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SOME FIXED POINT RESULTS IN B-MULTIPLICATIVE METRIC
SPACE
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ABSTRACT. The desired outcome of this paper is to extend the result of Ali et.al (U.P.B.
Sci. Bull. Series A, 79(3):107-116,2017) by applying contractive condition only on a
closed ball. Moreover, we obtained some fixed point results satisfying contractive condi-
tion on closed ball in b-multiplicative metric space. Our results are improved and more
generalized form of several recent results.
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1. INTRODUCTION

Bakhtin [1] was the first who gave the idea of b-metric. After that Czerwik [2] gave
an axiom and formally defined a b-metric space. For further results on b-metric space,
see [3, 4]. Ozaksar and Cevical [5] investigated multiplicative metric space and proved
its topological properties. Mongkolkeha et al. [6] described the concept of multiplicative
proximal contraction mapping and proved best proximity point theorems for such map-
pings. Recently, Abbas et al. [7] proved some common fixed points results of quasi weak
commutative mappings on a closed ball in the setting of multiplicative metric spaces. They
also describes the main conditions for the existence of common solution of multiplicative
boundary value problem. For further results on multiplicative metric space, see [8, 9, 10].
In 2017, Ali et al. [11] introduced the notion of b-multiplicative and proved some fixed
point result. As an application, they established an existence theorem for the solution of
a system of Fredholm multiplicative integral equations. Shoaib et al. [4], discussed the
result for mappings satisfying contraction condition on a closed ball in a b-metric space.
For further results on closed ball, see [12, 13, 14, 15, 16, 17, 18]. In this paper, we proved
a result in [7] for b-multiplicative metric space. Moreover, we proved the result in [11] by
applying contractive condition only on a closed ball. The following definitions and results
will be used to understand this paper.
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Definition 1.1 [11] Let W be a non-empty set and let s > 1 be a given real number.
A mapping m : W x W — [1,00) is called a b-multiplicative metric with coefficient s, if
the following conditions hold:

(1) m(w,y) > 1 for all w,y € W with w # y and m(w,y) = 1 if and only if w = y.

(1) m(w,y) = m(y,w) for all w,y € W.

(i11) m(w, z) < [m(w,y).m(y,2)]° for all w,y,z € W.

The triplet (W, m,s) is called b-multiplicative metric space.
Example 1.2 [11] Let W = [0, 00). Define a mapping m, : W x W — [1, 00)

ma(wa y) = a(wiy)zv

where a > 1 is any fixed real number. Then for each a, m, is b-multiplicative metric on
W with s = 2. Note that m, is a not multiplicative metric on W.
Definition 1.3 [11] Let (W, m) be a b-multiplicative metric space.

(1) A sequence {wy} is convergent iff there exist w € W such that

m(wp,w) — 1, as n — +oo.
(13) A sequence {wy,} is called b—multiplicative Cauchy iff
m(wp, w,) = 1, as m,n — +o0.

(737) A b-multiplicative metric space (W, m) is said to be complete if every multiplicative
Cauchy sequence in Y is convergent to some y € W.
Definition 1.4 [3] Let W be a non-empty set and s > 1 be a real number. A mapping
d: W x W — RT U{0} is said to be b-metric with coefficient ”s”, if for all w,y,z € W,
the following conditions hold:

(1) d(w,y) = 0 if and only if w = y;

(12) d(w, y) = d(y, w);

(i11) d(w, z) < s[d(w,y) + d(y, 2)] .

