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ON A CLASS OF SAKAGUCHI FUNCTIONS RELATED TO
BERNOULLI LEMNISCATE AND MODIFIED SIGMOID FUNCTION

S. 0. OLATUNJI!, H. DUTTA?Z, §

ABSTRACT. The aim of this investigation is to provide further results on a class of Sak-
aguchi functions related to Bernoulli Lemniscate and modified sigmoid function for the
class Si(s,t, ®m,n). Barly few coefficient bounds of f(z) together with sharp inequalities
for the Fekete-Szegb were obtained.
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1. INTRODUCTION

Let A denotes a class of functions analytic in the open unit disk U = {z : |z| < 1}
and normalized by the condition f(0) = f’(0) — 1 = 0. Recall that, S C A is a univalent
function. Also, known that S* and K are the starlike and convex functions which their

geometrical condition satisfies Re% > 0 and Re (1 + ZJ{,/;S)) > 0.

We say that f is subordinate to g in U and write f(z) < g(z),z € U, if there exists a
Schwarz function w(z) (analytic in U with w(0) = 0, and |w(z)| < |z|,z € U) such that
f(2) = g(w(2))(z € U). Furthermore, if the function g is univalent in U, then we have the
following equivalence:

f(2) < g(z) <= f(0) = g(0) and [f(U)Cg(U)
Therefore, the class S* may be defined as

2f'(z)  1+2
o Sk

Sokol and Stankiewicz [17] defined a class S} C S* as follows:

S*={feA:
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Definition 1.1. [18] Let S} denote the class of function f, analytic in the unit disc D,
normalized by f(0) = f'(0) — 1 = 0 and satisfying the condition

2f'(2)
f(2)

where the branch of the square root is chosen to be q(0) = 1.

<V14+z=9¢q(2),z€U (1.2)

It is noted that, the set g(D) lies in the region bounded by the right loop of the
lemniscate of Bernoulli v; = (22 + y2)2 — 2(2? — y*) = 0. He also used the class S%
to obtain some coefficient inequalities in Sokol [18].

Recently, Olatunji [8] introduced and studied a new class < f(s,t,gf)) which geometric
condition satisfy

(s — t)Z(f’(ZV))
re (o) 77 09

where s,t € C,s #t,A > 1€ R, 0 < 8 < 1 and he obtained the early few coefficient
bounds. By specializing the parameters involved in (1.3), we obtained various subclasses
of analytic functions studied by many researchers. Just to mention a few, Owa et al. [12],
Sakaguchi [13], Frasin [4] and so on. Researchers like Cho et al. [2], Olatunji et al. [9],
Owa et al. [13], Sakaguchi [14], Sharma and Raina [15] are not also left out in the studies
of Sakaguchi functions.

Sigmoid function is a special function that plays a vital role in geometric function the-
ory. It increases the size of hypothesis space that the network can represent. It has a
wide application in engineering, architecture, electronic noses, modeling and so on. It
deals with an information process that is inspired by the biological nervous system such
as brain to process information. This special function composed large number of highly
interconnected processing element (neurones) working in unison to solve specific tasks.
The function can be evaluated by truncated expansion series.

The sigmoid function

g(z) = 5o ? >0 (1.4)

is a bounded differentiable function and has the following properties:

(1) it outputs real numbers between 0 and 1;

(2) it maps a very large output domain to a small range of inputs;
(3) it never looses information because it is an injective function; and
(4) Tt increases monotonically.

The aforementioned properties are very useful in geometric functions theory. We refer
the reader to see Fadipe et al. [3], Murugusundaramoorthy and Janani [6], Oladipo [7],
Olatunji [8], Olatunji et al. [10], Olatunji and Dansu [11].

The modified sigmoid function of the form

a(z) = - fez (1.5)

were studied by Fadipe et al. [3] and they obtained another series of modified sigmoid
function as
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@m,n(z):1+(an°:1(_21n)m((_nl!)nz") )—1+;z—2—1423+ s (16)

which shows that ®,,,(z) € P.

