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A STRONG CONVERGENCE FOR FINDING A COMMON FIXED
POINT OF A REPRESENTATION OF NONEXPANSIVE MAPPINGS
AND W-MAPPINGS IN BANACH SPACES

EBRAHIM SOORI', SEYEDEH AKRAM SHAHANSHAHI, §

ABSTRACT. In this paper, a strong convergence for finding an element of the set of
common fixed points of a representation and W-mappings of nonexpansive mappings
is introduced. Then, the strong convergence of the proposed implicit scheme to the
common fixed point of a representation of nonexpansive mappings and W-mappings will
be proved.
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1. INTRODUCTION

Suppose that C' is a nonempty closed and convex subset of a Banach space F and E* is
the dual space of E. Let (.,.) denotes is the pairing between E and E*. The normalized
duality mapping J : E — E* is defined by

J(x)={f € E":z, f) = || = | fI*}
for all x € E. In this paper, J is used to show the single-valued normalized duality

mapping. Suppose that U = {z € E : ||z|| = 1}. FE is called smooth or said to have a
Gateaux differentiable norm if the limit

L+t~ el

t—0 t
exists for each x,y € U. A Banach space E is smooth if the duality mapping J of E is
single valued. If E is smooth, then J is norm to weak-star continuous; for more details,
see [9].

Suppose that C is a nonempty closed and convex subset of a Banach space E. A
mapping T of C' into itself is called nonexpansive if | Tz — Ty|| < ||z —y||, for all z,y € C
and a mapping f is called a-contraction on F if ||f(z) — f(y)| < a|lz —y||, z,y € E such
that 0 < a < 1.
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In this paper, motivated by [5], the following strong convergence is studied for finding
a common element of the set of fixed points of a representation S = {T} : t € S} of a
semigroup S as nonexpansive mappings from C into itself and the set of fixed point of
W -mappings, with respect to a left regular sequence of means defined on an appropriate
subspace of bounded real-valued functions of the semigroup. On the other hand, our aim is
to show that there exists a sunny nonexpansive retraction P from C onto Fix(S) N Fix(Wy,)
and x € C such that the following sequence {z,} converges strongly to Pz.

Zn = enf(ann) + (1 - en)Tuanzn (n € N)

2. Preliminaries

Suppose that S is a semigroup. The Banach space of all bounded real-valued functions

defined on S with supremum norm is denoted by B(S). For each s € S and f € B(S), I,
and 7 are defined in B(S) by  (Isf)(t) = f(st) and (rsf)(t) = f(ts), (t € S).
Suppose that X is a subspace of B(S) containing 1 and let X* be its topological dual
space. An element p of X* is said to be a mean on X if ||u| = p(1) = 1. p(f(t)) is often
written instead of u(f) for 4 € X* and f € X. Suppose that X is left invariant (resp.
right invariant), i.e. [5(X) C X (resp. r5(X) C X) for each s € S. A mean p on X is
called left invariant (resp. right invariant) if pu(lsf) = pu(f) (resp. u(rsf) = u(f)) for each
s € Sand f € X. X is called left (resp. right) amenable if X has a left (resp. right)
invariant mean. X is amenable if X is both left and right amenable. As is well known,
B(S) is amenable when S is a commutative semigroup (see page 29 of [9]). A net {yq} of
means on X is said to be left regular if

lim [|[pa = prall = 0,

for each s € S, where [} is the adjoint operator of [;.

Suppose that f is a function of semigroup .S into a reflexive Banach space E such that
the weak closure of {f(t) : t € S} is weakly compact and Suppose that X is a subspace of
B(S) containing all the functions ¢ — (f(t),z*) where z* € E*. It is concluded from [3]
that for any € X*, there exists a unique element f, in £ such that (f,,, 2*) = p (f(t), 2*)
for all z* € E* and such f,, is denoted by [ f(t)du(t). Moreover, if ;1 is a mean on X then
Jf(#)du(t) e co{f(t) : t € S}(see [4] for example).

Suppose that C is a nonempty closed and convex subset of E. Then, a family S = {7 :
s € S} of mappings from C' into itself is said to be a representation of S as nonexpansive
mapping on C into itself if S satisfies the following:

(1) Tspx = T Tyx for all s,t € S and x € C;
(1) for every s € S the mapping T : C' — C' is nonexpansive.

