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SOLVING OF A NEUMANN BOUNDARY VALUE PROBLEM
THROUGH VARIATIONAL METHODS

HADI HAGHSHENAS!, GHASEM A. AFROUZI, §

ABSTRACT. In this work, applying the multiple critical points theorems, we obtain the
existence results of two and three classical solutions for a Neumann boundary value
problem with the Sturm-Liouville equation.
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1. INTRODUCTION.

The multiplicity results for a two-point boundary value problem obtained in [3] have
inspired a large number of authors in the study of several kinds of boundary value problems
(BVPs). In these latest years the study of BVPs increased because it arises in many
fields, such as physical problems, nonlinear elasticity theory or mechanics, and engineering
topics. For instance, vibrations of a guy-wire with uniform cross section possessing parts of
different densities can be modeled with a multi-point BVP [13]; moreover, certain problems
belonging to the theory of elastic stability can be set up as multi-point BVPs [18].

Our aim in this paper is to establish multiple solutions for a particular case of the
following Neumann boundary value problem

{ —(pu) +7u +qu = \f(z,u), (1.1)
u'(0) = /(1) =0, )
where f:[0,1] x R — R is a continuous function, p € C([0,1]), g,7 € C°([0,1]), with p
and ¢ positive functions, and A is a positive parameter.
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There is extensive literature that deals with multiplicity results for such a problem (see
[6, 16, 17] and references therein) and, in the last few years, the existence of infinitely
many solutions to Neumann problems has been widely investigated, for instance, in [7,
8,9, 10, 11, 12, 14]. Also, in [16, 17|, for the case p = 1, =1, 7 = 0 and A = 1, by
using fixed point theorems, the existence of three solutions is established under a suitable
behaviour of nonlinear term f which, in addition, must be sublinear at infinity. In this
paper, we use some ideas of [5, 6].

2. PRELIMINARIES

The variational approach, together with the critical point theory, is one of the impor-
tant methods in the study of two-point boundary value problems of ordinary differential
equation. Our main tools, in this paper, are critical point theorems. Here we recall them.

Theorem 2.1. ([2, Theorem B]). Let X be a reflexive real Banach space, ¢ : X — R a
continuously Gateaux differentiable, coercive and sequentially weakly lower semicontinuous
functional whose Gateaux derivative admits a continuous inverse on X*, ¢ : X - R a
continuously Gateauz differentiable functional whose Gateauxderivative is compact. Put,

for each r > infx(¢),
V(@) — inforgorge ¢

= inf
p1(r) xe(ﬁffﬁ_mm[) r— () )
pa2(r) = inf v(@) —vly)

sup
v€p=1(]—00,1) yeg—1([r4oo]) PY) — G()

where ¢=1(] — oo, r[) s the closure of ¢~1(] — co,7[) in the weak topology, and assume
that

(i) There is r € R such that infx¢ < r and o1(r) < p2(r).
Further, assume that:

(i) 1im||z)|—4o0(@(T) + M(2)) = +00, for all A 6]@%@), ml(r) [.

Then, for each A €] Wl(r), sml(r)[ the functional ¢ + AP admits at least three distinct critical

point in X.
We also use the following theorem concerning two critical points.

Theorem 2.2. ([4, Theorem 1.1]). Let X be a reflexive real Banach space, and let
o, X — R be two sequentially weakly lower semicontinuous and Gateauz differential
functionals. Assume that ¢ is (strongly) continuous and lim|,|—4c@(x) = +00. Assume
also that there exist two constants r1 and ro such that

(J) anx(;s <ry <ry;
(1) ¢1(r1) < @5(r1,m2);
(13i) e1(r2) < @i(ri,re),
where @1 is defined as in Theorem 2.1 and

©5(r1,12) = inf sup

V() —P(y)
w€¢1(1—00,m1]) yeg1 ([r1,ra[) P(Y) — ¢

(z)
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Then, for each \ E]ﬁ min{ —— m}[, the functional ¢+ \ip admits at least two

(ri,r2)’ e1(r1)’
critical points which lie in ¢~1(] — oo, 1) and ¢~1([r1,ra]) respectively.

We recall that Theorem 2.1 and Theorem 2.2 are based on the variational principle
stated by Ricceri [15].
3. MAIN RESULTS

Consider the Neumann boundary value problem with Sturm-Liouville equation

—(pu') + qu = Af(z,u),
{ u'(0) = /(1) =0, (3:-1)

where f : [0,1] x R — R is a continuous function, p € C'([0,1]), ¢ € C°([0,1]), with
Po = Mingep,P(r) > 0 and qo = minge(o1q(z) > 0, and X is a positive parameter.
Throughout the paper, we put

F@J)—[;ﬂ@{ﬂ&ﬁﬂ&ﬂ@ﬁ)emJ]xR. (3.2)

Also, let X be the Sobolev space W12(]0,1]) equipped with the norm

1

Jull = (/Q1p<x>h/<xn2dx—%J€1q<xnu<xn2dx)2, (3:3)

and, for each u € X, consider

1
o) = lull, w() = = [ Pau(e)e (34)

Remark 3.1. Tt is known that the critical points of the functional ¢+ Ay in X, are exactly
the classical solutions of problem (3.1).

