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AN APPLICATION OF (p,q)-CALCULUS IN HARMONIC UNIVALENT
FUNCTIONS

POONAM SHARMA', SAURABH PORWAL?, OMENDRA MISHRA®, §

ABSTRACT. The main aim of this paper is to define a (p, ¢)-multiplier transformation
for harmonic functions. Using that we obtain coefficient inequality, extreme points, dis-
tortion theorem and covering results for the new subclass of harmonic functions. Several
known results may be derived as special cases of our main results.
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1. INTRODUCTION

The theory of g-calculus has motivated the researchers due to its application in mathe-
matics and physics. Jackson [7] was the first to give some applications of g-calculus with
the introduction of g-analogue of derivative and integral. Recently, Chakrabarti and Ja-
gannathan [4] introduced (p, ¢)-integer in order to generalize several forms of g-oscillator
algebras, well known in the physics literature related to the theory of single parameter
quantum algebra. Post quantum calculus denoted by (p, ¢)-calculus is an extension of
g-calculus at p = 1. Let 0 < ¢ < p < 1. The (p, q)-integer or (p, q)-bracket or twin-basic
number [k], , is defined by

oF — ¢
[klp,g = ﬁak € No=Nu{0}={0,1,2....}.
Notice that
lim[k],, = kp~t.
q1_r)r217[ Ip.a p

In case p = 1,0 < ¢ < 1, (p, q)-bracket [k],, reduces to the g-bracket [k], and for k =
0,1,2.... it is given by

- and ;l_}lri[k‘]q =k.
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The (p, q)-derivative operator d, , of a function f is defined by
f(pz) — f(qz)
(r—q)z

Opqf(0) =1 and limg,p—1 9, 4f(2) = f'(2). For more detailed study one may refer [4, 2, 1].
When p = 1, the (p, ¢)-derivative operator 0, 4 f(2) is known as g-derivative operator d, f(2)
defined in [8] by

8p,qf(Z) = (Z # 0)

0,1(:) = LTI o)

Let ‘H denotes the class of complex-valued functions f = w+ iv which are harmonic in the
unit disk D = {z € C: |z| < 1}, where u and v are real-valued harmonic functions in D.
Functions f € H can also be expressed as f = h+ ¢, where h and g are analytic in D,
called the analytic and co-analytic parts of the function f, respectively. The Jacobian of
the function f = h + g is given by Jy(z) = |V (2)]> — |¢/(2)|*>. According to the Lewy,
every harmonic function f = h + g € H is locally univalent and sense preserving in D if
and only if J¢(z) > 0 in D which is equivalent to the existence of an analytic function
w(z) = ¢'(2)/W(2) in D such that

lw(z)] <1 forall zeD.

The function w(z) is called the dilatation of f. By requiring harmonic function to be sense-
preserving, we retain some basic properties exhibited by analytic functions, such as the
open mapping property, the argument principle, and zeros being isolated (see for detail
[6]). The class of all univalent, sense preserving harmonic functions f = h+g € H with the
normalized conditions h(0) = 0 = ¢(0) and h’(0) = 1 is denoted by Sy. If f = h+g € Sy,
then h and ¢ are of the form:

h(z)=z+ Z apz® and g9(z) = Z bz~ (1)
k=2 k=1

A subclass of functions f = h + g € Sy with the condition ¢’(0) = 0 is denoted by S%. If
f=h+ge€ 5’%, then h and g are of the form:

h(z) =z+ Z apz® and g9(z) = Z bz~ (2)
k=2 k=2

Further, if g(z) = 0, the class Sy reduces to the class A of normalized univalent analytic
functions.

The convolution of two harmonic functions f = h+g and F = H + G is defined by
(fxF)(z)=gxG+ (h+H).
For a function h analytic in D, (p, g)-Salagean operator of h(z), denoted by D;’ h(z), is
defined by (see Ahuja et al. [1]):

Dpgh() h(2), Dy gh(2) = 20y gh()
Dyh(z) = Zap,q(D;%_lh((z))am € N.