The pair (W, d) is called b-metric space.
Remark 1.5 [11] Every b-metric space (W, d) generates a b—multiplicative metric space
(W, m) defined as

m(z,y) = ),

2. RESULT FOR CIRIC TYPE CONTRACTION

Theorem 2.1 Let (X, d) be a complete b-multiplicative metric space with coefficient ”s”
such that

A, fy) < max {d(e ) d(a, f), dly, fo). (e, fo) %5, dly, f)} . (2)

for all z,y € B(xo,r) and

d(bo, fbo) <75, (2.2)
where k € [0, %) Then f has a unique common fixed point.
Proof. Suppose by € X and by € X such that by = f(by), b2 = f(b1),...bn+1 = f (bn) . Now,
by inequality (2.2), we have

1—sk

d(bg, b1) = d(bo, fbo) <71 =

<r.
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This implies that by € B(bg,r). Suppose that bg, b3 ...b; € B(bg, ). Now, if j =2i+1,i =

1,2,3,..,i ="
d(b2it1, b2it2)

=2 i=1,23,..,
d(b2;, bait1)

So, we have

IN

IA

IN

7‘/:

IN

IN

IN

d(fbai, fb2it1)
{ d(bai, bait1), d(bas, flei); d(b2i+1, fb2it1) }k
, d(bai, fb2it1)2s, d(bait1, fb2;)
{ d(b2i, b2i+1), d(b2i, bait1), d(b2iy1, b2it2) }k
max 1
, d(b2i, bait2)2s , d(b2it1, bait1)
max {d(ba;, b2i+1), d(b2iy1, b2i+2)}k

d(bais1, baira) < d(bag, bait1)".
7j—1

N
d(fbai—1, fb2i)
{ d(b2i—1,b2i), d(b2i—1, fbai—1), d(ba;, fb2;) }k

max 1
7d(b2z’71afb2i)287d(b21'afb2i71)

max{ d(bQi—hb2i)7d(bQi—hlb%)yd(b2i7b2i+1) }k
, d(b2i—1,b2i41) 25, d(ba;, bai)

max {d(by;_1, ba;), d(bas, bair1) "

d(bai, baiv1) < d(b2i—1,b2)".

From (2.3), (2.4) and by induction, we have

since by € B(bg, )

VAN VAR VANR VAN
SH

IN

d(bj, bjy1) < d(bo, b1)* .

g+l

d
d

(bo, b1)*.d(by, ba)*" .d(ba, bs)* ...d(b;, bj11)
(bo, b1)*.d(bo, b1)* *.d(ba, bs)**¥* ...d(b;, b 41)* ¥
(bO b1)5(1+sk+52k2+...+sjkj)
(
(

U

bO bl)s(l+sk+32k2+...)

d(bo, b)),

1(1—sk) s(1)
d(bo, bj+1) <r s 1-sk <

This is implies that b1 € B(bo,r). By mathematical induction b,, € B(by, ).

d(by, bpy1) < d(bo,b1)F".

Now, we show that {b,} is a Cauchy sequence for m > n.

d(bp,by) <

d(bp, brr1)®-d(bpg1s br2)® -d(bngz, bts)®
d(bo, b1)*" .d(bg, b1)* ¥ d(bo, by)

d(b(), bl)(sk"+s2k‘"+1+...> _ d(bo, bl)lsfﬁ

3 m

(b1, by)®

83k‘n+2 s™m km—l

..d(bo, by)

(2.3)
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Applying nh_)rrolo , we get d(bn, by,) < 1. This implies that {b,} is a multiplicative Cauchy

sequence in X. Since X is complete so b, — b* € X. Now,

d(b”, fo7) < d(b%, bpy1)”-d(fbn, F67)°

A, b*), d(by, bpst), A%, £, 1\ °
w1 < s ] S )

Taking lim , we get
n—oo

d(b*, fb*) < l.max{1,1,d(b*, fb*),1}**
A, f6°) < d(b*, [ )
A", )R <1
This is implies that
d*, fb*) < 1. (2.7)
So b* = fb*. Hence b*is a fixed point of f. Let z be another fixed point of f such that

fz==z

dib*,z) = d(fbv*, fz)

k
< max{d(b*,z),d(b*,b*),d(z,z),d(b*,z)i,d(z,b*)}
db*, 2)t=% < 1,
So b* = z. Hence b*is a unique fixed point of f. O

Corollary 2.2 Let (X, d) be a complete b-multiplicative metric space with coefficient ” s”
such that

d(fz, fy) < (d(z,y)",
for all x,y € B(xp,r) and

d(b07 be) < T%a

where k € |0, %) Then f has a unique common fixed point.

