TWMS J. App. and Eng. Math. V.10, N.4, 2020, pp. 857-865

FOURIER METHOD FOR THE INVERSE COEFFICIENT OF THE
PSEUDO-PARABOLIC EQUATION WITH NON-LOCAL BOUNDARY
CONDITION

I. BAGLAN, §

ABSTRACT. In this work, we have tried to find the inverse coefficient in the quasilinear
pseudo-parabolic equation with over determination conditions. It shows the existence,
stability of the solution by iteration method and examined numerical solution.
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1. INTRODUCTION

Recently, there have been a lot of problems with inverse problems that have a lot of
applications like chemical diffusion, applications in heat conduction, population dynam-
ics, thermoelasticity, medical science, electrochemistry, engineering, wide scope, chemical
engineering. The inverse problem of determining unknown coefficient in a quasi-linear
parabolic equation has generated an increasing amount of interest from engineers and sci-
entist [1, 3, 2, 4]. Nonlocal boundary conditions have played a lot of many important roles
in heat transfer, termoelasticity, control theory, mathematical biology, etc.[2, 4]. Let’s
take the following problem with unknowns (g, u)

Ut — Ugy — EUze — q()u = g(x,t,u), (z,t) € Q, (1)
u(z,0) =0(x), = e€]l0,1], (2)
u(0,t) =0, ug(0,t) = uy(1,t), 0 <t < T, (3)
1
h(t) = [ u(z,t)dz,0 <t <T, 4)
/

Here Q:={0 <z <1, 0<t<T}, 0(x)e[0,1] and g(z,t,u)e Q x (—o0,00).

Definition 1.1. {¢(¢),u(z,t)} € C[0,T] x (C*'(Q) N C'Y (Q)) is called the classical
solution.
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2. SOLUTION OF THE INVERSE PROBLEM

Consider the following system of functions on the interval [0, 1] : Xo(z) = =, Xog—1(z) =
x cos 2wkx, Xop(x) = sin2mkx Yo(x) = 2, Yop_1(x) = 4 cos 2wkx, Yor () = 4(1—2x) sin 2wkx
The systems of these functions arise for the solution of a nonlocal boundary value problem
in heat conduction. It is easy to verify that the systems of functions Xk(z) and Yk(x), k =
1,2,3, ..., are biorthonormal on [0, 1]. They are also Riesz bases in Lo [0, 1] Let assume the
following conditions are ensured. (C1) h(t) € C1[0,T],q(t) € C[0,T). (C2) 6(z) € C3[0,1],
0()],—0 =0, 0z (2)],—¢ = ()| ,—1, (C3) g(x,t,u) is provided following conditions: (1)

<b(z,t)|lu—a| ,n=0,1,2,

O™ g(x,t,u) B oM g(x,t, @)
Ox™ ox™

u) € C?[0,1],t € [0,7], (3) g(z,t,u)|,_y =0,

where b(z,t) € La(S2), b(z,t) >0, (2) g(x,t,
t)>0,tel0,T].

)
Iz (:C, tvu)|x:0 = gx($a tau)|x:1 ) ( ) 90(
By Fourier method,

—OfQ(T)dT j — [q(r)dr
u(z,t) = 2 |6pe —i—/go(T,u) e’ dr (5)
0
t
—(2nk)%t  — [q(r)dT
+ Zsm 2rkx Qo)1 — 4kt Oop) e1+=C2mh)* ¢
k=1
¢
—(27k)2¢ —!q(f)dr —@rk)2@—7) —fq(r)df
Z:CCOSQWICJU(G% jel+e@mk)? ¢ +/ggk 1(T,u) e 1@ e )dt
k=1 5
= / —en2-r) - Jar
+Zsin27rka?/(92k(7', u) — Arkgor_1(T,u)(t — 7))e 1) ¢ dr.

