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THE BOUNDEDNESS OF A CLASS OF FRACTIONAL TYPE ROUGH
HIGHER ORDER COMMUTATORS ON VANISHING GENERALIZED
WEIGHTED MORREY SPACES
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ABSTRACT. This paper includes the new bounds that feature the vanishing generalized
weighted Morrey spaces. In this regard, the article outlines the improved bounds about
the class of fractional type rough higher order commutators on vanishing generalized
weighted Morrey spaces.
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1. INTRODUCTION

Let Q € Ly(S™ 1), 1 < s < oo. Q is the function defined on R™ \ {0} satisfying the
homogeneous condition of degree zero, that is,

Q(Az) = Q(z) for any A > 0, x € R™"\ {0} (1)

and the integral zero property (=the vanishing moment condition) over the unit sphere
S™—1 that is,

| o) <o, @)
Sn—l
where 2/ = ﬁ for any x # 0.
In this paper we consider the following higher order (= k-th order) commutator opera-
tors of rough fractional integral and maximal operators,

TR f (@) = Too ((A@) = A F() (), k=012,

-/ =Y (4 (@) - A Fy)dy (3)
J

|z —y|e
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and

Mk f(2) = Moo (A@@) = AC)F FO)) (@), k=0,1,2,...,
—swp [ IRG=wlA@) - AW 1) (4)

r>0

|lz—y|<r

as long as the integrals above make sense, where rough fractional integral operator Tt
and rough fractional maximal operator Mgq . are defined by

Toof(x /|$ |na (y)dy 0<a<n

and
1
Maof(e)=sw o [0 -wllfwldy  0<a<n
lz—y|<r
For £k = 1 above, TAk and M, Aolf are obviously reduced to the rough commutator
operators of Tq o, and MQ s respectlvely
[A, Tl f (2) = A(2) To,of (2) — Toa (Af) (2)
x) = A(y)) f(y)dy

t/m—wa Al) ~ AW) F)

and

A, M) f (@) = A(2) Moo f (@) — Mo.a (Af) (2)
— sup / 12z — )| |4 () — A ()] |£()] dy.

r>0 "¢
lx—y|<r

Moreover, Té{ (f and Méf are trivial generalizations of the above commutators, respec-
tively.

Here and henceforth, F' ~ G means F' 2 G 2 F; while ' 2 G means F > CG for a
constant C' > 0; and also C stands for a positive constant that can change its value in
each statement without explicit mention.

Now, let us list some definitions that we need in the proof of following Theorem 2.1:

Definition 1.1. (Bounded Mean Oscillation (BMO)) We denote the mean value of
f on B= B(x,r) CR" by

thﬁszﬁmﬂ=&/MM%
B

and the mean oscillation of f on B = B(xz,r) by

MO%EZMOM%M=éMww—M@-
B

We also define for a non-negative function ¢ on R"

Amwﬁm=M%umm:M@Mm/mw—mm.
B
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Now, we define
BMO, = {f € LI°(R™) : sup MOy (f, B) < oo}
B

and
HfHBMOd, = s%p MOy (f,B).

The real importance comes when ¢ = 1, in which case BMOg = BMO.

Definition 1.2. [1, 3] (Weighted Lebesgue space) Let 1 < p < co and given a weight
w(z) € Ay, (R™), we shall define weighted Lebesgue spaces as

1

Ly(w) = Ly®R™ w) = { f: Ifllz,. = /If(w)\pw(w)dw coob,  1<p<oo

Lo = Lan(®0) = { £ 5. = esssup 0)(a) < oo

Here and later, we refer to A, as the the Muckenhoupt classes. That is, w (z) € A4, (R")
p—1
for some 1 < p < oo if }B/w(y)dy }B/w(y)Plldy < C for all balls B (see

B B
[1] for more details).

Now, let us consider the Muckenhoupt-Wheeden class A (p, ¢) defined in [5]. One says
that w (z) € A(p,q) for 1 < p < ¢ < oo if and only if

pl

[w}A(p,q) = sup ]B|_1/w(x)qd:v \B|_1/w(x)_p,d:v < 00, (5)
B
B B

where the supremum is taken over all the balls B. Note that, by Holder’s inequality, for
all balls B we have:

1_1 4 —
(WA, = [Wapqge) = 1BlP ¢ lwl|p, s llw 1||Lp/(B) > 1.

