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A THEOREM ON SUMMABILITY FACTORS FOR THE NORLUND
METHOD FOR DOUBLE SERIES IN ULTRAMETRIC FIELDS
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ABSTRACT. Throughout this paper, K denotes a complete, non-trivially valued, ultra-
metric (or non-archimedean) field. 4-dimensional infinite matrices, double sequences and
double series have entries in K. In this paper, we prove a theorem on summability factors
for the Norlund method for double series in K.
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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, K denotes a complete, non-trivially valued, ultrametric (or non-
archimedean) field. 4-dimensional infinite matrices, double sequences and double series
have entries in K. We recall the following definitions and results briefly (see [2]) for the
sake of completeness.

Definition 1.1. Given a double sequence {xy, n} in K and x € K, we write

lim  z,, =2,
m-+n—o0
if for every € > 0, the set {(m,n) € N? : |z, — x| > €} is finite, N being the set of all
non-negative integers. In such a case, x is unique and x is called the limit of the double
sequence {xm n}. We also say that {xy, n} converges to x.

Definition 1.2. Let {zy,,} be a double sequence in K and s € K. We write

00,00
E Tmn = 8

m,n=0

lim s, = s,
m-+n—o00
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where
m,n

Smmn = g Tge, myn=0,1,2,....
k=0
0,00
In such a case, we say that the double series E T, converges to s.

m,n=0
Remark 1.1. If {zy, n} converges, then {xm ,} is bounded.

Theorem 1.1. [2, Lemma 1] J}im T = 2 if and only if
m—+n—o0

(1) lim xp,=2,n=0,1,2,...;
m—0oQ
(i) lim 2y, =2, m=0,1,2,...;
n—o0
and
(iii) for every e > 0, there exists N € N such that |z, , — x| < €, m,n > N, which is
written as

lim z,, =2,
m,n— 00

noting that this is Pringsheim’s definition of convergence of a double sequence.

00,00
Theorem 1.2. [2, Lemma 2] Z Tm.n converges if and only if
m,n=0

o =0

o0

Remark 1.2. In the case of simple series, it is well-known that Zmn converges if and
n=0

only if

lim z, =0
n—oo

(see [1, p. 25, Theorem 1.1]). Theorem 1.2 shows that Definition 1.1 is more suited in the
ultrametric case than Pringsheim’s definition of convergence of a double sequence.

Definition 1.3. Given a 4-dimensional infinite matric A = (ammnke), Gmnke € K,
m,n, k.0 =0,1,2,... and a double sequence x = {x e}, zpo € K, k.0 =0,1,2,..., by
the A-transform of x = {xy ¢}, we mean the double sequence A(x) = {(AZ)mn},
00,00
(Ax)m,n = Z Umyn,k 0Lk L, T, TV = 0,1,2,...,
k=0

where we suppose that the double series on the right converge. If lm (Az)pm, = s, we
m—+n—o0o

say that the double sequence x = {xy ¢} is A-summable or summable A to s, written as
Tio — S(A)

If lim (A%)mn, = s, whenever lim xzp, = s, we say that A is reqular. A double
m~+n—00 k+£0—o00
00,00
series E T 1S said to be A-summable to s, if {spmn} is A-summable to s, where
m,n=0
m,n

Smn = Z LTkt m,n:O,l,Q,....
k=0
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The following important result, due to Natarajan and Srinivasan [2], gives a criterion
for a 4-dimensional infinite matrix to be regular in terms of its entries.

Theorem 1.3 (Silverman-Toeplitz). The 4-dimensional infinite matric A = (amn k) @S
regular if and only if

SUD |G k0| < 00; (1)
m,n, kbl
m_&lnrgoo amnke =0, k,0=0,1,2,...; (2)
0,00
m—&}"on—lwo Z Gmn,k,t = 1; (3)
k=0
lim suplamnke =0, £=0,1,2,...; (4)
m—+n—00 k>0

and
lim  sup|amnke =0, k=0,1,2,.... (5)

m-+n—o00 >0
The Nérlund method (N, py, ) for double sequence and double series in K was intro-
duced earlier by Natarajan and Srinivasan in [2].

Definition 1.4. Given py,, € K, m,n = 0,1,2,..., the Norlund method (mean), de-
noted by (N,pmn), is defined by the 4-dimensional infinite matric (ampke), m,n, k€ =
0,1,2,..., where
{pmlgk’"_z, if k<m and { < n;
Qmn,kl = e

0, otherwise,
m,n
Pm,n = Z Pk, M, = 071727"-7 |pk,€| < ’po,o s (k7£) # (070); k‘7f = 071>2>"' .
k=0

Remark 1.3. From the above definition, it follows that poo # 0.

It is easy to prove the following result, which is very useful in the sequel.
00,00
Theorem 1.4. If Z amn 18 (N, Pmn) summable, then {amn} is bounded.

m,n=0

Some properties of the Nolund method for double sequences in K were studied in [2].

For the definition of summability factors for simple series in the classical case, see ([4,
pp. 38-39]). We retain the same definition for double series in the ultrametric set up too
with suitable changes.