Under the condition (1)-(3), differentiating (4), we obtain

up(z, t)de =K' (1),0 <t < T. (6)

O\H

(5) and (6) yield

J T gle B ulas 8)) dadB — (1)
a(t) = 22 ” . @

Definition 2.1. Let {u(t)} = {ug( ek (1), usk(t), k = 1,...,n} is satisfied that

|uo(t)]
nax — +k—1 qnax, Iuck()|+oglta§>gplusk(t)l < 00,

by B.

fu(t)] = max "2 +Z<max fuer (£)] + max fusk(t >|),

0<t<T 1 0<t<T 0<t<T

be the norm where B is Banach space.
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Theorem 2.1. If the assumptions (C1)-(C3) be provided then the problem (1)-(4) has a
unique solution.

Proof. Using iteration to equation (5)

o ~ fa™ (yar
JN () = uéo)(t)+// g(ajﬂ,u(m(a,ﬁ))e g dadp, (8)
00
t 1 7t (N)
—em2a-g ~fTT O
uéfm(t) = “g;?(t) 1+€ P 2//g(a,ﬁ,u(N)(oz,B))siHQWk;ae e g P dods,
™
0 0
t 1 o
[a (r)dr
1 —(2nk)2(t-p)
ug]jjll)(t) = ug%)_l(t)+1—{—«5(2]£’)2//g a, B, u ﬁ))aCOSQTFI{jOz e 1te(@nh)? ¢ B dadﬁ
T
0 0
! ! - f (N) T)dT
—4 —Gma—p ~ O
1+¢( ;rkk‘ 2 // B,u™(a, B)) sin 2mka e 1rCH e dadp,
s
00
¢ ¢
7(27Tk)2t = [a(r)dr 7(27‘,]9)21& — [q(r)dr
U(()O) (t) = Qo,ug;)_l(t) = (02k—1 — 47kt 02k) el+e(2mk)? o 0 ,ug,?(t) — 02k61+5(2‘”k)2 e
t 1 )
I [ g(a.B,u™M(a,B)) dads — 1 (t)
¢ (1) = =2 ,

h(t)
From the theorem, we find u(9)(t) € By, t € [0,T]. For N =0

~ [a© (ryar

ug (t) = g (1) + /t /1 g(@Bu®@p))e " deds,
0 0

~ Fa© (ryar

t1
Adding and subtracting [ [ f(«,,0)e ’ dadpB | we find

00

1 t 1 —}q(o) (r)dr o1 —£q<0)(T)dT
w0 = 6001+ [ [loa 5.0 (@ 5) (0 50N dads [ [ gla.p.0e dadp.
0 0 0 0
Applying Cauchy inequality,
% 2 %

[\
N
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and using Lipschitzs condition , we obtain

[N

t (1 2
0] < Vi | [ [ b8 6)|dat ds
o \o
t (1 2 2
il [ [stap0dag a5
0o \0
and taking maximum, we find:
ma [uf) ()] < 100l + VT (&, )|y [0

0<t<T

+VT |lg(2,t,0)|| Ly

using the same estimations and Holder, Bessel inequality and taking maximum,

O@&XT ‘u% 1 ‘ g |02k 1| + \1/2?; Hb(x’t)HLg(D) HU(O)(t)HB
V3

1o lg(z,t, 0l 1y (ry >

and applying the same estimations we obtain,

oo
Z ma)gf’u% ’ 2\9% 1| + 4w

perhee
+\1€ 16z, ) 1, H Ot HB
+\1/2§ l9(z;£,0)]l 0
+\/§’T‘ 16z, )l 1, HU(O)(t)HB
f ! g, ,0)1c
and then, we find,
o,
— k=1
N (27r\/§+67rg/f+3\@|ﬂ> Hb(m,t)HLg(Q) HU(O)(t)HB

2m\V/3 + 67VT + 3v2|T
+< TV g0 1,0) o



I. BAGLAN: FOURIER METHOD FOR THE INVERSE COEFFICIENT... 861

uM(t) € B. Same estimations for N,

)

k=1 k=1

. <2W\/§+ 67r\/T;r7T(1 +2v/2n) |T\> 1862, Ol [0

n <2W\/§+6W\/T+ (1 + 2\/§7T) |T‘> Hg(x7t7O)HL2(D)