In the sequel, let m = min{pg, qo} and define
1
m
= = Nl = [ @) (35)
Remark 3.2. If ¢ and d are two positive constants such that d > ¢, we can easily check

that d? > 2k.

Remark 3.3. Tt is well known that (X, ||.||) is compactly embedded in C°([0, 1], R) (see for
instance [1]). Hence

k= sup o < 00, (3.6)
wex\{o} [l
and so
ullgo < Ellul|, for all u e X. (3.7)

Theorem 3.4. Assume that:

(i) there ezist two positive constants ¢ and d with d > ¢, such that

1
Jo zmax Fla,t)dz k [} F(x,d)dz
<3

2 d2 ’

&
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(ii) there exist two positive constants a and s with s < 2 and a < —2— fol max F(x,t)dx
m(ck) te[—c,c]

such that
F(z,t) <a(l+|t%), for all (z,t) €[0,1] x R. (3.9)

2 2 .
Then, for each \ € %fgi‘if,‘(‘il)da:7 vy ma;wF(x,t)dac [, problem (3.1) admits at least three
t

—c,c
classical solutions.

Proof. We prove this theorem, applying Theorem 2.1. Let X = W'2([0,1]) and ¢,
are the functionals defined in (3.4). It is known that X is a reflexive Banach space,
¢ : X — R is a continuously Gateaux differentiable, coercive and sequentially weakly
lower semicontinuous functional whose Gateaux derivative admits a continuous inverse on
X* and ¢ : X — R is a continuously Géteaux differentiable functional whose Gateaux
derivative is compact. We have infx (¢) = 0. For each r > 0, consider the functions ¢1(r)
and ¢a(r) in Theorem 2.1. We show that there exits ro > 0 such that ¢1(r9) < p2(ro).
Claim: ro = m(§)%

We have |u(t)] < \/%HUH, for all w € X and all ¢ € [0, 1]. Since infx(¢) = #(0) = 0 and
for each r > 0

0€¢ ' (J=o0,r]), o] —00,r))" =07 (] —o0,7]), (3.10)

for any fixed r > 0 we have

©o1(r) = inf v~ inferga g ¥
u€p=1(]—o0,r() r— ¢(u)

1
- ||uﬁ§£2r( j /0 Fla u(x))dx> (3.11)

T

1
sup /0 F(z,u(x))dz

[Jul]?<2r

r

Hence

1
In Iﬁl@)ci F(x,t)dz

<
¢1(ro) < o

1

mc?
- 4k fol F(z,d)dz
3m d? '

1 > mc?
1(ro) 7 4 [y max F(x,t)dx
lt|<e

. Now, we claim that

From here, we conclude that %

4 k fol F(z,d)dx

pa(ro) > 5 —

1
P (3.13)
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which from (3.13) one has (lm) < if @ ||Q||1dx_ In order to prove (3.13), we fix v = d.
Clearly v € X and one has ’

1 1
/ F(z,v(x))dx = / F(z,d)dz, (3.14)
0 0

1 1
m
ol = [ ol @Pds+ [ a@lo@Pds = @lal = . @15)
Hence, for each v € X with ||u/|> < 2r one has

fol F(z,v(x))dz — fol F(z,u(z))dx - fol F(z,d)dx — fol F(z,u(z))ds
1] = [Jul]? - [v][?

(3.16)
E L peayae— [ F d
[ e )
and therefore
))dz — d
@2(710) > 9 inf fO «Z fo 2 (15)) X
Jul[2<2r H’UH ] (3.17)
L Ak Jo P d)de
3m d? ’

since in the case r = rg, as we see in above, for any v € X with |lu|? < 2r¢ one has

1
/F(m,u()dm< sup /qu
0

\uH2<2ro
< maxF(x t)dx
0 lt|<c

2k [ F(x,d)dz
3 &

1 1
</ F(z,d)dz.
3 Jo

(3.18)

: 3 dllqls mc? :
Fix A € } 4 [V F(ed)da’ 4[] m\ix F(x,t)dz [ Since
t|I<c

1 1
[ @ u@r)de < [ u@P)de < 14 fulfo <14 @)
0 0
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we have

