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INEQUALITIES VIA STRONGLY (p,h)-HARMONIC CONVEX
FUNCTIONS

M. A. NOOR!, K. I. NOOR?, S. IFTIKHAR?, §

ABSTRACT. The main aim of this paper is to consider a new class of harmonic convex
functions with respect to an arbitrary non-negative function, which is called strongly
(p, h)-harmonic convex function. We establish Hermite-Hadamard like integral inequal-
ities via these new classes of convex functions. Some special cases are discussed, which
can be obtained from our main results. The ideas and techniques of this paper may
stimulate further research.
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1. INTRODUCTION

The theory of convexity has been subject to extensive research during the past few
years due to its utility in various branches of pure and applied mathematics. It is known
that the function is a convex function, if and only if, it satisfies the integral inequality,
which is known as the Hermite-Hadamard inequality. The Hermite-Hadamard type inte-
gral inequalities are useful in physics, where upper and lower bounds for natural phe-
nomena are described by integrals. For recent developments and generalizations, see
[6, 9, 10, 11, 12, 13, 18]. Varosanec [20] introduced the notion of h-convexity, which
unifies various classes of convex functions. With appropriate and suitable choice of the
arbitrary function, one can obtain a wide class of convex functions, which are being in-
vestigated. Polyak [19] considered strongly convex functions which include the convex
functions as special cases. In recent years, strongly convex are being used to discuss the
convergence analysis of the iterative methods for solving variational inequalities and re-
lated optimization problems. The harmonic convex functions were introduced and studied
by Anderson et al. [1] and Iscan [6]. Noor et al[11] introduced the concept of p-harmonic
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means, which includes the harmonic means and arithmetic means as special cases. Us-
ing this concept, they introduced and investigated the properties of p-harmonic convex
sets and the p- harmonic convex functions. It have been proved that the p-hramonic con-
vex functions include the harmonic convex functions and convex functions as special cases.

The concepts of strongly convex functions have been generalized in various directions
using novel and innovative ideas. Noor et. al [14] have introduced a class of strongly har-
monic convex functions and established some Hermite-Hadamard type integral inequali-
ties. For recent developments, see [14, 15, 16]. Inspired and motivated by the ongoing re-
search, we introduce the concept of strongly (p, h)-harmonic convex functions with respect
to an arbitrary non-negative function h. This class is more general and contains several
known and new classes of convex functions as special cases. We discuss some properties of
strongly (p, h)-harmonic convex functions. We also derive several new Hermite-Hadamard
inequalities. Ideas and techniques of this paper may motivate further research in this field.

2. PRELIMINARIES

In this section, we introduce some new classes of harmonic convex functions.

Definition 2.1. [11]. A set I = [a,b] C R\ {0} is said to be a p-harmonic conver set, if

1

TV |Ter Ve,ye I, t€(0,1], p#0
Y Y Y Y ) *
taP + (1 —t)yP Y 0, 1]

We would like to point out that if p = 1, then p-harmonic convex set becomes harmonic
convex set and if If p = —1, then p-harmonic convex set becomes convex set. This shows
that the concept of p-harmonic convex set is quite general and unifying one.

Definition 2.2. [11]. A function f : I = [a,b] C R\ {0} — R is said to p-harmonic
convezx, where p # 0, if

f([M]) < (1= f(x) +tf(y), oy It e 01

Noor et. al [11] have obtained the Hermite-Hadamard inequality for p-harmonic convex
functions, which may be regarded as a refinement of the concept of convexity, see [16, 12].

We now consider a new class of harmonic convex functions, which was introduced in
[16].

Definition 2.3. [16]. Let h : J = [0,1] — R be an arbitrary nonnegative function. A
function f: I = [a,b] C R\ {0} — R is said to be strongly (p, h)-harmonic convex function
with respect to an arbitrary non-negative function h with modulus ¢ > 0, if

([ ’1’) < b= (@) + hOF) et - ) (T y) 1)

teP + (1 —t xPyP
The function f is said to be strongly (p, h)-harmonic concave function, if and only if, -f

is strongly (p, h)-harmonic convex function.

For t = £ in (1), we have

(e )’IJ <n(Due + s (o) e o)

P + yp xP yp
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The function f is called strongly Jensen (p, h)-harmonic convex function.
Remark 2.1. (i). If p = 1 in Definition 2.3, then it reduces to strongly harmonic h-

convez functions introduced by Noor et. al [17].
(ii). If p = —1 in Definition 2.3, then it reduces to strongly h-convex functions [2].

For different and appropriate choice of non-negative function h, one can obtain several
new classes of harmonic convex functions and their variant forms.