The set of common fixed points of S is denoted by Fix(S), that is Fix(S) = ﬂ{x € C:

s€S
Tex = x}.

Definition 2.1. Defined the mapping W, : C — C' as follows:
Uni = 1T+ (1 =),
Un2 = A2ToUp1 + (1 — Ap2)l,

UpN-1 = N-1TN-1Upn—2 + (1 = Ay n—1),
Wn = Un,N = )\n,NTNUn,N—l + (1 - )\n,N)Ia
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where {\,; 1Y, C [0,1].
The following results hold for the mappings W,.

Theorem 2.1. ([8]). Let C' be a nonempty closed convex subset of a strictly convex
Banach space. Let {Ti}ien be a sequence of nonexpansive mappings of C into itself such

that ﬂ Fix(T;) # 0 and let {\;} be a real sequence such that 0 < \; < b < 1 for every
1€ N. Then

(1) W, is nonexpansive and Fix(W ﬂ Fix(T;) foreachn > 1,

(2) for each x € C and for each positive mteger J, the limit lim U, ;x exists.
n—oo
(3) The mapping W : C — C' defined by
Wz = lim Wy = lim U,; (x€ C),
n—oo n—oo

is a nonexrpansive mapping satisfying Fix(W) = ﬂFix(Ti) and it is called the
W-mapping generated by {T;}ien, and {\;}ien-
Theorem 2.2. ([10]). Let C be a nonempty closed conver subset of H, {Ti}2, be a
o

sequence of nonexrpansive mappings of C into itself such that ﬂ Fix(Ti) # 0,{\} be a
i=1

real sequence such that 0 < \; < b < 1, (i > 1). If D is any bounded subset of C, then

lim sup |[Wz — Wy,z| = 0.

n—oo zeD

Let K be a nonempty subset of a Banach space X and {x,} be a sequence in K. The
set of the asymptotic center of {x,} with respect to K, defined by

A({zn}) = {x € K :limsup ||z, — 2| = 1nf limsup ||z, — yH}
n—o0 ye n—o00
Lemma 2.1. ([1]). Let X be a uniformly convexr Banach space satisfying the Opial’s
condition and K be a nonempty closed convexr subset of X. If a sequence {z,} C K

converges weakly to a point zy, then {zo} is the asymptotic center of {z,} with respect to
K.

Theorem 2.3. ([6]). Suppose that S is a semigroup, let C' be a closed, convexr subset of
a reflexive Banach space E, S = {Ts : s € S} be a representation of S as nonexpansive
mapping from C' into itself such that weak closure of {Tix : t € S} is weakly compact for
each x € C and X be a subspace of B(S) such that 1 € X and the mapping t — (T(t)z, z*)
be an element of X for each x € C and x* € E, and p be a mean on X. If we write T)x
instead of [Tyx du(t), then the following statements are held:

(i) T is a nonexpansive mapping from C into C,

(ii) Tyx = = for each x € Fix(S),

(ili) Tyx € co{Tx : t € S} for each x € C,

(iv) If X is rs-invariant for each s € S and p is right invariant, then T,T; = T, for
eacht € S.

Remark 2.1. Each uniformly convex Banach space is strictly conver and reflexive (see
for example, Theorem 4.1.6 in [9]).
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Suppose that D is a subset of B where B is a subset of a Banach space E and let P be
a retraction of B onto D, that is, Px = x for each «x € D. Then P is said to be sunny, if
for each z € B and ¢t > 0 with Pz +t(x — Px) € B, P(Px+t(x — Px)) = Px. A subset D
of B is said to be a sunny nonexpansive retract of B if there exists a sunny nonexpansive
retraction P of B onto D. If F is smooth and P is a retraction of B onto D, then P is
sunny and nonexpansive if and only if for each x € B and z € D, (x— Pz, J(z— Pz)) <0,
for more details, see [9].