By

3w

According to uM)(t) € B and theorem, uN*t1Y(t) € B,

{u(t)} = {uo(t), uok(t), usk—1(t), k=1,2,...} € B.
If we used with same estimations,we obtain
W (t)
h(t)

Hb(%t)HLQ(D) H“(N)(t)HB

[ (#)]

|«

llg(z,t, 0l 1,
[h(t)]
We show that the iterations «N 41 (¢), ¢V 1) converge B and C[0, T, respectively for N —

oo Using Cauchy, Bessel, Holder inequality, Lipschitzs condition and taking maximum of
both side of the last inequality, we obtain:

21v/3 + 67VT + (14 2v2n) [T
o S ( ( LY oo, )y [

Hu(l)(t) (V) (t)‘

I,

3T
N <2N§+ GW\/T?—;T(l +2v27) m) o0l -
4 (2m+6wﬁ;(1+mﬂ) T|> b )l Hu(m(ﬂHB
. (W§+ 677\/7;(1 +2v/2n) \T|) @£ 0l
620 - a0, < et [0 0@ 1
@m0, < (27r\/§+67rﬁ;(1+2\/§7r) \T|> bz Ol [0) — a0
. <2w§+6wﬁ;( 1+2y2n) |T|> H OW|| 1b@, Dl

Hu<2> (t) — u<1>(t)(

B1 = { <27T\/§+ Gﬂﬁ;(l : 2\/571-) |T|> (1 - %ﬁ) } A ‘|b(x>t)HL2(Q)
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3

[®® -0, . <

@) — ®
com < T 1420 = w20 1 D10

Hu<3> (1) — u® (t)(

For N :

3

[0 - <

(N+1) (V)
com =< oy 1400 =@ | 1 0l

N
Hu(NH)(t) —u(N)(t)H < A {(27T\/§+67['\/T+3\/§‘T|> (1 n Mﬁ)} 16 )1

B~ /NI 3

For N — oo ,u(NH)(t),q(N“) are converged. Let show that there exists u and ¢ such
that

(2]

lim oM+ (t) =u(t), lim Q(NH)(t) = q(t).

N—oo N—o00
Using same inequality and Gronwall’s inequality, we obtain
2

o -, <

,| A [ (2mvB+6mvT + (1+2v2m) |T| Nb o 1
VNI 3 [16(z, )L, (0

3m A ()]

21V/3 + 6mVT + (1 + 2v/2m) [T MyT\)” 4
BIS{< = ><l+vmn>} v M Oleaco

9)

2
X exp 2 { (27“/3—’_ 6mVT + (1 * Qﬁﬂ) |T> (1 + Mﬁ) } [|b(, t))||%2(§z)

e

la) —a d¥ @) o)l

co,1) = |h(t)] H

we obtain Nt — u, ¢V*tD — ¢, N — oo. For the uniqueness, let (u,q), (v,r) are
two solution of (1)-(4). After applying Cauchy, Bessel, Lipschitz, Holder inequality to

lu(t) — v(t)| and |r(t) — q(t)|, we obtain
) I
(10)

u(t) = v(®)] < [<2Trf+6mf+ (14 2v2n) |T|> (1
u(t) = v(t) and then r(t) = q(t). 2

3

The proof is over.

3. STABILITY OF PROBLEM

Theorem 3.1. Assumption (C1)-(C3) the solution (q,u) of the problem (1)-(4) depends
continuously upon the data 0, h.

t 1
(//#aﬂu v(8)* dadB
0 0

A

/
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Proof. Let ® = {0, h, g} and ® = {9, h, g} be two sets of the data, which satisfy the
assumptions (1) — (3) . Let us denote [|[® = ([[2l|c1 (0,71 + 101l csjo,1) + |91l cs.ory)- Let (q,w)
and (g,u) be solutions of problems (1)-(4).