3. FIXED PoINT RESULT FOR FOUR MAPPINGS

Theorem 3.1 Let S,T, f and g be self-mappings of a complete multiplicative b-metric
space (X, d) with coefficient ”s” and (f, S) and (g,T") weakly commutative with SX C gX,
TX C fX, and one of S,T, f and g is continuous. Let by € X and Sbg = gby = yo. If
there exists A € (0, ) such that

d(Sz,Ty) < (M(z,y))*, for any z,y € B(yo,r) (3.1)
holds, where

1
s

M(x? y) = max{d(fx,gy), d(fxa Sx)? d(gya Ty)v d(va gy)? d(fl’, Ty) } (32)

Then there exists a unique common fixed point of f, T, S and g in B(yp,r) provided that

d(yo, Thy) < r1=M/5 where h = /(1 — \) and sh < 1. (3.3)
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Proof. Let bg be a given point in X. Since SX C gX, we can choose a point bjin X such
that Sby = gb1 = yo. Similarly, there exists a point by € X such that Tby = fby = ;.
Indeed, it follows from the assumption that T X C fX. Thus we can construct sequences
{bp} and {y,} in X such that

Yon = Sbap = gbont1, Yont1 = Tbany1 = fbapye, n=0,1,2,...

Now, we show that {y,} is a sequence in B(yo,r). By (3.3), d(yo,y1) = d(yo,Tb1) <
r(1=sh)/s < r Hence y; € B(yo,). Assume y2,y3...,y; € B(yo,r) for some j € N. Then if
j = 2k, it follows from conditions (3.1) and (3.2), that

d(yors Yort1) = d(Sbog, Thopir) < (M (bok, yok+1))>

max{d(fbar, gy2k+1), d(fbak, Sbar), d(gbakt1, Tbag+1),
d(Sbag, gbar41), d(fbor, Thojy1)

max{d(yor—1, Yor), A(Y2k—1, Y2r)> d(Yor, Y2r+1)

, d(yor, yon), A(Yor—1, yor+1)/* 1

max{d(yor—1,Y2r), d(Y2k, Yor+1), 1,

 d(yor—1, yor) Aok, yor+1) P
d(yor—1,y26)" s d(Yor, Yor+1)

d(y2k—1, y2x)

d(yor—1,yor) M

IN

IN

d(yor, Yor+1)' ™
d(Yor, Yor+1)

ININ N

d(Yok, Yort1) < d(yor—1,yo2r)". (3.4)

Thus Similarly, if j = 2k + 1, then
d(yari1, Yoriz) < d(Yor, yors1)™. (3.5)

Hence from(3.4)and (3.5) ,we have

d(yk: yer1) < d(yr—1, 0" (3.6)
From (3.4), (3.5) and (3.6),we have

2

AWy Yrs1) < dWr—1,yr)" < d(Wp—zs 1) - d(yo, )" Vk € N. (3.7)

Thus, from (3.7),we have

$2 3 k+1
d(yo, ye+1) < d(yo,y1)’.d(y1,y2)° d(y2,3/3)s o d(Y, Yrg1)®
372 k+1pk
< d(yo, y1)*d(yo, 11)* d(y2, y3)* T - dlyr, yea)® "
< (yO yl)s (14+sh+s2h2+--+sknk)
< d(yo yl)s —(sh)k+1)/1— sh.