By (5), we have:

Q=

1

/ 3 1,1
/w(:ﬂ)qdl‘ /w(ﬂs)_p dz <|BJetF .
B B

’

On the other hand, let u (z) = w (z)*,
get p(z) € A(p, Q).

Now, we introduce some spaces which play important roles in PDE. Except the weighted
Lebesgue space Ly,(w), the weighted Morrey space L, . (w), which is a natural generaliza-
tion of Ly(w) is another important function space. Then, the definition of generalized
weighted Morrey spaces M, , (w) which can be viewed as extension of L, .(w) has been
given as follows:

=% and ¢= 2. If w(z)® € A (5,4), then we

=
»
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Definition 1.3. (Generalized weighted Morrey spaces) For 1 < p < oo, positive
measurable function @(x,r) on R™ x (0,00) and nonnegative measurable function w on
R", [ € Myo(w) = My o(B" w) if f € L%, (R") and

1
1 fllaty o) = sup ——IfllL,(Baw)w) < 0

z€R™,r>0 @(xv T)

a4

Note that for p(x,r) = w(B(z,r))r, 0 < k < 1 and p(z,r) = 1, we have M, ,(w) =
Ly x(w) and M, ,(w) = Ly(w), respectively.

Moreover, Giirbiiz 2] proved that the operators Té O’f and M{;1 olf from one generalized
weighted Morrey space M, ,, (w”, R™) to another M, ,, (w?, R™) are bounded.
The following definition was introduced by Giirbiiz [4].

Definition 1.4. (Vanishing generalized weighted Morrey spaces) For 1 < p <
00, p(x,r) is a positive measurable function on R™ x (0,00) and nonnegative measurable
function w on R™, f € VM, , (w) = VM, ,(R", w) if f € Lé‘fu(R”) and

1
lim sup ——~ =0. 6
0+ xeﬂgl gO(%,?")”fHLp(B(x’r)’w) ( )
Inherently, it is appropriate to impose on ¢(x,t) with the following circumstances:

lim sup M =0, (7)

t—=0T zeRrn 90(*737 t)

and

[l

of s (@B 1)
Bleh ewn "

From (7) and (8), we easily know that the bounded functions with compact support
belong to VM, (w). On the other hand, the space VM, ,(w) is Banach space with
respect to the following finite quasi-norm

1

171V 2 o ) = seRmr>0 (2,7 P zptpiers
such that
) 1
lim sup 7||fHLp(B(a:7r)7w) =0,

r=0" pegn (T, 1)

we omit the details. Moreover, we have the following embeddings:

VM, (w) C Mpp(w), [ fllag ) < 1V, o)

Henceforth, we write ¢ € B (w) if ¢(z,7) is a positive measurable function on R™ x (0, co)
and positive for all (z,r) € R” x (0,00) and satisfies (7) and (8).

Inspired of [2], the aim of the present paper is to study the boundedness of the oper-
ators Tél, ’O]f and Mé O’f generated by T, and Mg, with a BMO functions on vanishing
generalized weighted Morrey spaces, respectively. That is, in this paper we will consider
the following problem.
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2. MAIN RESULTS

Let us state our main result as follows.

Theorem 2.1. Suppose that 0 < a < n, 1§s’<p<§,%:]lg_— l<g<oo Qe
Ls(S™Y) (s > 1) satisfies (1) such that k € N, w (ZE)S/ cA(5, %), Ae BMO (R"), Téalf,
Méﬁ are defined as (3), (4) and Té’f satisfies (13) in [2]. If p1 € B(wP), 2 € B(w9)

and the pair (¢1,p2) satisfies the conditions

i k
Cs = / (1 +1n t> sup 28C) ; 1dt < 00, 9)
J r) se (wi (B (e, 1)t |

for every 6 > 0, and

/ ") (wi(B(z,t)))at (w4 (B (z,1)))

where Cy does not depend on r > 0, then the operators T{?f and Mé’j are bounded from
VM, (WP) to VMg e, (w?). Moreover,

172,y = AT NS (11)

Ak
|t

< k
‘VMq,gpQ(wq,Rn) ~ ”AH* HfHVMp,Apl (wp’Rn) .

