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STUDY OF SUBCLASSES OF STARLIKE AND CONVEX FUNCTIONS

M. I. FAISAL, §

ABSTRACT. In this article, we introduce new subclasses of starlike and convex functions
by using a new differential operator defined in the open unit disk U. We study the
geometric properties of such subclasses of starlike and convex functions. The vertices,
co-vertices, coordinates of foci and equation of directrix are discussed in detail. Finally,
we investigate various convolution properties of these subclasses.
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1. INTRODUCTION

Differential operators based on complex valued functions plays an important role in geo-
metric function theory. In recent years, more and more researchers have been interested
in studying the differential operators. They have not only introduced new differential
operators but also used them for introducing new subclasses of analytic functions. Our
motivation by the research works is based on differential operators, ( see for example
1,2, 3,4, 5,6, 7]). The articles provides an idea to introduce a new differential operator
for forming new subclasses of analytic functions.

Let .
fz)=arz+ ) an2", (1)
and . " .
fi(2) = a1z + Z an;iz",gi(z) = b1z + Z by, 2" (2)
n=2 n—2

The functions analytic and univalent in U = {z € C: |z| < 1} of the form (1) with a; =1
are said to form the class A, and for f;, g; we suppose they have the form (1).
The convolution f g of the functions f and g, given by (1) is defined by (f * g) (2) =

arbrz + 22022 anbp2" = (g * f) (Z) .
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We define the differential operator ©7', f(z) in 2012 (cf. [8]), as follows:

0%, f(2) = f(2),
(Y+ 1)+ 805, f(2) = B)f(2)+ (v +1)zf'(2)
= Op,f(2),
03,/(2) = ©5,(05,/(2)),

gaf(2) = @6,7(@%1 (2)), m € N. (3)

If f belongs to A then by using (3),
B+n(y+1)\"
ok anz", k € Ng = NU{0}. 4
B’Y +Z</6+'Y+1) z 0 {} ()
Consider,
B B+n1+\" ,
fpa(2) Z+Z<ﬁ+ i+y )~
and define ;
~1
fo(2) % [fa4(2)] " = m7 p>0,zel. (5)
After doing calculation and then using (5), we get
(1), B+ (1+7) >
Tk’“ z+ < an2". 6
Z 5l +7) ©

For, 0 < p<1,0<d<1landn >0, let @g,y(k,p, d,m) denote the class of analytic
functions f given by (1) with a; = 1 and satisfying the analytic criterion

k, k, NG
N D —— (T8 1|’
(1= Y1) & pe TR S ;
7

k, k,
(L= p) Y52 (2) + pa [ TS )]
In case, for p =0, if f € @gﬁ(k,p, d,m), then z[Tg’,‘;f(z)}’/Tgi’;f(z) belongs to the region
of complex plane i.e. {w:R(w —0) > n|w — 1|} which contains w = 1 and is bounded
2

&
by an ellipse n2(71]_5)12 + <1f5>2 = 1 with vertices at the points (2—:‘;,0), (Zﬁ,O)
(n2-1)2 n2—1

2_1>» /7772_1 1 \/7727_1

elhpse one can easily get the coordinates of foci and equation of directrix.
69 (,0,5 n) denote the class of analytic functions f given by (1) with a; = 1 and

satlsfylng the analytic criterion
b k7
(Y52 F(2)) + 2[00 f (=)

(YELF()) + 2050 (=)
R ko k,p —00 > k,u / k,p "
(Y5l f (2] + p2[Ygl f(2))” (Y5 f (2)) + p2[Y 50 f(2)]
For p=0,if f € @ 7(p, d,7), then z[TZ”éf(z)]”/[Tg’gf(z)]’ belongs to the region of com-
plex plane i.e. {w: R(1 +w — §) > njw|} which contains w = 1 and is bounded by an el-

u1=8)?
lipse <n "2’1> + -2 = 1 with vertices at the points ( 7‘5,0), (‘57—1 ), <7712‘5 1-9 >

2 2
(Z =0 19 > and (;712_5 0—1 ) respectively. By using vertices and co-vertices of

_1‘. 8)

2a-5)2 T (=9 1 ntl —1 1

(n2-1)2 n2—1
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1-§ 5—1 . . . . . .
and T \/F) respectively. By using vertices and co-vertices of ellipse, one can easily

get the coordinates of foci and equation of directrix.