In this work, further results were obtained for the class of Sakaguchi functions related to
Bernoulli Lemniscate and modified sigmoid function by employing Sokol and Thomas [16]
method. The early few coefficient bounds were obtained which are also used to generate
the relevant connection to Fekete-Szego theorem for the class defined. Our results serve
as a new generalization in this direction because the results obtained are not yet found in
literature.

For the purpose of our results, the following lemma and definition shall be necessary.

Lemma 1.1. [1] Let p(z) be the class of functions P satisfying Relp(z)] > 0, z € U, with

the form
o0
z)=1+ anz”.
n=1
Definition 1.2. Let f € Si(s,t, ®p, ) and given by

flz)=z+ Zanzn,z eU (1.8)

n=1

which geometrical condition satisfy

(s —t)2f'(2) o
o0~ fun) < VItz=a® (19)

where s,t € C,s # t and the branch of the square root is chosen to be q(0) = 1.
2. MAIN RESULT
In this section, we shall discuss the main findings of this paper.

Theorem 2.1. If f € Si(s,t, Pr,n) and is given by (1.8), then for n > 2,

n—1
(n(s—t) = (" —t")2lanl> < 3 arl2{[k(s— )5 — (s )P~ [k(s—t) = (s — )} (2.1)

k=1
where § = /2 — 1.
Proof. First note that from (1.9), we have

( t)zf()< 1+Z<1+z

f(s2) = f(tz) L+0z

and so
(s —t)zf'(2) 1+ w(z)
f(sz) — f(tz) 1+ 0w(z)
where w(0) =0 and |w(z)| < 1 for z € U, and

Ppn(z)—1 1 Lo 15 =
_ %n, _1, 1. 1 2.2
W) =g T T 16 102” 768 z_: (22)
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implies that ¢; = %, ¢y = — and so on.

16
Thus, we obtain

(s = )z2f'(2) = (f(s2) = f(t2)) = w(2)((f(s2) = f(t2)) = 0(s — t)zf'(2))
and from (1.8) and (2.2), we have

oo oo
Z[k(s—t) — (s* — t")]apz* = w( Z (58 —tF) — k(s — t)]apz", a1 = 1.
k=1 k=1

Now write

zn:[k(S—t) (s* — t"))arz" + Z (s —t) — (s — t")]ay 2"

k=1 k=n+1

n—1 o]
O (¥ = t7) — k(st)d)arz" + ) (" — %) — k(s — t)8)ar2"}
k=1 k=n

which can be written as
n oo

Z[k:(s—t) (sF—t")]apF+ Z (s —tk)}akzk—w(z)Z[((Sk—tk)—k(s—t)é)]akzk

k=1 k=n+1 k=n

n—1
=w(z) Y [(s* = t*) — k(s — t)6]apz".
k=1
Applying the method of Sokol and Thomas [16], we now write

n

o) n—1
D k(s —t) = (8" = th)arz® + D b2 =w(2) D [(sF —t7) = k(s — t)6]ayF
k=1

k=1 k=n+1

for some by, n + 1 < k < oo where b, can be expressed in terms of the coefficients a; and
cp as

k—n
b = (k(s —t) — (s* — t*))ay, — Z[(sk — %) — k(s — t)0]cjan—_;.
j=1
This gives
n 00 2 n—1 2
D k(s —t) = (8" = tF)arz® + D bpdF| = |w(2) Y [sF — tF — k(s — t)d]arz"
n—1 2
<D IsE = tF) = k(s — t)d]arz”| |
k=1
where
D k(s —1) = (sF = t)]ar2? + > bzt =Y di2t
k=1 k=n+1 k=1

is an analytic function in the unit disc. Parseval’s Theorem [5] gives

A _ 2
/ Zd re')k12do = 27rZ|dk| 2k

k=1
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and so integrating with respect to 6 from 6 to 27 any r, 0 < r < 1, we obtain

n o) n—1
D Tk(s —t) = (8" = t5)PlaxPr?* + Y kP <Y (85— t7) = k(s — )0)ag*r7F.
k=1 k=n+1 k=1
Therefore
n n—1
> k(s — 1) = (8" = t)PlagPr?F <Y (85— F) — k(s — £)0]%|ag|*r?F.
k=1 k=1