For a = 0, from Theorem 2.1, we get the following:
Corollary 2.1. Suppose that 1<p<oo, s <p Qe Ly (S" 1) (s> 1) satisfies (1) and
(2) such that k € N, w (:1:)5 € Ap , A€ BMO (R"), TAk Mé’k are defined as
T3 f(2) = To ((A (z) - A <->>’f FO) @, k=012,

=po / N A @) - A Fdy

and the corresponding higher order (= k-th order) commutator operator of Mg :

MG*f() = Mo (A@) = A FO) @), k=012,
— sup = / 2z — )| |4 () — A@W)]* | ()] dy

r>0 "
|lz—y|<r
and Té"k satisfies (11) in [3]. If ¢ € B (w) and the pair (1, p2) satisfies the conditions
(0.9}

k

t t 1

Cs = / <1 —i—ln) sup 1 (2,1) T ;dt < 00,
s "/ aeR" (wp (B (z,1)))?

for every &' > 0, and

o0

/<1+lnt)k o1 (z,t) : ldtg oo (z,7) 7
") (we (B (z,1)))7 ! (wP (B (z,1)))

T

D=
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then

Ak
|78 < NAIS N Ny agy ey

k
S NAIM v ag, o, (o ey -

V Mp,o (w,R™)

MAk H
H o/ V My, (0,R7)

3. PROOF OF THE MAIN RESULT
Proof of Theorem 2.1.
Proof. By Definition 1.4, (13) in [2] and (10) we get

7221, o

I . TR
’ V Mg, (wd,R™) zER™,r>0 2 (.CU, T)

1

1
< sup A]:qu:c,r q

2€R™ >0 902(515,7“) H H ( ( ( )))

r 141 t\" (B _1 1d
X T I W2, wr, By (W (B(2,1))) n t
S swp —— A @ (B, )7
~ zeR™,r>0 QDQ(QS‘,T) * ’

o k

t Y1 (z,t
X / <1+lnr> Lz, HfHLp(wp Bl P1(T: 1) Ldt
p (wt (B (2,t)))7

k
S WA gy g, (wr mr) -
At last, we need to prove that

Ak
Q,a

1
lim su < lim sup ——— =0.
r—0+ xeﬂ{% ©2 (w T) Lq(w%,B(zo,r)) ~ oot xeﬂgn ©1 (x, 7“) HfHLp(wP,B(mo,r))

Indeed, for any € > 0, let 0 < r < . By (13) in [2], we have:

Ak
‘RM‘LNWMWD<CF(xM+Q($M] (12)
SDZ('/EJG) B v ’ v , ’
where
A (w D
q _1
« sup ”f”uw—Bw» Ly
o<r<t p1(z,1) t
and
\MH( Wi T q E
Gy (,7) 1= 1+1n 901(l'at) 11|z, (wp B,y (W (Bl 1))@
P

y ||f||Lp(wp B(a,t)) ldt.
o<r<t 1(z,t) t
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For any € > 0, now we can choose any fixed ¢ > 0 such that whenever r € (0, ),

HfHLp(wP,B(xm)) €
sup sup 3
zeRno<r<y  P1(T,7) 20C) || A"

where C' and Cj are constants from (10) and (12), which is possible since f € V.M, ,, (w?,R").
This allows to guess the first term properly from the type r € (0,4) such that

sup CFy (z,1) <
Tz€R™

N

For the second term, in view of (9), we obtain

(w (B(a,m))"

< ||Allk .
G 2,7) S WAL N gy oy =

Since 2 € B (w?), it gets along to select r minor sufficient such that

up VBl ‘ q
vern  P3(z,m) 2CCOHf”VMp,go(wp,W) '

Hence,
sup CGy (z,7) < <
zeR™ 2
Thus,
Ak
T (
H o0t Lo(wt,Bar) _
P2 (a:, 7’) ’
which means that

Ak
Q.

lim sup

=0
r—0+ gern P2(2,7) ’

Lq¢(w9,B(zo,r))

which completes the proof of (11). On the other hand, since Mégf(:v) < Tv"é"ka (17D (),
x € R" (see Lemma 6 in [2]) we can also use the same method for Mé ’O]f, so we omit the
details. As a result, we complete the proof of Theorem 2.1. O

4. CONCLUSIONS

In this paper, the author has researched the higher order commutators of rough frac-
tional integrals and maximal operators with BM O functions. The boundedness of these
operators on vanishing generalized weighted Morrey spaces has been established, respec-
tively. The Morrey type spaces play important roles both in harmonic analysis and PDE.
The results obtained in this paper extend some known results such as the boundedness on
generalized weighted Morrey spaces in [2]. Thus, the research in meaningful.
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