Throughout the rest of this paper, the open ball of radius r centered at 0 is denoted
by B,. Let C' be a nonempty closed convex subset of a Banach space E. For ¢ > 0
and a mapping T : C — C, F(T) is the set of e-approximate fixed points of T, i.e.
F(T)={ze€C:|z—Tz| <€}

3. MAIN RESULTS

In this section, a strong convergence approximation scheme for finding a common el-
ement of the set of common fixed points of a representation of nonexpansive mappings
and fixed points of W-mappings will be studied. First, a Lemma that will be used in the
sequel is proved.

Lemma 3.1. Let S be a semigroup, C be a nonempty compact conver subset of a real
strictly convex, reflexive and smooth Banach space E, {T;}ien be family of nonexpansive
self mappings on C. Suppose that S = {Ts : s € S} be a representation of S as nonez-
pansive mapping from C into itself, and T;(Fix(S)) C Fix(S) for all i € N. If X is left
amenable and C' is a compact convex subset of E, then Fix(S) N Fix(W) is a sunny non-
expansive retract of C' and the sunny nonexpansive retraction of C' onto Fix(S) N Fix(W)
s unique.

Proof. Suppose that z € C' is fixed and let p be a left invariant mean on X. Then, by the
Banach contraction principle, a sequence {z,} in C is found such that,

Ty = %:c + <1 — i) T, Wy (1)
for each n € N, then the strong convergence of the sequence {z,} to an element of
Fix(S) N Fix(W) will be proved. For each z € Fix(S) N Fix(Wy,) and n € N,

(xn —z,J(xn — 2)) <0,
where J is the duality mapping of E. Indeed, for each z € Fix(S) NFix(W) and z* € E*,
(T Whz,a") = pu (T(O) Wz, 27) = p(z,27) = (z,27)
and hence z = T, W,z for each z € Fix(S) N Fix(W). Therefore, from (1),
(xn —x,J(xn — 2)) = (n = 1) (T Wyxy — Tp, J (T — 2))
=(n—-1)({(TWhzp — T Wyz, J(xn — 2)) + (2 — Zn, J(xn — 2)))
(HTuann - Tuann”xn —zl| = [|zn — 2”2)

— 1)
(n—=1) (|2 — 2I* = llzn — 21%)
0.

n

NN

Furthermore, from (1),

1
[#n — T Whan|| = E”x — Ty Whan||
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for each n € N, hence li_>m lzn — T, Wiy = 0.
n—oo

Let {z,,} and {z,;} be subsequences of {x,} such that {z,,} and {w,,} converge
strongly to y and z, respectively. It will be shown that y = z. The mapping W : C — C,
given by Wz := lim W,z satisfies

n

limsup ||[W,y — Wyl| = 0. (2)
n—oo

Note that,
Iy = Tyl < Jimn (g = ]l + I, = TuWosn, |+ 1T Wz, — TuWa)
< lim Hanmm - meH
71— 00

< .hm Hl‘nz - yH =0,
i—00

for each i € N, therefore y = T,y and y € Fix(S), hence, by our assumption, T;y € Fix(S)
for all i € N and then W,y € Fix(S). Hence, T,W,y = Wyy, therefore by Theorems 2.1
and 2.2 T,Wy = Wy. Consider the set of the asymptotic center A(zy,) of {zy;} with
respect to H. Since x,; — y, Lemma 2.1 implies that A(z,,) = {y}. It is concluded by
the definition of A(xy,) that

limsup [z, — 2| < limsup [|xn; — Tizy, || (tes).
Jj—00 Jj—00

for all z € A(zy,). Since A(zy,) = {y}, v, — y. Using (2),
limsup [|@,,; — Wyl < limsup [|2y,; — T,Wh, @, || + lmsup |1, Wy, 20, — T, Wa, y||
+ limsup ||T#any - Wyl
j—00
< limsup |2, — TuWa;an, || + limsup [|z,; — yl|
j—00 j—00
+ limsup [| W),y — Wy| = 0.
j—o0
This implies that W (y) = y. Hence, y € Fix(W). Therefore, y € Fix(S)NFix(W). Because
C' is bounded, so there exists a positive number M such that || f(Wyz,) — T, Wizs||? < M.
Furthermore,