For p = k = 0, I get the uniformly starlike and convex functions, first studied by Goodman
[9, 10] and Ronning [11, 12] respectively. For class of a-uniformly convex function, I refer
for study [13]. For special cases of the classes given by (7) and (8), I refer some other
papers (for example [14]-[20]). For sake of convenience, we consider ¢(3,7) = <M>

B+n(y+1) )
A function f defined by (1) belongs to class @gv(k,p, 9, n) if

> ((:)_711;! (¢(8,7)" [n(1 +1) = (8 +0)(L+np — p)] |an| < (1 =3). (9)
n=2

The class eg (k, p,d,m) is nonempty and having the functions of the form

(B+n(l+7)k1—6)(n—1)! n
_“1””2 ot (B A+ )F (40— 0+ mA+np—p)] "

where A\, > 0 and Z An < 1; satisfy the inequality given in (9). Similarly, a function f
n=2

defined by (1) belongs to class @g’ﬁ(p, 3, n) if

> ((:)_nl;! (@B, ) (L +n9) = (6 +m) (L +np—p)llan| < (1=06).  (10)
n=2

2. MAIN REsuLTS (CONVOLUTION PROPERTIES)

Theorem 2.1. Let the functions f; |[_; and g; |;1-:1 defined by (2) belong to the class
@gw(k +1,p,0,m) and Qgﬁ(k,p, d,m) respectively. Then convolution of fi * fo - % fr %
g1 % g2 % -+ - % gq(z) belongs to Qg’v(r(k +2)+q(k+1)—1,p,6,7).

Proof. For sake of convenience, let convolution of

Jixfoxoox frrgrrgas--xgy =G
then obviously,

2",

5= [1_]||] Hw Y

n=2

q
H |an Z|] H |nj
j=1

=1

Since f; € @gﬁ(k +1,p,9,n), then by using (9), we have

Z (#)n-1 (@(8,7) (1 +n) = (6 + 1)1+ np— p)l|ani| < (1 —8)|ai,l-

— (n—1)!
Or
‘arm‘z 1> < (¢(B;7)" k= 2|a1 Z‘, 1 (11)
Similarly if g; € @gﬂ(k,p, 0,m), then
> LGB N ) — B+ (14— pllbag] < (1= Dbrgl: (12
n=2

This implies that
by < (6(8,7)) 7 by

i=1"
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Now we have to do that

- T q
> Bt (o(5. ) n(1 + ) = 6+ m)(1 -+ 9 = [ T o] T o]
= i=1 Jj=1

SRl CRXla s (N

Applying simultaneously (11), (12) and (13) for |]_;, j = ¢ and \?;} respectively. Consider
[t=r(k+2)+q(k+1)—1)]

3 (“)"11' (@B, ) [n(L+m) = @+ )L +np— )] []] |an|] [H b4

= (= i=1

< Z_:Q ((:)_nl;' (¢(/87’7))t[n(1 +n7)—0+n)1+np— p)] [(Qs(ﬁ ) r(k+2)

=1

q—1
X ((8,7)) A~ DE+D) !bnq}H!au [T 1busl]
j=1

00 r q—1
OB, ) (1 +1) = (3 +m)(1+1p = p)|bng| [T lavsl TT [brs]]
n:2 = j=1
r q
< (1 — (5) [H |a17iH [H ‘blyjH =(Ge @gﬁ(’f’(k) + 2) + q(k + 1) —1,p, 5,7]).
i=1 j=1
This completes the proof of Theorem 2.1. U

Corollary 2.1. Let the functions f; |i_; and g; \q_l defined by (2) belong to the class
@/B,y(k‘ +1,p,0,m) and 65 (k—1,p,6, 77) respectively. Then convolution of f1 % fo * -+ *
Jr*g1%ga* - xgq(z) belongs to @“ L(r(k+2)+ gk —1,p,6,n).