The Euler Beta function is a special function defined by

B ! z—1 y—1 r
(xz,y) = Ot (1—1) dt:F

where I'(+) is a Gamma function.

3. MAIN RESULTS

In this section, we obtain Hermite-Hadamard inequalities for strongly (p, h)-harmonic
convex functions.

Theorem 3.1. Let f : I = [a,b] C R\ {0} — R be a strongly (p, h)-harmonic convex
function with modulus ¢ > 0. If f € L[a,b], then

! 2000 17\ | e (@ =B} paPt?  [° f(z)
e <
Qh(é){f<[ap'%bp} ) +>12( apbp ) ] - b —ar /, x1+pdx

< v+ s [ noa- (Y @

aPbp

Proof. Let f be strongly (p, h)-harmonic convex function with modulus ¢ > 0. Let x =

1 1
[ tienw])” and y = [g=harm) * i (2). Then

(55]) < O] (lival])]

_2(1 . 2t)2<“p — bp>2

aPbP
- () (e aa] o [ (feiovm] ol
_ <‘wp>2 /01(1 — 2t)%dt

_ 2h<1> paPbP bf(x)dx c <ap—b]’>2’

2)w—ap J, £1tP T 12\ arbp

|—
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from which, we have

sl (5] ) ()] = 25 o
- | ([ )
< [M1—=1t)f(a)+ h(t)f(b)]
—et(1— 1) (ap — bp>2

cfaP —bP\>
— a)+ f(b /h dt—( anP>'

This completes the proof. [l

Corollary 3.1. Under the assumptions of Theorem 3.1 and h(t) =t, we have
1
2aPbP | v ¢ (aP — b2 paPb?  [° f(x)
f<[ap+bp} )+12< aPbp > = b —ar /, J:Hsz
P _ 2
< LOH0 _c(@oby
2 6\ aPbP

The above inequality (4) is the Hermite-Hadamard inequality for strongly p-harmonic
convex functions, which appears to be a new one.

Theorem 3.2. Let f : I = [a,b] C R\ {0} — R be a strongly (p, h)-harmonic convex
function with modulus ¢ > 0 on the interval [a,b]. Then

1 4aPbP % 4aPbP % c [aP —bP\?
ol e B R
4h(§) aP + 3bP 3aP + bP 48 \  aPbP
paPt?  [* f(x)
bp —aP o $1+pdl‘

1
fla) + f(b) 2aPHP v /1 ¢ [aP —bP\>
SO EAENTA) =7 i ,
< [ e e = o (= (5)
Proof. By applying (3) on each of the interval [a, [3?:%1;}%] nd [[3,?1%1;] ,b], we have

i ap _ bp 2 S 2papbp /[ap+bz7] f(x) dx
48 apPbp bP — aP xrl+p
2aPbP v 1 c [aP —bP\?
o+s([Z55) ) h@dt—m( w5) ©
aP — 2papbp f(x)
) + ( aPbp ) ] bp — ap 2anP ]p rlt+p dz
%

&
§ {([aiaib;] +f(b)>]/01h(t)dt_i(azz;)pb”>2(7)
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3
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Summing up (6) and (7) side by side, we obtain

1 4aPbP ’ 4aPbP v c [aP —bP\?
4h(3) [f<[ap+3bp] +f<[3ap+bp] >] +48< apbp >

pa’t’ [* f(z) ,
S —qap f, xltP

<[ ([3] )] [ o ()

which is the required result. ]

Theorem 3.3. Let f,g: 1 C R\ {0} — R be strongly (p, h)-harmonic convex functions
with modulus ¢ > 0. If f,g € L[a,b], then

b
part? [0 @9y —ar)
w—av ), R

< M(a,b)/ol h(t)h(1 — t)dt + N(a,b) /Ol[h(t)]zdt

a? — b2\ 2 ! 2 (aP — P \*
—c( b > S(a,b)/o t(1 —t)h(t )dt—f—30< b ) ,

dx

where

M(a,b) = f(a)g(a) + f(b)g(b) (8)
N(a,b) = f(a)g(b) + f(b)g(a) (9)
S(a,b) = f(a) + f(b) + g(a) + g(b). (10)

Proof. Let f,g be strongly (p, h)-harmonic convex functions with modulus ¢ > 0. Then

PpP P
parbr [0 F(@)9(Grrimyer—arw)
w—ar /, 21+p

[ ) Yl aio=s] )

1 aP — bP 2
<[ [h(l—t)f(a)+h(t)f(b)—ct(l—t)< )J

dx

D 2
[h(t)g(a) + h(1 — t)g(b) — ct(1 — 1) (“ bp) |t
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1 1
= f(a)gd) /0 (L — 2dt + F(b)g(a) /0 (h()2dt
1