Since y1 € B(yo,r), we have

1-sh  (1=(sh)* 1)
d(yo, yr41) < (r) = 1-sh
S Tl—(sh)k+1 S r

d(yo,yg+1) < r for all k € N. (3.8)

Hence yr11 € B(yo,r). By induction on n, we conclude that {y,} € B(yo,r) for all
n € N. We claim that the sequence {y,} satisfies the multiplicative Cauchy criterion for
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convergence in (B(yo, ), d). To see this let m,n € N be such that m > n and let m = n+p,
then

2
d(yny yn+p) < d(yna yn+1>s'd(yn+17 yn+2)s e d(yn+p—17 yn+p)sp
n 2pn+1 n4+p—1
d(yo, y1)*"" dlyo, y1)* " dYnip1,Ynap)”

n 2pn+41_ .. 1—sh sh™ n
< d(yo, yn) M <SR =

IN

Letting n — oo., we have d(ym,yn) — 1, as n,m — oo. Hence the sequence {y,} is
a multiplicative Cauchy sequence. As (X,d) is complete, so (B(yo,7),d) is complete.
Hence {y,} has a limit, say u in B(yp, 7). The fact that {Sba,} = {gban+1} = {von}
and {Thant+1} = {fbant+2} = {yon+1} are subsequences of {y,} makes lim,_,o Sbo, =
limy, 00 gbont1 = limy, 00 Topy1 = limy, o fopto = u. Suppose f is continuous, then

Jim f(Sben) = f( lim Sbyn) = f(lim fboni2) = f(u). (3.9)
By weak commutativity of a pair {f, S}, we have
d(f(Sban)), S(fb2n)) < d(fbon, Sban). (3.10)
Taking limit as n — oo, on both sides of (3.10) and by (3.9), we get
A(f(w), lim S(fben) < d(u,u), (3.11)

which further implies that lim,_,oo S(fb2n) = f(u). Now, by conditions (3.1) and (3.2),
we have

d(S(fban), Thant1) < max{d(f*ban, gyoni1), d(f2ban, S fban), d(gbani1, Thani1),

d(S fban, gbant1), d(F2b2n, Than 1)} . (3.12)
Taking limit as n — oo, on both sides of (3.12), we obtain
d(fu),u) < max{d(fu,v),d(fu, fu),d(u, v),d(fu,w),d(fu,u)/*}, (3.13)

that is d(fu,u) < d(fu,u). Hence d(fu,u) = 1, and u is a fixed point of f in B(yg,7).
In similar way by conditions (3.1) and (3.2), we have

d(S(u)7 Tb2n+1) < ma‘X{d(fu7 gu2n+1)7 d(fu, Su)? d(gu2n+1a Tu2n+1)7
d(Su, guont1), d(fu,TugnH)l/s}’\. (3.14)

Taking limit as n — oo, on both sides of (3.14), we obtain
d(Su,u) < max{d(fu,u),d(u,Su),d(u,u)
,d(Su,w), d(u, u)/*}*
d(Su,u)*
1.

d(Su,u)
d(Su,u)
Hence d(Su,u) = 1, and u is a fixed point of S in B(yp,r). Because of the fact that

u=S(u) € SB(yo,r) C gB(yo,r). Let u* in B(yg,r), be such that u = g(u*).
du,Tu*) = d(S(u),Tu")
< max{d(fu, gu”),d(fu, Su),d(gu*, Tu")
,d(Su,gu*),d(fu,Tu*)l/s})‘
d(u, Tu™) 1

Tu" = u.

VANVAN

IN
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Since the pair {f, T} weakly commutative from our assumptions, thus
d(gu, Tu) = d(¢gT (u), Tgu*) < d(gu*, Tu*) = d(u,u) = 1.
Hence gu = T'u. By (3.1) and (3.2), we obtain
du,Tu) = d(S(u),Tu)
max{d(fu,gu),d(fu, Su),d(gu, Tu)
d(Su, gu), d(fu, Tu)' 1,

which implies v = T'(u). Hence u is a common fixed point of f,¢,S and T in B(yp,r).
If g is continuous, then following arguments similar to those given above, we obtain that
u=S5(u) = f(u) =T(u) = g(u). Now suppose that S is continuous, Thus

Jim S(fbzn) = S( lim_Sbay) = S(u). (3.15)

IN

As the pair {f, S} is weakly commuting, we have
Taking limit as n — oo, on both sides of (3.16), we have

d( le f(Sban), Su <d(u,u) =1, and ILm f(Sban) = S(u).