For h and g of the form (2), we get

(e 9]

DPh(z) = 2+ 3 (Kp) " apzt and  DIyg(z) = 3 ()™ bi¥.
k=2 k=1
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The generalized (p, ¢)-Salagean operator for harmonic function f = h + g is defined by
(see Ahuja et al. [1]):
Dyigf(2) = Dplgh(2) + (=1)" Dyig(2).
Using the generalized (p, ¢)-Salagean operator D}, for m = 0,1, we define a modified

multiplier transformation I;”qﬂyﬂ :H —>HformeNy,B>~v>0,v+ 8 >0, by

Iaqmﬁf(z) = Dg,qf(z) = h(2) + g(2),

0 1
I sf(z) = YD) f(2) + 8D, f(2)

v+ 8 )

and

pqvﬁf( ) ;qvﬁ(pq'yﬂf( )) (4)

In case p =1 and ¢ — 1, the transformation Iy, s = 1.3 was studied by Bayram and
Yalcin [3] and further, I'" was studied by Cho and Srivastava [5] for the functions f € A.
If f=h+g, where h and g are of the form (1), then from (3) and (4) we see that

Binatt =+ 1 (A st o 3 (M)

k=2 k=1

In this paper, we introduce a modified multiplier transformation I ;”q e defined as above

and with the help of this transformation, a new subclass of harmonic functions is defined
by (7). For functions in this class, results on coefficient estimates, distortion bounds,
covering theorems, radius of convexity, convolution and convex combination are obtained.
It is mentioned that the results in [1] are the special cases of our main results.

2. MAIN RESULTS
Definition 2.1. Suppose i,j € {0,1}. Let the function ¢;,1); given by

—Z-I—Z)xkz + ( Zukz (5)
and

—z+2ukz + ( kaz (6)
be harmonic in D with A\, > ug >0 (k > 2) and pg > vg Z 0(k>1).

Forae[0,1),0<g<p<1,meNneNygm>nandzeD,letSy(m,n,d;,v;,p,q,0c pB,7)
denote a family of harmonic functions f € H that satisfy the condition

Re { (s f(2) 2 6)(2) } - -

(Lp g8 (2) ¥ 5)(2)
For f = h + g, where h and g are of the form (1), we obtain
+
(pmﬂf*@ —z—I—Z)\ < g 7) apz® (8)

[e’e] ’}/mik
kz ( v+6 ) e
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and

( q’yﬁf*w] - Z"‘ZU ( p_:;’Y) akzk

n
1)t v <W> b2k
) kZ:l 75 K

Remark 1. If we choose v = 0 in our main results, we get the results proved in [1] which
include several results proved earlier.

Definition 2.2. Let 7Sy (m,n,¢;,v;,p,q,a,,7) be the family of harmonic functions
fm =h~+Gm € TSu(m,n, ¢i,¥;,p,q,«, B,7) such that h and g, are of the form

2=z-) |l gn(z) = (D)"Y bl (Il <LzeD)  (9)
k=2 k=1

Theorem 2.1. Let f = h+ g be such that h and g are of the form (1). Also let

ZQ(m,n, a)lag| + Z@(m,n,a)\bﬂ <1 (10)
k=2 k=1
where
g BlElp.g+y\™ — BlElp.ga+y\"
Q(m,n,a) = ( A ) . ( A ) (11)
-«
Blklp,g— m _ (_1\ntji—(m+3) Blklp,a— "
Ik (=1t vy,
O(m,n,a) = () () (12)

l1—«

Me >up>0(k>2),8>v>0and pp >vp >0 (k>1). Forae0,1),0<q¢g<p<
1,m e N,n e Ny,m >n. Then
(i) the function f is sense preserving and harmonic univalent in D and f € Sg(m,n, @i, V;,p, ¢, o, 5,7)
if the inequality (10) is satisfied.
(i) fm =h~+Gm € TSu(m,n, ¢i,¥;,p,q,a, B,7) if and only if (10) is satisfied.