+f(a)g(a) + f(b)g(D)] /0 h(t)h(1 — t)dt

apbbp

_C<ap — bp>2[f(b) + g(a)] /01 t(1 — t)h(t)dt

aPbp
+? (a;;pbpy /01 £2(1 — )2dt
1 1
= [f(a)g(b) + f(b)g(a)] /0 [h(6)?dt + [f(a)g(a) + f(b)g(b)] /0 h(t)h(1 —t)dt
ab? — b\ 2 ! A (aP — b \*
—C< ) [f(a) + f(b) + g(a) + g(b)] /0 (1 — t)h(t)dt + < )

aPbp 30\ aPbp

_C<C‘p - bp>2[f(a) +g(b)] /01 {1 = D)h(1 — £)dt

= M(a,b) /1 h(t)h(1 — t)dt + N(a,b) /l[h(t)]zdt
p_o ) X 0 ) . A
_C<“apbpbp> S(a,b)/o t(1—t)h(t)dt+§o<aapbpbp) ,

which is the required result. O

Theorem 3.4. Let f,g: I C R\ {0} — R be strongly (p, h)-harmonic convez functions
with modulus ¢ > 0. If f,g € L|a,b], then

pat?  [* f(z)g()
bP —a?f J, xl+p

a? — b\ ? ! A (aP —b\*
_ 1— hll
c< — ) S(a,b)/o n t)h(t)dt+30< — ) ,

where M(a,b), N(a,b) and S(a,b) are given by (8), (9) and (10), respectively.

dz < M(a, b) /0 ROt + N(a,b) /0 (o1 — 0

Proof. Let f, g be strongly (p, h)-harmonic convex functions with modulus ¢ > 0. Then

D b
pa [* f@)gla) |
w—ar ), altr

- /olqufﬁwbp];)g([mpfiwy

/ [~ 1) (a) + h(0)F(B) — et(1 — 1) ( - bp) |
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D 2
[B(1 — #)g(a) + h(t)g(b) — ct(1 — 1) <a bp) Jdt



M. A. NOOR, K. I. NOOR, S. IFTIKHAR: INEQUALITIES VIA STRONGLY (P7 H)-HARMONIC... 87
1 1
= fla)g(a) /0 (L — )2dt + () (b) /0 h()Pdt

1
+[f(a)g(b) + f(b)g(a)]/o h(t)h(1 — t)dt

_C<C‘p - bp>2[f(a) + g(a)] /01 {1 = Dh(1 — t)dt

apbbp

_C<ap — bp>2[f(b) +g(b)] /01 tH(1 — t)h(t)dt

apbbp

4 r1
o af =P 2 2
t“(1 —t)“dt
+c( 0 >/0 ( )

1 1
= [f(a)g(a)Jrf(b)g(b)]/O [h(t)]QdH[f(a)g(b)+f(b)g(a)]/0 h(t)h(1 — t)dt

aP — 2 1 2 (aP — 4
—(“op ) U@+ £+ g+ 9] [ a1 - ancoae+ o5 (CE)
= M(a,b) /(]l[h(t)]th+N(a,b) /01 h(t)h(1 — t)dt
aP — 2 1 2 [aP — 4
_C< apbpbp> S(a,b)/o t(l—t)h(t)dt+30< apbpbp) :
which is the required result. ]

4. INTEGRAL INEQUALITIES

In this section, we are going to obtain midpoint, Simpson’s and Trapezoidal like inte-
gral inequalities via relative strongly p-harmonic convex function. We need the following
Lemma in order to prove our main results.

Lemma 4.1. [12]. Let f : I = [a,b] C R\ {0} — R be a differentiable function on the
interior I° of I. If f' € Lla,b] and X € [0,1], then

a —A>f<[ 207 ” +A<f<a> +f<b)> o) [P f@),

aP + bP 2 bp —ap |/, rl+p

W[/f@t‘”(M)H;f'([wﬁﬁm];)“

+ﬁ1<2t‘2“><m>1+;f'<[M];M‘

2

Theorem 4.1. Let f: I = [a,b] C R\ {0} — R be a differentiable function on the interior
I° of I. If f" € L[a,b] and |f'|? is strongly (p, h)-harmonic convex function on I, ¢ > 1
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and X\ € [0,1], then

'O_AU<2MW>;+A<ﬂ®+f@>_pw%@ bﬂ@d4

aP + bp 2 b —ap J, wltP

bP — aP
2p(aPbP)