(y—z,J(y — 2)) = lim (zp, —z, J(zp, — 2)) < 0.
1—00
Similarly, (z — 2, J(z —y)) < 0 and hence y = z. Thus, {x,} converges strongly to an
element of Fix(S)NFix(W). Let us define a mapping P from C into itself by Pz = le T
Then for each z € Fix(S) N Fix(W),

(x — Pz, J(z — Px)) = lim (z, —x,J(z, — 2)) <O0. (3)

n—o0

Therefore, P is a sunny nonexpansive retraction from C onto Fix(S) N Fix(W).
Let @ be another sunny nonexpansive retraction from C onto Fix(S) N Fix(W). For
each x € C' and z € Fix(S) N Fix(W), it is concluded that

(z —Qz,J(z — Qu)) <0. (4)
Putting z = Qz in (3) and z = Px in (4), it is implied that
(x — Px,J(Qr — Px)) <0 and (x—Qx,J(Pr—Qz)) <0

and hence (Qz — Pz, J(Qv — Pz)) < 0. Therefore, This implies that Qx = Pz, so it
completes the proof. O

<
<
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Theorem 3.1. Let S be a semigroup, and C a nonempty compact convex subset of a real
strictly convex, reflexive and smooth Banach space E and, {T;}ien a family of nonezpansive
self mappings on C. Suppose that S = {Ts : s € S} be a representation of S as nonexpan-
sive mapping from C into itself such that Fix(S) N Fix(W) # 0 and T;(Fix(S)) C Fix(S)
for each i € N. Let X be a left invariant subspace of B(S) such that 1 € X, and the
function t — (Tyx,x*) is an element of X for each x € C and z* € E*. Let {u,} be a
left reqular sequence of means on X. Suppose that f is an a-contraction on C. Let €, be
a sequence in (0,1) such that 1i7rln en, = 0. Then there exists a unique sunny nonexpansive

retraction P from C onto Fix(S) N Fix(W) and = € C such that the following sequence
{zn} generated by

Zn = enf(WnZn) + (1 - €n)Tuanzn (n € N)a (5)
strongly converges to Px which is the unique solution of the following variational inequality
(x — Px,J(z— Px)) <0 (z € Fix(S) N Fix(W)).

Proof. From Proposition 1.7.3 and Theorem 1.9.21 in [1], any compact subset C' of a
reflexive Banach space E' is weakly compact and from Proposition 1.9.18 in [1], any closed
convex subset of a weakly compact subset C' of a Banach space F is itself weakly compact
and by Proposition 1.9.13 in [1], any convex subset C of a normed space E is weakly closed
if and only if C' is closed. Therefore, weak closure of {Tyz : t € S} is weakly compact for
each z € C.

The proof will be presented in five steps.

Step 1. The existence of z, which satisfies (5).
The mapping N,, given by

Npx = e f(Whz) + (1 — €,) T, Wi (x€C)

is a contraction for every n € N. Because, 0 < (3, < 1 where 8, = (14 ¢,(a— 1)), for each

(n € N). Then

[Nn — Nnyl| < enllf(Wna) = fF(Way)l| + (1 — €n)[[ Ty, Wiz — T, Wy

ena||Wnz — Wyl + (1 — €,)[Wnx — Why||
naflz —yll + (1 — e)llz — yll

<
<
<e

<A —enla=1)lz—yll = Bullz =yl

Hence, from the Banach contraction principle [9], there exists a unique point z, € C' such
that N, z, = 2.
Step 2. lim ||z, — T;2,|| = 0, for each t € S.
n—oo
Let t € S and € > 0. By Lemma 1 in [7], there exists 6 > 0 such that coFj(1;) + 2Bs C
F.(T}). Also, from Corollary 2.8 in [2], there exists a natural number N such that

R 1 Y
— N7 —T( T, )H<5,
HN+1; tisY tN+1ZZ; tisY = (6)

for each s € S and y € C. Suppose that p € Fix(S)NFix(W) and M be a positive number

such that, sup ||y|| < My. Let ¢t € S, since {uy,} is strongly left regular, there exists Ny € N
yeC
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such that ||y — I} pin | < ) for all n > Np and @ = 1,2,--- , N. Therefore,

