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GLOBAL EXISTENCE AND NONEXISTENCE OF SOLUTIONS FOR A
KLEIN-GORDON EQUATION WITH EXPONENTIAL TYPE
NONLINEAR TERM

H. TASKESEN, §

ABSTRACT. In this paper, the global existence and nonexistence of solutions for a Klein-
Gordon equation, appearing in a variety of physical situations, with exponential type
source term and supercritical initial energy (F(0) > d) are investigated in a bounded
domain . In the framework of potential well, a functional including both of initial data
is defined and by sign invariance of this functional the global existence of weak solutions
in the case of high initial energy is proved. Moreover, under some conditions imposed
on initial displacement and initial velocity a finite time blow up result is provided which
extends a result given in the literature.
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1. INTRODUCTION

This paper presents the global existence and nonexistence of solutions for the initial-
boundary value problem of a nonlinear Klein-Gordon equation

ug —Au+u=f(u),z€, t>0, (1.1)
u(z,0) =ug (), u(r,0)=us(x) =z€Q, (1.2)
u=0, €I, >0, (1.3)

where f (u) =e% — 1+ au, —2 < a < —1, Q C R? is a bounded domain.

The Klein-Gordon equation is a relativistic wave equation in quantum mechanics for a
particle with zero spin [4]. It arises in a variety of physical situations, e.g., in modelling of
dislocations in crystals, the propagation of waves in ferromagnetic materials, laser pulses
in two state media [23]. The equation can be reduced to the form of a Schrédinger equation
by two coupled differential equations. Eq. (1.1) has been studied from various aspects
with some additional terms [1, 2, 3, 7, 8, 9, 12, 13, 14, 15, 17, 20, 22, 24, 27]. Most of the
papers mentioned above studied Eq. (1.1) with polynomial nonlinearity. The exponential
nonlinearity was only considered in the papers of Saanouni and Mahouachi [15, 13, 14].
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Let us comment on the studies mentioned above. The global existence and blow-up
of solutions are established for problem (1.1)-(1.3) with a nonlinear term of polynomial
growth in [2]. The author proved the blow-up of solutions for £ (0) < 0. In [22], a blow up
result was given for Eq. (1.1) with arbitrary positive energy (E (0) > 0) and polynomial
nonlinearity. Kutev et. al. [9] improved the results of [22] for Eq. (1.1) with combined
power-type nonlinearities. In [24] and [27], the global existence, asymptotic behavior and
blow-up of solutions for Eq. (1.1) with different types of damping terms and polynomial
nonlinearity are studied. A finite time blow-up phenomenon is also exhibited for arbitrary
positive energy in [27]. Taskesen and Polat [17] treated Eq. (1.1) with a damping term,
polynomial nonlinearity and arbitrary positive energy. They obtained a global existence
result by using a modified potential well method. Aloui et. al. [1] proved the exponential
decay of the total energy for Eq. (1.1) with a damping term and defocusing nonlinearity
of arbitrary growth. In [13] and [14], global well-posedness and linearization of Eq. (1.1)
was studied with exponential type nonlinearities. A finite time blow up result was given
in [15] for arbitrary positive energy. In this study, we fix our attention on two questions:

— Are there any global solutions when E (0) > 0, i.e., in the case of high initial
energy?
— Can we extend the blow up result obtained in [15]?

To the best of our knowledge, the question of global existence for problem (1.1)-(1.3)
with both the exponential source term and high initial energy has not been treated previ-
ously. The argument we use in this paper, the potential well method, was first introduced
in [16], and recently was developed by Kutev et. al. [10] to establish global existence of
a Boussinesq-type equation in the case of high initial energy. Later, the modified method
of Kutev et. al. was applied to prove global existence of some evolution equations in
[18, 19, 21, 26].

Finite time blow-up of solutions for parabolic equations with arbitrary positive energy
was considered in some papers [5, 25] by comparison principle. Due to the lack of com-
parison principle for hyperbolic equations, it cannot be applied to wave equation. The
shortcoming of comparison principle was overcame by Gazzola and Squassina [6] for a
semilinear wave equation of the form

Ut — Au— wAuy 4 pug = |ulP 2 u

by imposing some conditions on initial data when w = 0 and g > 0. Then the blow-up of
solutions for arbitrary positive energy was considered in many papers for different type
of evolution equations. The problem of blow up of solutions on a bounded domain for
(1.1)-(1.3) was considered in the paper of Saanouni [15] under the following conditions:

1(0) < 0, 7. (0) <o,/

Q
where I is the Nehari functional, £ (0) > 0, b = inf,cr (zf (z) — (2+¢) F (x)) and F is
the primitive of f. The second aim of this paper is to prove the blow-up of solutions by
imposing more general conditions than (1.4). The conditions depend both wuy and u; as
in the global existence.