1 aP — 2
H%mmwfw%mmwaw+m@mWﬂWﬂﬂwmmm< bﬁ]

1 aP — 2,
[(m(p,a, b)) s [12(p, a,b) £ (@) + pa(p, a,b)| £ (b)|? — cpa(p,a, b)< Zpbpbp> Js

|

Q=

aPbp

where

NI

p 1+
N S e
tap + (1 — )b

m(p,a,b) = /O

MQ(p>avb) = /2 h(l_t)‘%_)“
0

Jun

aPbP Ly
— dt 11
[tap +(1- t)bp] ’ (11)

=

b Ch)|2t — A ambr g 12
p3(p,a,b) = /0 ( )| - ‘[tap—i—(l—t)bp} ) (12)
1 aPbP 1+%
pa(p,a,b) = /5 t(1—t)[2t = A [tap—l—(l—t)bp] dt, (13)
1 1+
2 aPbP P
b %h 1—1)|2t— 2+ A amb” 1+%dt 14
pe(p,a,b) = /0 (1- )| —2+ ‘[W] ) (14)
1 1+
2 apbp
b) = h(t)|2t — 2 _— dt 1
rtv.at) = [Fholee- 20| | (15)
1 apbp 1+%

2

Proof. Using Lemma 4.1, power mean inequality and strongly (p, h)-harmonic convexity
of |f|?, we have

’u—Aﬁ<[%%pF>+A<ﬂ@+f@>_pw%@ 1)

aP + bP 2 bp — P a xlt+p

;;wgiﬂf(%Amuwfﬁwww>H;f<Lﬂwi?)?*F)Pt

o[ o2 () ([

. taP + (1 — t)bp
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| ([ 1o () )
: ap Lt / %
</ |<2t—)\)‘<tap+(bp_t)bp> + f/<|:mp—’—(1bit)bp:| >
([ 120t )
=

(@“”‘2+”Wmmﬁ?¥wﬁH¢f(Lwﬁﬁiwa>

s (10 m) )

NI

N
)

N
)|

<
(A%M%—An(tp+f?:ﬂb)H_[(r—wu<>W+h@wfwﬂq
R ([ o) )
() 1e=2 091 (s )H;Mu—wu%@w+hmu%ww
(%))

= ot @D il DI @+ s DO

—qm@¢a®<a2%?>1é+%MdnaﬁDPQMd%aﬁﬂfwﬂq
DO — st (D) 1]

which i the required resul, 0

Theorem 4.2. Let f : I = [a,b] C R\ {0} — R be a differentiable function on the interior
I° of I. If f' € Lla,b] and |f'|? is strongly (p, h)-harmonic convex function on I, r,q > 1,
l+5—1 and X\ € [0,1], then

'u_&“2ﬂw>;+%ﬂ®+ﬂ®)_ﬂﬂw bﬂ@w'

aP + bP 2 bp — P a xl+p

<ﬂ)+f§ﬁ$f)é”wmpi@(ﬂzw>3é

|

rab) = [ |2t— Al v " 17
po(r,p;a,b) = /0| = Al tab + (1 — t)bp ’ (1)

(bP —aP)
2aPbP

aPbp
+(M10(7“,P; b, a))% (f([‘?gi%mj) R /01 h( Jdt = (ai‘;’p > >

3=

(a0

where
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b Cotm a4l @i R 18
pio(rp;b,a) = /%| -2+ |<mp+(1—t)bp> : (18)

Proof. Using Lemma 4.1 and the Holder’s integral inequality, we have

0 ([ZEE]7) 2 (L0 ) [ sl
s e () f'({mpffbp;r)\dt

+ﬁ7%-%*%““>mfﬁfﬁhw+ w) )1

! taP + (1 —t

1 1 1 1
bP — a? 2 aPb? 2 P\ [T\«
< == o [ ¥
< gl o2 Goxm) ) ([ (s m] )
! aPbP HETONT S\ \a
2t —2 —_—
(o) o) (b () )
_ P 1 p r+2 . p [%]5 (|2 :
_ P-a /z’(%_wr a’b? P\ [ pant / ) Y
2p(aPbp) 0 taP + (1 —t)bP e —ar |/, P
T 1 1
R A L L VOO AT
(/ | 2t_2+)\ (t P+(1_t)bp> dt) (bp—ap /2(11717?}; 1+ dt> ]
aP +bP
Using the the inequalities (6) and (7), we obtained the required result. O

Theorem 4.3. Let f : I = [a,b] C R\ {0} — R be a differentiable function on the interior
I° of I. If f' € L[a,b] and |f'|? is strongly (p, h)-harmonic convex function on I, r,q > 1,
f—{—a—land)\e[()l] then