By contractive condition (3.1), we get

d(S(Sb2n)a Tb2n+1) < max{d(beQna gb2n+l)a d(bean beQn)u d(gb2n+1’ Tb2n+l)u

d(SSbay, gban+1), d(fSbay, Thani1)*}*. (3.17)
Taking limit as n — oo, on both sides of (3.17), implies that

d(Su,u) < d(Su,u).

Hence d(Su,u) =1, and u is a fixed point of S in B(yg,r). Since u = S(u) € S(B(yo,r)) C
9(B(yo,r)), let u*in B(yo, r) be such that u = g(u*). It follows from condition (3.1), that

d(S(Sbay,), Tu™) < max{d(fSban, gu"),d(fSban, SSbay),d(gu*, Tu"),

d(SSbay, gu*), d(fSbon, Tu*)/*}. (3.18)
taking limit as n — oo, on both sides of (3.18), implies that
d(u, Tu*) < d(u, Tu*)*. (3.19)
Thus, Tu* = u. Since the pair {T', g} is weakly commutative from our hypothesis, then
d(Tu,gu) = d(Tgu*, gTu*) < d(Tu*, gu*) = d(u,u) = 1, (3.20)

which implies that gu = T'u. From (3.1), we have
d(Sbay, Tu) < max{d(fbon, gu),d(fban, Sbay), d(gu, Tu),
d(Sbap, gu), d( fbon, Tu)/*}, (3.21)
taking limit as n — oo, on both sides of (3.21), gives
d(u,Tu) < d(u, Tu)* and wu=T(u).

However, u = T(u) € T(B(yo,7r)) € f(B(yo,7)), so let v € (B(yo,7)) be such that
u = f(v). It follows from (3.1), that

d(Sv,u) = d(Sv,Tu)
< max{d(fv, gu),d(fv, Sv),d(gu, Tu), d(Sv, gu), d(fv, Tu)'/*},
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which implies that d(S(v),u) < d(S(v),u)*. Hence S(v) = u. Since S and f are weakly
commutative, so
d(fu,Su) =d(fSv,Sfv) <d(fv,Sv) =d(u,u) =1, (3.22)
gives f(u) = S(u). Applying condition (3.1), we obtain
d(Su,u) = d(Su,Tu)

< max{d(fu, gu), d(fu, Su), d(gu, Tu), d(Su, gu), d(fu, Tu)*/*}*

= max{d(Su,u),d(Su, Su), d(gu, gu), d(Su, u), d(Su,u)"/*},
which implies that « = S(u). Hence u is a common fixed point of f, S, T and g in B(yo, r). If

T is continuous, then by using arguments similar to those given above, we can easily obtain
a common fixed point of f,S,T and g in B(yo,r). We proceed to show the uniqueness

of the common fixed point of the mappings f,7,S and g. So let z € B(yo,r) be another
common fixed point of f,7,S and g. By (3.1), we have

d(u,z) = d(Su,Tz)
< max{d(fu,gz),d(fu,Su),d(gz,Tz),d(Su,gz),d(fu,Tz)l/S}A.