Letting » — 1 gives

n

S k(s = 0 — (5 — P+ 3 Il < S [k — 05 — (s — )Pl
k=1

k=1 k=n+1
and this leads to the desired result (2.1). O
Corollary 2.1. If f € Si.(s,t, @y, ) is given by (1.8) then for n > 2
—t)(2—+v2
|an| < (=02 v2) (2.3)

“n(s—t)— (s —t")’
Proof. From (2.1), we have

n—1

[n(s =) = (" = ") < D’ [[(k(s = 1)8) — (s* = )] = (k(s — ) — (8" = *))?]

k=1
n—1

= (s =020 = 1> =D larP[(k(s — 1) = (8" =) = (k(s — )6 — (" — )]
k=2

<(s—t)26—1)2 = (s —t)’(V2 —2)?
this gives (2.3).

For n = 6 the condition gives

ag] < 2-2
a .
0= 16— (s° + st + 32 + 23 + sth + 19)
O
3. COEFFICIENT BOUNDS FOR THE CLASS Sr(s,t, @y, p)
Theorem 3.1. If f € Sp(s,t, Prn) and is given by (1.8), then
ag] € ———
a - -
=82 (s+1)
1 5 s+t)(s+t—2
64(3—(3 +st+12)) \ 2 (2—-(s+1))
and
lag| <
1 224 (s+0)>(s+t—-2) 2 +st+t°)(s+t—1)=3(s+1t) (5  (s+t)(s+t—2)
4 (55 + 52t 1 st2 +£3) | 98304 ' 512(2 — (s +1))® | 512(2 — (5 + 1) (3 — (52 + st + £2)) (2 2—(5+1)2 )
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Proof. First note that from (1.9), we have
(s —t)zf"(2)
ST URIE) (e
762) — Jt2) =
where w(0) and |w(z)| < 1 for z € U. On the other hand, it is known that
Dpun(z)—1 1 1, 1 4 5 ,
_ % . B B Y
G A s o e LA T L T R T (32)

for some ®,, ,(2) € P, which gives

) f! B(2) — 1
-0:() _ [ o010
f(sz) — f(tz) D(z)+1
from (1.6) and (3.3), equality coefficients gives, after simplification
1
a=—— (34
2T R2—(s+1) (34)
1 ) s+t)(s+t—2
az = — 5 5 -+ ( I 5 ) (3.5)
64(3 — (s2 + st +t2)) \ 2 (2—(s+1))
and
aq =
1 224 (s+t)2(s+t—2) 2% +st+t3)(s+t—1)—3(s+1) (§ (s+t)(s+t—2)) 3.6)
4 — (83 4 52t + st2 +t3) | 98304  512(2 — (s +1))3 512(2 — (s +1))(3 — (s2 + st +12)) \ 2 (2—(s+1)2 ’ '
which yields (3.1). O

Taking s = 1, we have

Corollary 3.1. If f € S1.(1,t, P, ) and is given by (1.8), then

1
< —
‘QL—az—u+w)
1 5 (14t)(t—1)
asz| < -t 3.7
‘ﬂ_6M3—ﬂ+t+ﬁD<2 (2—(1+41))2 (3.7)
< 1 224 A+t —-1) 201+t +t2)(t) — 3(1 + 1) <§ (1+t)(t—1)>
|a4|747(1+t+t2+t3) 98304 ' 512(2— (14+1))3 5122 —(1+t)B—(1+t+t2) \2  (2—(1+1)2/|

Setting t = —1, we have
Corollary 3.2. If f € S1.(1,—1,®,,,,) and is given by (1.8), then

1
<7
2] < 75

las| < (3.8)

L
24576

256
lag| <

Using corollary 3.2, we have

Theorem 3.2. If f € S(1,—1, Py ) and is given by (1.8), then

149
|a2a4 — a§| <

. (39
— 393216 (39)
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Theorem 3.3. If f € Sp.(1,—1, Py, ) and is given by (1.8), then

2% A

2 2

< |2~ A (310

a5 = Aaz| < ‘65536 26| (310)
REFERENCES

Ali, R. M., (2003), Coefficients of the inverse of strongly starlike functions, Bull. Malaysian Math.
Soc., 26, pp. 63-71.