2aPHP \ ¥ fla)+ £(b) (@) [ f(a
’(1_)‘)f(ap+bp> +>\< ) ) bp_ap/ 1+p ’

L <X"+1 +(1- A)T+1>i

< 2 (aPbr) 20 £ 1) [(p11(g, p; a, D) f(a)|? + pa2(q, p; a, b)| f/(b)|7
—cp3(g, p; a, b) (a];;)pbp <)‘1’ + (4(q, 5 a, b)[ f'()|” + s (g, p; a, D) | ()|
—cpue(q, p; a, b) (a;;pbp ()‘11]’ (19)

where
1 q
L aPbP 5+q
) = h(l—t)|——————| dt
:u‘ll(Q7p7 a, ) /0 ( )|:tap+(1—t)bp:| ’
1
2

q
aPbP T+q
p2(q, p; b, a) /o ( )[mp +(1- t)bp] '

3 aPb? o
ba) — tl—t)| | dt
p13(q, p; b, a) /O (1-1) [mp +(1- t)bp} ’
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1 aPbP Bt
hl—t)| ———— | dt
/2 ( )[ta,P%—(l—t)bp} ’
1 aPbP pta
ms(g,pibya) = / h(t){mpﬂl_t)bp} d

. 1t1 , aPbP p+th
ﬂlﬁ(%p? ,CL) - /é ( B )|:]W’+(1—t)bp:| ‘

M14(Q7p; a, b)

=

[N

Proof. Using Lemma 4.1 and the Holder’s integral inequality, we have

a- (|25 ;) (LSO o) [T,

=

< gl 10 (rm) (] o
e (i) (] e

< g ([ 1) ([ (asm) (]
o re-z o) ( <m>”f([wy>

= snl([ ) ([ ()l (oem) )
(o) ([ (o) (o] )

< g 1ra) ([ (avgs) oo

+h(t)\f’(b)]q—ct(1—t)(al;pbp ) ) (/ I( t—2+A\dt>

</ <t+<fp—t>b> 0 01 @+ LSO - 1 - (_bbp

B —ar (X (1N
2p(aPbP) 2(r+1)

ab — b
—Cﬂlg(q,p;a,b)( i ()

—cpa6(q, p; a, b) (M ()

aPbp

Qe

+ (p1a(q, p; a, 0)| f'(a)|* + pas(q, p; a, b)| f/(b)|7

J,

Q=

which is the required result.

We now discuss some applications of our results.

I. For A =0, Theorem 4.2 reduces to:

91

1)

) (g, pia,b)| /(@) + ol pi a,b)|F ()
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Corollary 4.1. Let f : I = [a,b] C R\ {0} — R be a differentiable function on the interior
I° ofI If f € Lla,b] and |f'|? is strongly (p, h)-harmonic convex function on I, r,q > 1,
l + 5 =1, then

'f( 2a7t? )i @) [ @) dm‘

aP + bP b —aP |, xrl+p
apbp i 2\ 1
(bp - Gp) . 1 f(a) + f 5P+bp p aP — bP g
2aPbP (,ug(r,p,a,b))r h‘ dt— 1Q apbp

Halrgibra)) <f([3gig‘;]2 e /0 h(t)dt é (%pf) ‘11] ,

where py(r,p;b,a) and pio(r, p; b, a) are given by (17) and (18), respectively.
II. For A = 1, Theorem 4.2 reduces to:
Corollary 4.2. Let f : I = [a,b] C R\ {0} — R be a differentiable function on the interior
I° ofI If f" € La,b] and |f'|? is strongly (p, h)-harmonic convex function on I, r,q > 1,
1
~+ = =1, then
q

'f(a) +10) @) [ (@) dm’

2 bP —aP |, xl+p
- s +f([2mm]e) e\ 2\
—— [wg(r,p;a,b))r(f DIEEED Mg £ (“20))

apbp — 2 %
+(u10(r,p;b,a))i<f([ap+bp e /h dt_48<a];pbpbp> ) ]

where py(r,p;b,a) and pio(r, p; b, a) are given by (17) and (18), respectively.

Remark 4.1. (i). For appropriate and suitable choice of p,q,r and h, one can obtain
several new and known results as special cases for various classes of convex functions and
their variant forms.

(ii). For ¢ # 0 and h(t) = t, one can obtain new results for strongly p-harmonic convex
functions.

(iii). For ¢ =0 and h(t) =t, all the results in this paper reduces to [11, 12]. This shows
that our newly introduced class is more general and unifying one.
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