2. MAIN RESULT

We now prove the main result of the paper, which deals with summability factors for
the Norlund method for double series in K.
00,00
Theorem 2.1. If Z amn 18 (N, pmn) summable, (N, pm ) being reqular and if {bp, n}

m,n=0
00,00

converges, then Z Amnbmn 18 (N, pm.n) summable too.

m,n=0
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m,n m,n
Proof. Let sy, = Z ak.0y tmpn = Z ag bk, myn=0,1,2,.... Let {amn}, {Bmn} be
k=0 k(=0

the (N, pm n)-transforms of {sy, ,}, {tmn} respectively so that

Am,n Z Pm—kn—tSk,t,
™ k,£=0
P = Z Prm—kn—eth,e;
kf 0
n=20,1,2,.
Let hm Omp=sand lim by, =t. Let
m—4+n—o00 m4+n—o0
bm,n =t+ €mmn, m,n=0,1,2,...
so that
lim €,,=0.
m-+n—o0o ’
Now,
Am,n Z Pm—kn—tSk.e
™ k=0
- Z Pm—kn—t Z Qg j
k( 0 1,7=0
m—k,n—~
Foi Z ane | DL P
™ k,£=0 i,j=0
Z ag, EPm kn—~,
™ k,£=0
m,n
where, we recall that Py, ,, = Z P, m,n =0,1,2,.... Since (N, p, ) is regular, using
k,0=0

(2), we have,

i.e., lim |pmn| =0, since |Pyn| = [pool

using the fact that the

valuation is non-archimedean
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00,00
In view of Theorem 1.2, Z Pm,n converges (say) to P. Since |Pyn| = |pool, m,n =
m,n=0
0,1,2,..., |P| = |pool|- Since poo # 0, it follows that P # 0. Also lim P, = P.
m—+n—o00
We now have,
1 m,n
/Bm,n = Pi’l’l, Z ak,ébk,épm—k,n—f
k=0
1 m,n
= — ako(t + €re) Pr—kn—t
™ k=0
Z ket Pr—ken—e
T k=0
m,n
+ Z g 0€k 0 Pk n—r
k=0
1 m,n
= tam,n + Pi Z ak,£6k,Zmek,nfé- (6)
T g 0=0
00,00

We note the following. Since Z am.n 18 (N, pm ) summable, {a, ,} is bounded in view

m,n=0
of Theorem 1.4. Also lim ¢€,, = 0. So lim amnnémn = 0. Consequently, using
m+n—o00 ’ m+n—o00 ’ ’
00,00
Theorem 1.2 again, Z A n€m,n converges. Also,
m,n=0
m,n
Z e 0 €0 Pk n—t
k=0

= Z ay o€k 0(Pm—kn—t — P)
k=0

m,n

+P Z akﬁW.
k. 4=0

In view of the fact that lim ampémn =0and lim (P, — P) =0, using Theorem
m-+n—oo m—+n—oo

2 of [3], it follows that

lim Zakéfké m—kn—t — P) =0.

m+n—o00
k=0
Thus
m,n 00,00
lim Zakéﬁképm k,n— (=P Z Amn€m,n-
m-+n—00

k. £4=0 m,n=0
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So, taking limit as m 4+ n — oo in (6), we have,

00,00
li = .
m—l—lnIgoo Bm,n ts + Z Am,n€m,n
m,n=0
00,00 00,00
In other words, Z Amnbmn is (N, pmpn) summable to ts + Z Amn€mn- This com-
m,n=0 m,n=0
pletes the proof of the theorem. O

3. CONCLUSION

We conclude the paper with an important observation in the context of Theorem 1.2.
lim z,,=0
m,n— 00
00,00

does not ensure the convergence of Z Zm,n in the sense of Definition 1.1, as illustrated

m,n=0

00,00

by the following example. Let K = 9, the 2-adic field. Consider the series Z T,
m,n=0

where,

Tmmn =3"2", m,n=0,1,2,
Note that
lim ., =0,
m,n— o0
00,00

while, a simple computation shows that Z Zm,n does not converge in the sense of

m,n=0

Definition 1.1.

REFERENCES

[1] Bachman, G., (1964), Introduction to p-adic numbers and valuation theory, Academic Press.

[2] Natarajan, P.N. and Srinivasan, V., (2002), Silverman-Toeplitz theorem for double sequences and
series and its application to Norlund means in non-archimedean fields, Ann. Math. Blaise Pascal, 9,
pp- 85-100.

[3] Natarajan, P.N. and Sakthivel, S., (2008), Multiplication of double series and convolution of double
infinite matrices in non-archimedean fields, Indian J. Math., 50, pp. 115-123.

[4] Peyerimhoff, A., (1969), Lectures on summability, Lecture Notes in Mathematics, 107, Springer.

P.N. Natarajan retired as Head, Department of Mathematics, Vivekananda College,
Chennai, India in May 2004. Since then, he has been an independent researcher.
His research interests include Summability Theory and Functional Analysis - both
Classical and Ultrametric.