Cho, N. E., Kwon, O. S. and Owa, S., (1993), Certain subclasses of Sakaguchi functions, Southeast
Asian Bull. Math., 17, pp. 121-126.

Fadipe-Joseph, O. A., Oladipo, A. T. and Ezeafulukwe, A. U., (2013), Modified sigmoid function in
univalent function theory, Int. J. Math. Sci. Eng. Appl., 7(5), pp. 313-317.

Frasin, B. A., (2010), Coefficient inequalities for certain classes of Sakaguchi type functions, Int. J.
Nonlinear Sci., 10(2), pp. 206-211.

Gooodman, A. W., (1983), Univalent function, Vol. I., Florida: Mariner Publishing Co., Tampa.
Murugusundaramoorthy, G. and Janani, T., (2015), Sigmoid function in the space of A\-pseudo startlike
functions, Int. J. Pure Appl. Math., 101(1), pp. 33-41.

Oladipo, A. T., (2016), Coefficient inequality for subclass of of analytic univalent functions related to
simple logistic activation function, Stud. Univ., Babes-Bolyai Math., 61, pp. 45-52.

Olatunji, S. O., (2016), Sigmoid function in the space of univalent A-pseudo starlike function with
Sakaguchi functions, J. Progressive Res. Math., 7(4), pp. 1164-1172.

Olatunji, S. O., Dansu, E.J. and Abidemi, A., (2016), On a Sakaguchi type class of Analytic functions
associated with quasi-subordination in the space of modified sigmoid functions, Electronic J. Math.
Anal. Appl., 5(1), pp. 97-106.

Olatunji, S. O., Gbolagade, A. M., Anake, T. and Fadipe-Joseph, O. A., (2013), Sigmoid function in
the space of univalent function of Bazclevic type, Scienta Magna, 97(3), pp. 43-51.

Olatunji, S. O. and Dansu, E.J., (2016), Coefficient estimates for Bazclevic Ma-minda functions in
the space of sigmoid function, Malaya J. Matematik, 4(3), pp. 505-512.

Owa, S., Sekine, T. and Yamakawa, R., (2007), On Sakaguchi type functions, Appl. Math. Comput.,
187, pp. 356-361.

Owa, S., Sekine, T. and Yamakawa, R., (2005), Notes on Sakaguchi functions, RIMS Kokyuroku,
1414, pp. 76-82.

Sakaguchi, K., (1959), On a certain univalent mapping, J. Math. Soc. Japan., 11, pp. 72-75.
Sharma, P. and Raina, R. K., (2015), On a Sakaguchi type class of Analytic functions associated with
quasi-subordination, Commentarii Mathematici Unversitatis Sancti Pauli, 64(1), pp. 59-70.

Sokol, J. and Thomas, D. K., (2018), Further results on a class of starlike functions related to the
Bernoulli Lemniscate, Houston J. Math., 44 (1), pp. 83-95.

Sokol, J. and Stankiewicz, J., (1996), Radius of convexity of some subclasses of strongly starlike
functions, Folia Scient. Univ. Tech. Resoviensis, 19, pp. 101-105.

Sokol J., (2009), Coeflicient estimates in a class of strongly starlike functions, Kyungpook Math. J.,
49(2), pp. 349-353.



684

TWMS J. APP. ENG. MATH. V.10, N.3, 2020

Sunday Oluwafemi Olatunji received his first, masters and Ph.D degrees at Ladoke
Akintola University of Technology, P.M.B. 4000, Ogbomoso, Nigeria in 2008, 2012
and 2016, respectively. He is currently a lecturer in the Department of Mathematical
Sciences, Federal University of Technology, Akure, P.M.B. 704, Ondo State, Nigeria.
His research field focuses on geometric function theory (Univalent function theory).

Hemen Dutta is a faculty member in mathematics at Gauhati University, India.
He completed his master of science in mathematics and post graduate diploma in
computer application. He did his M.Phil and Ph.D. in the area of functional analysis.
He has to credit several research papers mainly in the areas of mathematical analysis
and its applications as well as several book chapters, conference proceedings papers
and some books. He has visited some foreign institutions and delivered talks at
national and international levels.