The paper is organized as follows. Section 2 contains some preliminaries and a local
existence result, proved in [13]. The sign invariance of the new functional and global
existence of solutions are proved in Section 3. In Section 4, a blow-up result is given.

Throughout the study, [[fl,, [[f[| and || f[[,, will be used instead of norms of L (),

L?(Q) and L> (Q), respectively. We also use the following abbreviations:
Ck=Ck(Q), H" =W™2 H" = Wg)n’Q, (-,-) denotes the L%inner product.

2
upurde > 0 and |ug|® > R (24¢)E(0)+ |b]19]), (1.4)
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2. PRELIMINARIES

We start this section by introducing the energy related to problem (1.1)-(1.3). Moreover,
we present a result concerned with the local existence of solutions for problem (1.1)-(1.3)
which is proved by Mahouachi [13]. We also give a standard result about blow up of
solutions that is due to Levine [11].

Let us start by defining the energy functional

E(t) = 5 [l (O + lu &I + [V 0)]°] - /Q F (u) da, (2.1)

N

u
where F (u) = bff (s)ds = e* — 1 —u+ $u? is the primitive of the nonlinear term f (u),

Then we define the Nehari functional

Iw) = [u @ +19u Ol = [ uf (w)da, (2:2)
and
7@ =5 (lu @1 +IVaOIF) = [ P
d= inf J (u),
ueN

where N = {u € Hj (Q) | I (v) =0,Vu # 0}, d and J (u) describes the depth of potential
well and the potential energy, respectively.

In the following we give a well known condition, generally used in elliptic problems, im-
posed on the source term. The following condition is also known as Ambrosetti—-Rabinowitz
condition.

Lemma 2.1. For any —1 < o < —2, there exists n > 2 such that
sf(s)>nF(s) >0, foranysé€ R. (2.3)
Proposition 2.1. [13] Let ug € H}, uy € L?, and f € C! satisfies the following condition
) { f(0)22f'(0):0 L )
¥8>0,3Rs > 0 s.t. |f(u) — f (v)* < Rglu —v| (eﬂu 14t 1) .

Then problem (1.1)-(1.3) possesses a unique mazimal solution
we C([0,T%),H} () nC*([0,T%),L*(Q)) . Moreover, the energy related with problem
(1.1)-(1.8)

1

B ) = 5 [l OF + @1+ 1Va1?] = [ Fw)da =B )

18 conserved.

Lemma 2.2. [11] Assume that the following inequality holds for a positive twice differen-
tiable function W (t) ont >t3 >0

()W () = (1+v) (¥ (1) >0
for some v > 0. If ¥ (t1) > 0 and ¥ (t1) > 0, then ¥ (t) tends to infinity as

¥ (t)
oW/ (tl)

t—te <t +
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3. EXISTENCE OF GLOBAL SOLUTIONS

This section is devoted to the global existence of weak solutions of problem (1.1)-(1.3).
We prove firstly the sign invariance of a functional, which includes both wg and uq. The
sign invariance of this functional plays a key role in the proof of main theorem about
existence of global solution.

K (u,t) = [u@)* + [Vu (0)]* ~ /QUf (w) dz — [lug?

— I(u) - [Jud]*. (3.1)

Theorem 3.1. Let ug € H} (), uy € L?(Q), and E (0) > 0. Assume that

1 2 Ui
— < —-——F . .2
(t0,1) + 5 ol < =5 B (0) (3.2

Then K (u,t) is positive for every ¢ € [0,00), provided that K (u,0) is positive.
Proof. We carry out the proof by modifying a blow up technique [11]. For this purpose,
we define
2
0(t) = l[ull”.
Then we have

0 (t) = 2 (ug, u),

0" (t) = 2 lul|* + 2 (s, w)
= —2lu()|I* = 2/|Vu ()] + 2/QUf () dz + 2 |||
= —2K (u,t).
Suppose that there exists a time ¢’ > 0 such that K (u,t’) = 0, and ¢’ is the first time with
this property. 6" (t) < 0 results in ¢’ (¢) is strictly decreasing on [0,t'). It follows from

(3.2) that ¢’ (0) < 0 and therefore ¢ () < 0 in [0, '] . On account of this, we conclude that
6 (t) is strictly decreasing on [0,¢']. By (3.2) for all ¢ € [0,¢"), we have

0 (t) < [luol®
< =2 (up,u1) — 772+772E (0).
From the continuity of 6 in t, we get
6 (t") < —2(up,u1) — 2777E (0).