Corollary 2.2. Let the functions f; |i_, and g; \?:1 defined by (2) belong to the class
@gﬁ(k, p,0,m) and @gﬂ(k,p, d,m) respectively. Then convolution of f1 % fox -+ % frx g *
g2 * -+ % gq(z) belongs to @gﬁ((r +q)(k+1)—1,p,0,m).

Theorem 2.2. Let the function f; |;_, defined by (2) belongs to the class @“ (k+1 0,0,m).
Then convolution of f1 * fo x---x f,. belongs to 65’ (r(k+2)—1,p,6,n).

Proof. We consider fy * fo x---x f, = G. Since f; € eg ,Y(k +1,p,d,n), this implies that

Z (M)n—l (¢(l3’7))k+1[n(1 4 77) — ((5 + 77)(1 +np — p)] ‘an,i‘ < (1 - 5) |a1,i| . (14)

o (n—1)!

Or

‘anz‘l 1> (¢(/677))
By using (14) and (15) for ¢ = r and ¢ = 1,2,--- ,r — 1 respectively, we get

3 (1)n-1 (&(B,7)) F+HD " n(1 4 1) — (6 + n) (1 4 np — p)] [H Ian,ill

— (n—1)! Pl

(15)

<> (M)nﬁl(sﬁ(ﬁ, W) E (1 4 n) = (5 +0)(1+np = p)][an,| x
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[(¢(ﬂ y))~ D) H|a1 \]

e’} r—1
B (1 +0) = (6 + 1)1 +np = p)] |an,| [ ]
n=2 i=1
< (1-146) [H \auy] .
i=1
Hence the proof is complete. O

Theorem 2.3. If the function g; |}, defined by (2) belongs to the class 6“’ (k,p, 9,m).
Then convolution of g1 * g2 * - - - x gq belongs to the class @ﬁ,y( (k+1)—1,p, 5 n).

Proof. Let g; € @gv(k‘, p,d,1), this implies that

> Bk (05, (1 1) = G (g = p) il < (L= 0) il (10
n=2 '

and
S BN ) = (4 m) (1 mp = )] sl < (1= D)l

by < (D(B,7)F 7 bl (17)

Now we need to do that

S (5 D11 4 ) — (54 ) (1 +mp— )] [Hw
=1

n=2 (TL )

<(1-9) [H b1,
=1

Using (16) and (17) for i =r and i =1,2,--- ,¢ — 1, we have

n=2

> LGN al1 ) = (3 )1+ ) [Hlbm!]

<3 M)n& (8, 7)) E D11 4+ 1) — (6 + n)(L+ np — p)] |bng| X

n:2

[(¢(6 y))~ (e Hwn \]
<(1-9) [H!bm‘\] :
i=1

This completes proof of Theorem 2.3. ([l
Similarly, we can prove the following Theorems.

Theorem 2.4. Let the functions f; |;_; and g; |;1.:1 defined by (2) belong to the class
Qg,v(k —1,p,0,m) and @gﬁ(k —1,p,0,m). Then Hadamard product of fi* fo* -« % f, %
g1 % ga * - - % gq(2) belongs to the class Rgﬁ((r +q)k—1,p,8,7m).
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Theorem 2.5. Let the functions f; |[_; and g; |;1-:1 defined by (2) belong to the class
@gv(k —1,p,6,n) and @gW(O,p, 0,m). Then Hadamard product of fi x fo -+ x f, *x g1 *
g2 * -+ % gq(2z) belongs to the class Rgv(rk +q—1,p,6,7n).
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