1
o) + () = g ul* =X | Fla,u(e)da

> gl = [ (14 o))
> SllulP = Aa(1+ Ful?) (3.20)
_ %(1 — 20ak?) [ul® - Aa
("W
2 2f0 |t|<>c< F(z,t)dx

which shows that limj,)| oo (¢(u) + /\w(u)) = 400, and the conclusion is achieved. [J
The next theorem guarantee two solutions for problem (3.1)

Theorem 3.5. Assume that there exist three positive constants c1,co,d with ¢; < d < ¢
such that

max{fo ‘?'132( Fle e fo ‘?'lgé Fleod } kfo (3.21)
c ’ 3 al2
3 dllglh - met me3
Then for all X € }Zfol F(x,d)dz’mm {4f0 |Itr‘1ax F(@,0)de 1] H|1<ax e t)d:v} [, the prob-

lem (3.1) admits two classical solutions uy,uz such that |ui(t)] < c¢1 and |uz(t)| < ca for
all t € [0, 1].

Proof. We prove this theorem applying Theorem 2.2. Let X = W12([0,1]) and ¢, are
the functionals defined in (3.4). It is known that X, ¢ and ¢ are suitable. Namely, X is
a reflexive Banach space and ¢, are two sequentially weakly lower semicontinuous and
Gateaux differential functionals. Also, ¢ is (strongly) continuous and lim|,|—1ec®(7) =
+oo. We have infx(¢) = 0.

Claim: r; = m(%)2 and ry = m(%)2 Since ¢1 < ¢g, it is obvious that infx¢ < r; < ro.
Similar to (3.12), we obtain the following statements:

4f0 max F(z,t)dz

t|<c
or(ry) < — =2 5 , (3.22)
mey
4f0 |n?<ax F(z,t)dx
t|<ceo
< 3.23
p1(r2) < e 7 (3.23)

and therefore by (3.21) one has

1
max{p1(r1), p1(r2)} < gZW' (3.24)

In what follows, we want to prove that

4kf0 d)dx

pa(ry,r2) > 5 d2 (3.25)
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As the proof of Theorem 3.4, if v = d then v € X and |[v||? = d*Z*. Hence, for each u € X
with |lu/|? < 2r one has

! T, v\x X — ! T, ulx X 1 !

and therefore

) . ¥(u) —¥(v)
valrre) = inf ) = a0
R f()lF(x,v(xl)IleE - ﬁ\li(%uw))dx (3.27)

Ak ) F(z,d)dz
3m d? ’
since, for each u € X with |lul|?> < 271 we have

1
/F(x,u()dac< sup /F:):u
0

HuH2<2T1

< maxF(x t)dx
0 [t<er (3.28)
ﬂfo (x,d)dx
3

2
1 1
</ F(z,d)dz.
3 Jo

Finally, from (3.27) one has

1 3 d?
<3 llallx

. 3.29
©5(r1,72) 4f01 F(z,d)dz (3.29)
Furthermore, by using (3.22) and (3.23) we have
2 2
min {71 , b } > min{ me mey } (3.30)
e1(r1) " ¢1(r2) 4f max F(z,t)dz’ 4f0 max F(x,t)dx

|t‘<cl ‘t|<62

As above, by Theorem 2.2, we conclude that for each A that

\ E}% d?|qlx min{ mci me3 H
4f01 F(z,d)dz’ 4f \Itr|l<agi F(z,t)dz’ 4f0 1151‘132; F(z,t)dx

the problem (3.1) admits classical solutions wuy,us such that uy € ®~(] — oo, 71[) and
ugy € ®1([r1, r2[). Therefore, |uy(t)] < 1 and |uz(t)| < co for all t € [0, 1]. O

The following examples are the autonomous cases of problem (3.1).

Example 3.6. The problem

—(pu!) + qu = Mf(u),
{ u/'(0) = /(1) =0, (3.31)
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where p(z) = 3 +arctan(z), ¢(z) = 3+ % and f(u) = 3u? admits at least three classical

solutions for each A € }0.75 —0.18 cos(1),0.75 [ In fact, if we choose ¢ = 0.5 and d = 2,
hypotheses of Theorem 3.4 are satisfied.

Example 3.7. Consider following problem

= M),
{ W (0) = /(1) = 0, (3.32)

where
1, if u €] — 00, 1],
ul? if u €]1,2],
Fuy =" |
2°(u —3), if u €]2,200],
0, if u €]200, +o0[.
Choosing ¢; = 1, d = 2 and ¢o = 200, thanks to Theorem 3.5, for each \ € } 211+10, 211+;;?5§§%i)+10 [

the given problem admits at least two classical solutions u; such that |u;(¢)| < 200 for all
tef0,1],i=1,2.
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