Proof (i)It is clear that the theorem is true for the function f(z) =z . Let f = h + g,
where h and g of the form (2) and assume that there exist k € {2,3,...} such that a; # 0
or by # 0. we have Q(m,n,a) > k4, O(m,n,a) > ky, Observe that the condition (10)
implies

Z[k]nq‘ak‘ + Z[k]p,qwk’ <L (13)
k=2 k=1
Hence, we have
10p.gh(2)] = [0pq9(2)] = 1= [klpglarl |2/*" = [Kl,, 2
k=2 k=1
>1—|2] (Z[k]nq‘ak‘ + Z[k]p7q|bk’>
k=2 k=1

>1—1z|>0
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f is sense-preserving in D when p = 1,¢ — 1. Moreover, if 21,29 € Dand (0 < ¢ <p < 1)
such that pz; # qzo,

'(pzq)’“ — (g22)"

(p21) — (g22)

k
— Z(pzl)lfl(qza)kfl

=1

k
<D 1Al T T T < (Mg

=1

Hence, by (13), we have

| f(pz1) — flgqz2)| = |h(p21) — h(gz2)| — |g(pz1) — g(g22)]

> [pz1 — gz — Y _((p21)" = (¢22))ar| — D (p21)F — (g22)F)bx
k=2 k=1
o0 k
21)" — (g z1)" — (g2

> ’p21—q22| 1_2 (p 1) (q 2) |ak|_z (p 1) (q 2) '|bk}‘

2 bz1 — g2 el bz1 — gz
> |pz1 — gz <1 — D _lklpglak| — Z[k]p,qwk’) >0

k=2 k=1

which proves that f is univalent in D. Using the fact Re(w) > « if and only if
|1 —a+w| > |1+ a—w|, it suffices to show that

( pqwﬁf ¢i)(2)
(I8 sl *0)(2) |

1 4o Danpf 200 (14)

1 _
o @, 0G| =
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We have

(g, pf % 00)(2) + (1= @)Ly pf * Vi) (2)] = [T ] * 00)(2) = (L4 @) (L g5 5 % 95)(2)]

ety {A%W) = a)u < pq+7) }

k=2
+(—1)m”§:1 (Mk (%)mﬂ 1)l ( > >bkzk
— ‘—az + é <>\k (W)m — (1 + a)uy <%>n> ap2”
“‘”m“,i (1 (P2 0Y" oty g, (Pna 2" o

o= e () o (He32) Jret
_ i {Mk (ﬂ[ky]]jfﬁ_ 'V>m 4 (=1)" ) (1 ), (ﬂk]pq ) } g |2

k=1 + ﬁ

_ i { <7+ﬁ7)m — (=) (1 4 )y (%)n} |y |||

zza—a)rzr[ -3 am, n,anakrz\k—l—Z@<m,n,a>rbkuzk-1]

k=2 k=1
> 2(1 — a)|z| [ (ZQ m,n,a)|ak|—l—Z@(m,n,aﬂbk\)] :
k=2 k=1

This last expression is non negative by (10). This completes the proof .

(ii) Since T Sg(m,n, ¢i, Vi, p,q, o, B,v) C Sa(m,n, @i, V;,p,q,c, 5,7), the sufficient part
of part (ii) follows from (i).To poof the necessary part of part (ii) , we assume that f,
€ TSu(m,n, ¢;,¥j,p,q,a,5,7). We have for all z € D, in particular, choosing z = r
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0<r<1)

(I sfm % 60)(2)
R P47, _
‘ { (g5 0)) } -t

(1= )z = 52 { (225) " — aup (P )"} o 24
T (B[lji%+v> lag| 25 + (—1)mtitnti=157% 4 (ﬁ[’i}/ii,%—v)”wk,gk
(—1)2mt2ielyoe {Mk (%)m —(—1)rH ) g, (%) } b 2*

Z— 3 h g uk < ,}Yiqﬂ”) |ag| 2% 4 (—1)rtitm+i=1 3% 4y (%) \by.| 2
(1—a)=> 7, {)\k <%)m — auy, (%)n} lag| rF1
- () gy it — (it 52 (a2 e

S (25) " — (1), (e ) i

Blk Elp.ga—7r\"
1 S, up ( «]/i%ﬂ) |ag| rh=1 — (=1)ntitmti S (6[}/1% 7) by | 1
>0

= Re

+

as r — 17. This proves the required result. The harmonic univalent function

§ E 1 sk
where

o o0
D el + > k] =1
k=2 =1

shows that the coefficient inequality given by (10) is sharp.