t_ . .
T L ~[a(rdr [ a)dr
Uu—u = 2(90_90)6 B +290(€ 3 e B )
—(2rk)%t —;W)(h
+4Z 921: 1— Ogp 1)96 cos 2mkxel+e2rk)2 ¢
k=1
t i
—(27k)3t — [q(r)dr — [q(T)dr
+4202k 1% cos 2mkx e+ k) (e P _e B )
k=1
—(2rk)%t —Tfmdf
+4Z (Oap, — Ogy,) sin 2mkze 1 +eCmh)? ¢
k=1
t 0
—(27k)2t — [q(r)dr — [q(T)dr
—I—4Z@2k sin 2mkx elte@™? (e B e B )
k=1
—(2rk)%t —Tfmdf
_167TZ ‘9216 1 — Oop— 1)kt sin 2wkxel+=2mk)2 o
k=1
t 0
—(2mk)%t - [a(r)dr - [a(r)dr
_167TZ¢921€ 1ktsin 2wkx el+e2k)® (e B e )
k=1
t___
~@rk)?e  — [a(r)dr

[g(Oé, /87 U(Oé, B)) - g(a, ﬁ,ﬂ(a, /8))] el+e@rk)Z o 7

o b7 —2rk)2t — [q(r
+4Z // a, f,u(e, B)) — g(a, B, (e, B))] (1 — x) sin 2nkxe+e@ k) e 5
00

k=1
00 —(27k)%t —.fﬁdr
—167 > [9(e, B, u(e, B)) — gla, B, B))] eT<%e T (£ — 7) cos 2mha
- t t
s k)2t — [q(r)dr — [a(r)dr
—167 Y [ga, B,ula, B)) — gla, B,7(a, B))] e1FeEmb? (e 7 —e 7 )(t—7)cos2rka.
By using same estimations, we obtain:
lu =l < Msllo -0 (11)

t 1
+<2m/§+6”ﬁ3+7r(1+2ﬁ7r) |T|> //52(a,5)|u(5)—u(ﬁ)l2dad5
0 0
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la =7l < M1 |n(t) = h®)|

oo Mz [0 =D 106z ) 0
applying Gronwall’s inequality, we obtain:

lu—al, < w&H@—6W
1

X exp 2 / / v (a, B)dadp

0 0
For & — ® then v — u. Hence g — q. O

4. NUMERICAL PROCEDURE FOR THE NONLINEAR PROBLEM (1)-(4)

An iteration algorithm for the linearization of the problem (1)-(4):

oum™ 924 3™

_ _ _ (n) — (n—1)
T 92 S o1 q(t)u g(x,t,u ) (x,t) € D. (12)
u™(z,0) = 6(z), zel0,1]. (13)
u™0,t) = 0, telo,T]. (14)
uf(0,t) = u{M(L,0), te[0,T]. (15)
Let (™ (z,t) = v(x,t) and g(z,t,u® V) = §(x,t) then a new linear problem :
o 0% v ~
E—w—%fm—qa)” = g(x,t)  (x,t)eD. (16)
v(0,t) = 0, te[0,1]. (17)
v:(0,t) = wvg(1,1), te0,1]. (18)
v(z,0) = 6(x), x €[0,1] . (19)

we use the method of the linearization and the finite difference method to solve (16)-(19).

We subdivide the intervals [0, 1] and [0, 7] into subintervals N, and N; of equal lengths
h = V and 7 = Jz; , respectively. We use the Crank-Nicolson scheme which is absolutely
stable and has a second—order accuracy in h and a first-order accuracy in 7. The Crank-
Nicolson scheme for (16)-(19) is as follows:

1/ . . 1 . . .
— (W =) = (e -2 )
i+1 i+1 j+1 j+1 i+1 i+1
+62h27 [(Uﬁfl — 21117 + vf-H) — (vlj-f1 — 205 + vf-H )} (20)

i+1, 41 | ~j+1
TV g

v = 0, (21)
vy =0, (22)
U{Vx_H = v{ + vgvx, (23)

where 1 <7 < N, and 0 < j < IV; are the indices for the spatial and time steps respectively,
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(! 1) 7) 30"
Bl

(2

¢ = (24)
where hg =h(t;), j=0,1,...,Ns.
The system can be solved by the Gauss elimination method, and vf- is determined.
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