Smi@ ) Smi,Qa sty Smi,kl
forallie1,2,...,n, then G is centrally decomposable to the stars
Sm1,1+m1,2+.--+m1,k1

Sm2,1+m2,2,-~-7+m2,k2

Smn,1+mn,2:--~7+mn,k1

It is worth noting that there exists graph that can be decomposed into both n number
of S, and m number of S,,. Indeed, a complete bipartite graph K, ,,, of order n x m where
n and m are any positive integers.

Theorem 3.4. Let G be a graph and k be a positive integer. Then G is decomposable
to stars of size k if and only if there exists a dominating set U = {u1,--- ,u;} of G and
positive integers my,--- ,m; such that

j
i |[E(G)| = kZmz ; and
i=1

J
ii. forall ACU, |[Eg(A)| >k Zmz cxa(w;).
i=1
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Proof. If G is decomposable into stars of size k, then some of these stars may share some
center. Let U = {uq,---,u;} be the set of all centers of star in the decomposition. Let
m; be the number of stars in the decomposition having u; as the center. Thus, G is
decomposable into stars of sizes

ml«k:,mg-k‘,-«-,mj-k.

By Theorem 3.2 with ¢ defined as ¢(u;) = m; - k, we have satsified (i.) of the above The-
J

orem and for all A C U, |Eg(A)| > Z o(u) =k Zmi - xA(u;). Moreover, by Theorem

ucA i=1
3.2, U is a dominating set.
Conversely, suppose there exists a dominating set U = {u1,---,u;} of V(G) and let
my-k,---,m;---k be positive integers satisfying (i) and (ii) above. Define ¢(u;) = m; - k.

Then (ii) implies that for every A C U,

[Ec(A)] > k- mixauw) =Y é(u).

i=1

J
Moreover, condition (i) implies that |E(G)| = Z m; - k. O
i=1

4. TOURNAMENT

Let D be an orientation of a graph G, that is, G and D have the same set of vertices
but D has an oriented or directed edges. Let U be the set of all vertices in D with positive
outdegrees. Observe that for each vertex v € U with at least one arc directed away from
v, we form the star Si(v) with edges in E(G) whose corresponding arc in E(D) is directed
away from v where k is outdegree of v. Hence, from the directed graph D we have formed
a central star decomposition of G. Reversing this process gives us a directed graph D
from a given star decomposition of G. Thus, the number of central star decomposition of
a graph is precisely 2l E(G)I

Note that a tournament is an orientation of a complete graph. In this section, we
present the following results.

Theorem 4.1. Let n be a positive integer and m1 < mg < --- < my, be non-negative
integers. There exists a tournament of order n with indegree sequence m; < mg < --- <
my, if and only if for every k € {1,2,...,n}

> = (5)
i=1

and

k
S > k(kQ— 1) .
i=1

Proof. 1t only requires to prove the sufficient condition. Let G be a complete simple graph
of order n with V(G) = {v1,v,...,v,}. Finding a tournament of order n with indegree
sequence my < mo < --- < m,, is equivalent to finding a tournament of order n with
outdegree sequence

n—1—-m>n—-1—-—mg>--->2n—1—my,.
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This outdegree sequence corresponds to a central star decomposition of G of the form
Snflfmla Sn,1,m2, BN} Snflfmn-

According to Theorem 3.1, in order to find such central star decomposition with ¢(v;) =

n — 1 —m;, G must satisfy
n

B@)] =) (n—1—my) (7)

i=1

[Ba(A)| = Y (n—1—my). (8)

v; EA

and

Note that the relation (5) implies (7).
To show (8), let A C V(G). Condition (6) implies that

[Al(AI-1)
> my > AAIZD

v, EA
Suppose that

[Ba(A)| < Y (n—1—my)

v, EA
(n—1)|A| — Zml
v, €A
Al(|Al -1
< (i - A=Y

Then

Boa)] <14] (n- ).

However, a similar computation to Lemma 3.1 implies that

Boa)] = 14] (n- ).

This shows a contradiction. O

The following examples show the central star decomposition of K4 and when it is viewed
as a tournament.

Example 4. 1 Consider the graph Ky below and one of its central decomposition.

U1

ﬂ»@u?,—uz ou3+U2T-u3+ us
J ./
Uy U4 Uy

The centers of the stars in the central decomposition of K, in Example 4.1 are u,
uo and wug. Notice that we may choose uy to be the center of the third star but for the
tournament below, we see that ug is the center for the case.

Example 4. 2 The central decomposition of K4 viewed as a tournament.
Ul

Uz = U2 @ l o U3 + U2 e U3 —+ us
T&? et
Ug

U4 U4
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A SEENEELA RN

FIGURE 1. A non-trivial central star decomposition of a graph.

— .i.
FIGURE 2. A central star decomposition of K5 into 2-stars.

5. CONCLUSIONS AND RECOMMENDATIONS

In this paper, the authors have shown the existence of a central star decomposition
of a complete graph, and conluded that an oriented graph is equivalent to a central star
decomposition. Moreover, as a remark of the working definitions, it can easily be seen
that a set of centers in a central star decomposition forms a dominating set of a graph,
but the converse does not necessarily hold.

In view of the above conclusions, the authors would like to recommend interested re-
searchers to answer the following:

(i.) Naturally, what are the conditions that a dominating set of a graph coincides with
the collection of centers of some central star decomposition?

(ii.) Observe that a complete graph is a regular graph. What will happen if we consider
any arbitrary regular graphs?

Acknowledgement. The authors would like to thank the anonymous reviewers of the
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improve the quality of the manuscript.
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