That is, d(u,z) < d(u, z)*. Hence u = z and this implies that the common fixed point of
f,T,S and g is unique. ]

Example 3.2 Let b = RT U {0} and d : X x X — [1,00) be a b—multiplicative metric
defined by d(z,y) = 2(@=9)?  Note that (X, d) is complete b—multiplicative metric space,
define mappings f,g,5,7 : X — X by

Fz) = zifx <2 () = 3xifxr <2
) 30zifz>2 I TN 20zifr>2

20 if x < 2 lyifz <2
ey - = 3 -
S(@) { 100z if 2 >2 1@ { Az if x> 2

Obviously, maps are continuous, (f,S) and (7, g) are weak commutative with S(X) C
9(X), and T(X) C f(X). First we construct a closed ball, such that 2o = 1 and € = 16

Bland = {veX:d.3) <10}

= {y ex 201 < 16}

_ {yeX:(y—Dngl}

1 15
= eX:y<24+_-,=10,—]1.
prexvsaegh- o]
Now, we will show that mappings are weakly commutative. We know that
1 < 24® for z € RT
= 2(390—390)2 < 2(x—3x)2
= d(fgx,gfx) < d(fz,gx).

This implies that f and g are weakly commutative. Similarly we can show that S and

T are also weakly commutative. Choose 29 = 1 then there exist 21 € B(1,€), such that
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S(%) =g(x1) =yo = % and yg = g(z1) = 3z1. Now,

- =3m = glon) > a1 =
yo—7—$1—9961 961—21
Also,
1 1
T =T(—)=— =
(@) =T(57) = g3 =w
Thus,

d(yo, T(a1)) = 27~ %"
Where € = 16, )\:13—6 ands:2withh:%, sh < 1, then

1-(2) (%)
=) Gs)

So

holds. Also, for z,y € B(z,,¢€)

o= = fomfocir 2 () o ()]

207307 < [max {207, 977, ol§a? ols-2?, 2<$—%y>}r

A(S2.Ty) = [max{d(fr.gu).d(fx.52). d(gy. Ty).d(Sz. gy).d(f. T)})]

holds for x,y € B(x,,€). Thus all the conditions of Theorem 3.1 hold. Hence z = 0 is the

unique common fixed point of f,7,S and g in B(0, %)

Note that, if x = 4 and y = 3, then above contractive condition of Theorem 3.1 does
not hold on the whole space X.
Corollary 3.3 Let 5,7, f,and g be self-mappings of a complete multiplicative b-metric
space (X, d) with coefficient ”s” and (f, S) and (g,T") weakly commutative with SX C gX,
TX C fX, and one of S, T, f and ¢ is continuous. If Szg = yo for some given point zg in
X and there exists A € (0, 3) with & = A/(1 — X), such that

d(Sz, Ty) < (M(zx,y))” for any =,y € B(yo, 7).
holds, where
M (z,y) = max{d(Sz,gy),d(fz, Ty)}.
Then there exists a unique common fixed point of f,7T, S5 and ¢ in m provided that

d(yo, Tz1) < r=*M/s for some x1 in X and s > 1,sh < 1.

Corollary 3.4 Let S,T, f,and g be self-mappings of a complete multiplicative b-metric
space (X, d) with coefficient ”s” and (f, S) and (g, T") weakly commutative with SX C gX,
TX C fX, and one of 5,7, f,and g is continuous. If Sxg = yg for some given point zg in
X and there exists A € (0,1) with 2 = A/(1 — A) such that

d(Sz,Ty) < (M(zx,y))” for any =,y € B(yo, 7).
holds, where
M (z,y) = max{d(fz, gy),d(Sz,gy),d(fz, Ty)}.
Then there exists a unique common fixed point of f, 7,5 and ¢ in m provided that
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d(yo, Tx1) < r3=*M/s for some x; in X and s > 1, sh < 1.

4. CONCLUSIONS

In the present paper, we have achieved fixed point results satisfying contraction only
on a closed ball. So, we conclude that our results can be used in those situations where
the corresponding results have been failed to give guarantee of a fixed point. Example is
also given to demonstrate the variety of our result. Moreover, we investigate our results
in a more better recent framework. New results in multiplicative metric space, b-metric
space and metric space can be obtained as corollaries of our results.
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