Corollary 2.1. For f, = h+ g, given by (9), we have
1 1
<— k>2 d bl < ———, k> 1.
lax] < Q(m,n,a)” o bl < O(m,n,a)” =~

The result is sharp.

Theorem 2.2. Let f,, = h+Gnm, be given by (9) . Then f, € clco T Su(m,n, ¢i, Vi, p0,q, o, ,7)
if and only if fin(2) = 332y (wrhi(2) + Ykgmr(2)) , where

hi(z) = z, hp(z) =2 — ————2 (k>2)
and )
Lk
©(m,n, oz)z

and Y o (xk + yg) = 1, where x > 0, yp > 0. In particular the extreme point of
T‘S’H(mvn; ¢i7¢j7p7Qaa757/y) are {h’k‘} and {gmk}

Proof: Let fi(2) = > poy (2khi(2) + Ykgmi(2)), where > 72 (zx + yi) = 1. Then, we
have

gm(2) = 2 + (1) (k>1)

_ = 1 k m+z 1 1
?) =z é Q(m,n,a)xkz +(-1 kzl O(m,n a)ykz
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which proves that f,, € clcoT Su(m,n, ¢, ,p,q,a, 5,7) because

gﬂ(m, n, ) <Q(mlna)xk> + i O(m,n, ) <@(m1noz)yk>

=Ytk Y e =1—a1 < L
Conversely’ suppose fm € CZCOTSH(’/TL, n, ¢i7 ¢jap7 q, ﬁ) 7) Then

1 1
‘ak| § m and |bk;| S

O(m,n,a)’
Set
zp = Q(m,n,a)|ax|  yr = O(m,n, a)|byl
By Theorem (2.1), > 725 xk + > poy Yk < 1. Therefore we define 1 = 1 — > 22, xp —
Y req Yk > 0. Consequently, we obtain f,(2) = Y po; [zrhi(2) + yrgmr(2)] as required.

m
Theorem 2.3. Let f,, € TSy(m,n, Cf)i,wjapa%a,ﬁa’)’) and let o = A (%) o

k n m n+j—(m+i k
Qug, (ﬁ['lzjr,(gr’Y) (k > 2) ¢k =l <ﬁ['3/p+(,18 7) _ (_1) +j—(m+ )CKU (6[ ]Ijr%’ ’Y) (k’ > 1)
be non decreasing sequence. Then

5 - 1

(@ < (4 Dl + 3 2
(16)
and
B=\" _ (_q\nti—(m+i) (B=1\"
_ H1 ( 1) 77 vy
(@] = (1= oa)]el — =% {1 - () (53) b | |21
B g
(17)

for all z € D, where by = <af’a”7§(2)> » and [ =min{oa, Pa}.

Proof Let fp, = h + Gm € TSu(m,n, ¢i,;,p,q, o, (,7) be given by (9). Taking the
absolute value of f,,,, we obtain

()] < L+ b1l + > (law] + [bel)]21*

k=2

< (L [ba)l2l + ) (Jak| + [bi])]=I

k=2
1 —a B 8 )
< (1 _
<Dl + 55 (1 ol + ) 15
a o0
< (14 bal)lz] + 2 5 3" (Q0m,n, )lag| + ©(m,n, a)|by) |2
k=2
B—y _ (_1\n+ji—(m+i) ( B=y "
11—« M1\ 575 (=1) TB) AU
< (U ol + == [ 1= (”) 5 Q ) lbr] | 122