N
1
sup HT nY /N+1 ZTtisy dpin(s)

yel
=sup sup ’< WY T / Thi sy dpan( >’
el llorfz1 | N+1Z red T
R R
=sup sup | > (n)o(Tuy,a") - (n)s(Tyssys2”)|
wawﬂ~N+1Z£ N+12; )
1 N
<— sup sup ‘,u Tsy, 2™y — (I pin) s (Tsy, *
N+1.z;yecx*||1 (n)s(Tsy, x*) — (Lipn)s(Tsy, ™)
< _max [pn — Ui || (Mo + 2{[pl[)
< max H/‘n - l:il‘n||(3M0)
1=1,2,--
<6 ZNO). (7)

From Theorem 2.3, it is concluded that

N N
1 _J 1
/M ;ﬂzsydun(s) € COo {M;Ttl(Tsy) HERS S} . (8)

It follows from (6)-(8) that

N
_ 1
Tu”yECO{MX;TtZsyS ES} +B§
1=
C @Fy(T,) + 2B C F.(T}),

for each y € C and n > Ny. Hence, limsupsup [|T3(7,,,y) — Ty, y|| < €. Since € > 0 is
n—oo yel
arbitrary, it is implied that

limsup sup || T3(Tp,y) — Tp,yl| = 0. 9)

n—oo ye

Suppose that t € S and € > 0, then there exists § > 0, which satisfies (6). Put
Lo = (14+a)2My+ || f(p) — p||. Therefore from the condition lime,, = 0 and from (9) there
n

exists a natural number Nj such that T), y € Fs(T}) for each y € C and ¢, < % for each
n > Njp. Since p € Fix(S) N Fix(W), it is concluded that
enllf (Whzn) — T, Waznl| <én(||f(Wnzn) — f(Wnp)H + If (Wap) = pl|
+ HTuanP — T, Whn znl|)
<en (| Wnzn — an + 1 (FWap) = pll + [Wap = Wazal))
<en (allzn = pll + £ (p) = Pl + 120 — pID)
<en (1 + a)llzn — pl +11f(0) — 2l
<en (14 a)2Mo + [|f(p) — pll)

1)
=€, Lo < 5
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for each n > Nj. Note that

Zn = enf(Wyzn) + (1 — €3) T, W2y,
=T, Wnzn + €0 (f(Whzn) — Ty, Wn2p)
€ F5(T3) + Bs
C F5(Ty) + 2B;

g Fe(Tt)'

for each n > Nj. Then
||Zn — TthH S € (Il 2 Nl)

Since € > 0 is arbitrary, it is implied that li_>m |z — Tizn|| = 0.
n—oo

Step 3. &{z,} C Fix(S) N Fix(W), where &{z,} is the set of strongly limit points of
{zn}-
Suppose that z € &{z,}, and consider a subsequence {zp;} of {z,} such that z,, — z.
Then,

Tz — 21| <IToz — Tozw, | + [ Totm, — 2yl + 12, — 21
§2||an - Z” + ”thnj - an”v

then by Step 2,

ITiz — z|| < 21i]m |2n; — 2| + lijm | Ti2n; — 2n, |l =0,

so z € Fix(S).
Clearly, lim ||z, — L1, W Zn, || = 0. Indeed,
J

1i§n 12n; = Ty, Wi 2n, |
= 1im e, f (Wi, 2n,) + (1= €n,)Tan, Winy 2y = Ty, W, 2, |
= 1ijm eny1f W,y 2n,) = T Wiy 2, |
=0,
therefore,

limjsup ||znj — Tunj Wz, | < limjsup ”an - Tunj W, 2n, I
+ limjsup ||Tunj Wi zn; = Ty, W zn, I
< limjsup W, zn; — W, ||
< limjsup(||anznj — W, z|| + Wz = Wzl + [Wz — Wz, ||)
< 211mjsup(||znj — 2| 4+ [[Wa;z = We|) =0,

SO

limsup [|z5,; — Ty, Wn, || =0. (10)
J
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Then from (10) and from the condition that T;(Fix(S)) C Fix(S), it is concluded that
W (Fix(S)) C Fix(S). Hence T3(Wz) = Wz and Ty, (Wz) = Wz, then it is implied that
limjsup |2n; — W2| < limjsup ll2n; — Tyin, Wz, Il + limjsup ||T#nj Wen, =T, Wz||