N+ 2
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By the conservation of energy, Lemma 2.1 and K (u,t’) = 0, we have

B0) =g [l @) + o () [55] = [ F (0 t'2))
1

> 5 [l @OF + e @)li3] = = [ 0 u (¢.2)) do

Ui

Jua () + (5= 2) I @)y + 57 (a (®))

)l )+ (57 ) e I

2 e ()] 53
Then we obtain

B0z (541 Ju ()
= 2 D () 4w () =2 () () [ ()]

Since 6 (t) and &’ (t) are strictly decreasing, we get

n+ 2 1 2
E0)> —|— - = .
022 = () - 5l
This contradicts with (3.2), hence the proof of the theorem is completed. O
Theorem 3.2. Letug € Hi (Q), uy € L? (Q). Assume that condition (3.2) holds, E (0) >
0 and K (u,0) > 0. Then, for problem (1.1)-(1.3) w is a global weak solution .

Proof. Since K (u,t) is invariant under the flow of (1.1)-(1.3), we have I (u) > 0 for every
t > 0. By the energy identity and Lemma 2.1, we have

1 1
B0) 2 5 [lul?® + lully] > [ vf (w)da
nJao
1, 5 (1 1 |
= ~—= ~1
o+ (5= )y + 1w
>

1., (1 1 )
sl + (5= 1) lully.

This yields the boundedness of ||ul| y and ||ug]| 2 for every ¢ > 0. The combination of the
local existence theorem given in Section 2 and the above estimate yield existence of global
solution. Thus we complete the proof. O

4. NONEXISTENCE (BLOW-UP) OF SOLUTIONS

In this section, we improve the finite time blow-up result given by Saanouni [15].

Theorem 4.1. Let ug € H} (Q), uy € L*(Q). Assume that the following statements are
satisfied.

luol* > 0, (4.1)
(uo,u1) > 0, (4.2)
1

(uo, u1) = 5 uoll* > nE (0) > 0. (4.3)

Then the weak solution u of (1.1)-(1.3) blows up in finite time.
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Proof. The theorem can be proved arguing by contradiction. Let us suppose that the
solution u of problem (1.1)-(1.3) is global, and define

1
M () = (u,ue) — 5 lul* = nE (0).
Then direct computations, the energy identity and (2.3) yield
M (1) = (uywge) + [fugl|* = (u, ue)

=~ lu@®* = IVu @) +/ uf (u) do + [lugl|* — (u,ue)

> el + (52 ) I (2 — 7 (0) — o)
(157 e (*57)
> (152l + (M52) IO = Sl @ <08 0) ~ (). (@

On the other hand, making use of Cauchy inequality, we obtain

(2 el + (252) 1 I = V20— )

Employing the above inequality and Sobolev inequality in (4.4), we have
M (1) > T+ 2) (1= 2) () — 3l — 0B (0) — (s e)
= (VO 21— 2) 1) () — 5l ~ B (0)
> (u,u0) — 5 Jull* ~ nE 0
=M(t)
From the above inequality we infer
M (t) > M (0)e', t>o0.
Thus, by the assumption (4.3), we get
lim M (t) = +o0.

t——4o00

By means of Cauchy inequality, we have
(n+2) lfwal]* + (= 2) (Jlu (O + [V ()]]*) = nE (0) = 00 as t = oo.

So, there exist 0 < ( < 1, £ > 0, 5 > 0 such that the following assertions hold:
€

i)C(n+2)>4+6,n>2+§,

ii) (n+2) uall” + (n = 2) (I O + 1V (1)) = 20 (0)

> ¢ [+ 2) el + (= 2) (Il 1 + [Va@I2)] , vt > to.
We previously defined
0(t) = Ju(®)].
Then
0 () =2 (u,uy) .



H. TASKESEN: KLEIN-GORDON EQUATION WITH EXPONENTIAL SOURCE TERM 675

By virtue of the above assertions for ¢ty < ¢t < T, we have

0" (t) = 2 (u, ) + 2 ]
> (n+2) el + (0 = 2) (I @I + IV (©)]?) = 20 (0) > M (1)
> ¢+ 2) el + (0 = 2) (I O + [ Vu @©)]?)]
> (d4e) fuel”

The following inequality can be easily verified by simple calculations

So

[0 (1)) <460(t) |l B)I*, to<t<T.

6(t)0" (t) — (1 + Z) [0 (£)] > 0.

By Lemma 2.3 we conclude that for sufficiently large T > o,

lim 6 (t) = +o0.
T
We get a contradiction. Thus the proof is completed. ]

5. CONCLUSIONS

We investigated the existence of global solution and blow up of solution for the Klein-
Gordon equation with exponential source term. The proofs are provided for high inital
energy case by a modified potential well method. Although the blow up of solution was
given before with arbitrary initial energy, the present article improves the results men-
tioned in the introduction.
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