This proves (16). The proof of (17) is similar to to the proof of (16).
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Theorem 2.4. If fp, € TSu(m,n, ¢i,¥;,p,q,a, B,7), then fn, is convex in the disc

1
k—1
1-0
2] < min )" ey
b=y —(=1)nt+i—(m+i) ( L=
k 1_’“(w+ﬁ> (=D ; ("/JrB) Ml‘bl‘

Proof. Let fmm € TSu(m,n,¢i,¢;,p,q,a,8,7) and let r,0 < r < 1, be fixed. Then
=L fn(rz) € TSa(m,n, ¢i, v, p,q, , B,7) and we have

Zk2 |lak| + [bx|)r Zk |ak| + |bk])k

k=2

IN

Mo T0Me

(Q(m,n, a)|ag| + O(m,n, «a)|bg|) krk—1

o (5)" - e (5)

< by | | kerkt
11—«
k=2
<1l-b
Provided -
krh—t < - L .
) TR ) K
11—« 1
which is true if
=
1-b
r < min PR ’1 P k>2
A P PR - el €= ) by |
B

0

The proof of the following theorems are much akin to the corresponding results of [9],
therefore we only state the results.

Theorem 2.5. For 0 < a3 < as <1, let

feTSH(manvgbz'?ﬂ)j?p)q’O‘laﬁvﬁ’)
andF6TSH(man>¢i7wjvpa(ba?aﬁa’}/)‘ Then

f*F S SH<m7n7¢i7wj7p7Q7a27/377) g SH<m7n7¢i7wj7p7Q7a1767’7)'

Theorem 2.6. The class T Sg(m,n, i, v;,p,q,a, B,7) is closed under convexr combina-
tion.

REFERENCES

[1] Ahuja O., Cetinkaya A., Ravichandran V., (2018), Harmonic univalent functions defined by post quan-
tum calculas operators, arxiv.

[2] Araci S., Duran U., Acikgoz M., Srivastava H., (2016), A certain (p, q)-derivative operator and associ-
ated divided differences, J. Inequal. Appl, Paper No. 301, pp. 1-8.



TWMS J. APP. ENG. MATH. V.10, N.3, 2020

Bayram H., and Yalgin S., (2017), A subclass of harmonic univalent functions defined by a linear
operator, Palest. J. Math. 6, Special Issue II, pp. 320-326.

Chakrabarti R., and Jagannathan R.,(1991), On the representations of GLj 4(2), GLyp ¢(1]1) and non-
commutative spaces, J. Phys. A 24, no. 24, pp. 5683-5701.

Cho N, and Srivastava H., (2003), Argument estimates of certain analytic functions defined by a class
of multiplier transformations, Math. Comput. Modelling 37, no. 1-2, pp. 39—-49.

Duren P., Hengartner W., andLaugesen R., (1996), The argument principle for harmonic functions,
Amer. Math. Monthly 103, no. 5, pp. 411-415.

Jackson F., (1910), On g-difference integrals, Q. J. Pure Appl. Math. 41, pp. 193-203.

Jahangiri J., (2018), Harmonic univalent functions defined by g-calculus operator, International journal
of Mathematical analysis and applications. 5(2), pp. 39-43.

Porwal S., and Gupta A., (2018), An application of g-calculus to harmonic univalent functions, JQMA
14, (1), pp. 81-90.

Dr.Poonam Sharma is a professor in the Department of Mathematics and
Astronomy, University of Lucknow, Lucknow India. She has 35 years experience of
research in the field of complex variables and Geometric Function Theory.

Dr. Saurabh Porwal is currently working as a lecturer of mathematics in Sri
Radhey Lal Arya Inter College, Ehan, Hathras. Formely, he was an assistant
professor in the Department of Mathematics, UIET, CSJM University, Kanpur,
India. He has published several research papers in various reputed national and
international journals.

Omendra Mishra is currently a research scholar in the Department of Mathematics
and Astronomy, University of Lucknow, India. His area of interests is Geometric
Function Theory.