+ lim sup HTM], Wz —We|
< limsép [[2n; — [l =0,
j

then z € Fix(W). Hence, &(z,) C Fix(S) N Fix(W).
Step 4. There exists a unique sunny nonexpansive retraction P of C onto Fix(S)NFix(Wy,)
and x € C such that

I' ;= limsup(z — Pz, J(2, — Pz)) <0. (11)

By Lemma 3.1, there exists a unique sunny nonexpansive retraction P from C' onto
Fix(S) N Fix(W). The Banach Contraction Mapping Principle guarantees that fP has
a unique fixed point z € C. Next, it will be proved that

I' = limsup(z — Pz, J(z, — Px)) <0.
n

Since C' is a compact subset of E, a subsequence {zy,} of {z,} can be found with the
following properties:

(i) lim(z — Pz, J(zy, — Pz)) =T}
J

(ii) {zn,;} converges strongly to a point z;

from Step 3, z € Fix(S) N Fix(W). Since E is smooth, it is implied that
I' =lim(z — Px, J(zn; — Px)) = (x — Pz, J(z — Pz)) <0.
j
Also fPx ==x,so (f — I)Px =z — Px. Now,
en(a — 1)z, — Pz|?
2
> [enalzn = Pal[+ (1= en)llzn = Pall]” = |20 = Pz|?

> [eal| F(Waza) = FOWaP2)|| + (1~ €0) [T, Wz — Pe]]
~ llzn — Pa|?
22<en ( F(Wizn) — f(WnP:r)) + (1 = e0)(Ty, Wizn — Pr)
— (2n — Px), J(21, — P:c)>
= —2¢,((f — )Pz, J(2p, — Px))
= —2ep(x — Px, J(z, — Px)),
for all n € N (see page 99 in [9]), hence,

(x — Pz, J(z, — Px)). (12)

2
lzn = Pz]* < 5

Step 5. {z,} strongly converges to Px.
Indeed, since Pz € Fix(S) N Fix(W), by applying (11), (12), it is deduced that

limsup ||z, — Pz|? §1 limsup(x — Pz, J(z, — Px)) <0.
n n

—
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That is z, — Px. ]

4. NUMERICAL EXAMPLE

Example 4.1. Consider Theorem 3.1. Let S = {0,1,2,3,---,}, E =R and C = [0, 1].
Let u(g) = g(0) for each g € B(S). If g =1 then pu(1) = 1(0) = 1. Also,

1=p(1) <||pll= sup |u(g)]] = sup [g(0)] <1
lgll<1 lgll<1

= |l =1=lpl =p1) =1,
so p is a mean and obviously p is invariant. Let T : C — C' be a nonexpansive mapping
and let TO =T and S = {T* : k € S}. It is obvious that u(g) = ur(g(k)) for each k € S
and g € B(S). Consider g : k — <Tkx,y> for each x € C and y € R. Then, it is implied
for each x,y € C that

1(9) = pi(g(k)) = p <T’%, y> = (T%,y) = (2,y),

also, (T,x,y) = pg <Tkx, y> then (T,x,y) = (x,y) so T,x = x hence T, = I. Suppose that
{T; : T; = I, for eachi = 1,2,3,...} be the family of nonexpansive mapping in Theorem
3.1. Let f(x) = %1‘ be our contraction mapping and P = 0 be the desired retraction from
[0,1] onto Fix(S) N Fix(W) = {0} then using Table 1 and as in Figure 1, the sequence
{zn} generated by (5) is converged to PO = 0.

TaBLE 1. f(z) =1z, N =20, i=1,---,20.

n >\n,i W, Zn
1 I 0.5128 1 0
2 1 0.6780 I 0
3 % 0.7595 I 0
8 1 0.8939 I 0
9 % 0.9045 T 0
10 & 0.91321 0
18 & 0.9499 I 0
19 3 0.9524 T 0
20 = 0.9547 1 0
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F1GURE 1. Convergence behavior of the generated sequences by Example (4.1).
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5. CONCLUSION

Firstly, an algorithm in a Banach space is introduced. Then a nonexpansive retraction
is found and the convergence of the proposed scheme to an element in the range of the
retraction is proved.
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