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ECCENTRICITY BASED TOPOLOGICAL INDICES OF SOME
GRAPHS

PADMAPRIYA P.!, VEENA MATHAD!, §

ABSTRACT. Topological indices are real numbers that are presented as graph parame-
ters introduced during studies conducted on the molecular graphs in chemistry and can
describe some physical and chemical properties of molecules. In this paper we compute
eccentricity based topological indices for crown graph, gear graph, friendship graph, helm
graph flower graph and their line graphs.
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1. INTRODUCTION

All the graphs G = (V, E) considered in this paper are simple, undirected and con-
nected graphs. For any vertices u,v € V(G), the distance d(u,v) is defined as the length
of any shortest path connecting u and v in G. For any vertex v in G, the degree (d, ) of
v is the number of edges incident with v in G and the eccentricity (e,) of v is the largest
distance between v and any other vertex of G. The line graph L(G) of a graph G is the
graph whose vertices are the edges of G, two vertices e and f are adjacent in L(G) if and
only if they have a common end vertex in G[2].

A topological index is a numerical parameter mathematically derived from the graph
structure. It is a graph invariant, thus it does not depend on the labelling or pictorial rep-
resentation of the graph. The topological indices of molecular graphs are widely used for
establishing correlations between the structure of a molecular compound and its physico-
chemical properties or biological activity (e.g., pharmacology)[6]. There exist several types
of such indices. In Table 1, we describe some eccentricity based topological indices.
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Sl.No. Introduced by Index Name Notation Formula
1 Sharma et al.[13] Eccentric connectivity index £(G) Z dyey
veV(G)
2 M. Alaeiyan et al.[8] Eccentric connectivity ECP(G,x) Z dyx®?
veV(G)
polynomial
3 R. Farooq et al. [12] Total eccentricity index (@) Z ey
veEV(G)
1
4 F. Bukley et al.[3] Average eccentricity avec(G) - Z ey
" evi(a)
First Zagreb eccentric index My (G) Z lew + €u]
wveB(G)
5 D. Vukicevié et al.[15] Second Zagreb eccentric index M (G) Z ez
veEV(G)
and M. Ghorbani et al.[4] Third Zagreb eccentric index M3 (G) Z ey ey
uwvEE(G)
2y/ewes
6 M. Ghorbani et al. [5] Fourth Geometric-arithmetic index GA4(G) ¥V Culy
€y + €y
uveEE(G)
First Zagreb degree DE4(G) Z lew + do]?
veV(G)
7 Padmapriya P. et al.[10] eccentricity index
Second Zagreb degree DE>(G) Z (ey + du)(ev + dy)
woe B(G)
eccentricity index

Table 1: Eccentricity based topological indices

The aim of this paper is to compute the above described eccentricity based topological
indices for crown graph, gear graph, friendship graph, helm graph flower graph and their
line graphs.

Remark 1.1. [7] £(G) = Z dyey, = Z lew + €]
veV(G) weE(G)

2. CROWN GRAPH

The graph CW,, = C), o K is called a crown graph[11]. The graph CWg and its line
graph L(CWg) are shown in Fig. 1.

Fig. 1: The crown graph CWg and its line graph L(CWy)
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Number of vertices | d,, ey, | Number of edges | (dy, dy) (ew,ey)
n n n
1249 , (f 1,2 1)
n 9 + n (3 3) 5 + 5 +
n n n
L 1, (f 9. 1)
n 3|5+ n (1,3) | (5+25+

Table 2: Vertex and edge partition of CW,,, if n is even

Number of vertices | d, ew Number of edges | (dy, dy) (ew,€y)
n—1 n—1 n—1
1 2 1 1
n 5 + n (3, 3) ( 5 +1, 5 + >
n—1 n—1 n—1
1 1 2 1
n 3 5 + n (1, 3) ( 5 + 2, 5 + >
Table 3: Vertex and edge partition of CW,,, if n is odd
Number of vertices | d,, ey, | Number of edges | (dy, dy) (ew,ey)
n 2 g+1 on 2, 4) ( +1Z)
n 4 g n (4, 4) ( )
Table 4: Vertex and edge partition of L(CW,,), if n is even
Number of vertices | d,, ey | Number of edges | (dy, dy) (ew,ey)
1 1
n o | mtL o (2,4) | (2t
2 2 2
n+1 n+1 n+1
4 4, 4
b ! ] | (5 "5)

Theorem 2.1. Let G = CW,, be the crown graph.

Table 5: Vertex and edge partition of L(CW,,), if n is odd

(i) If n is even

(

(1) &(G) = 2n2 + 5n

(2) ECP(G,x) =nx "4 3na"T
(3) ¢(G) =n?+3n
(4) avec(G) = %(n +3)
(5) M} (G) = 2n2 + bn
3
(6) M*(G) = % +3n2 4 5n
(7) M3(G) = 5n®+Tn +]
2
(8) GAL(G) = n + ”W
3
(9) DE1(G) = % +7n? + 25n
3
10) DE»(G) = % + ?571 +28n

(ii) If n is odd

(1) &(G)=2n"+3n
(2) ECP(G,z) =na" +3nz"%
(3) €(G) = n? +2n

Then
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(4) avee(@) = 5 (n+2)

(5) M} (G )_2Z§+3n i

(6) M;*(G) = ?+2n2+§n
(7) M3 (G) = 5[n®+3n+2]

(8) GAL(G) = n + ”w
(9) DE,(G) :"23+6n2+ gn
(10) DEy(G) :"23+ §n2+24n

Proof. The crown graph has 2n vertices and 2n edges. Based on the degree and eccentricity
of vertices of CW,, we partition V(CW,,) into subsets and also we partition E(CW,,) based
on the degree and eccentricity of end vertices of edges in CW,, as shown in Tables 2 and
3. Using the information in these tables, formulae from Table 1 and by Remark 1.1 we
obtain the desired results. (|

Theorem 2.2. Let H = L(CW,,) be the line graph of crown graph CW,,. Then
(i) If n is even

(1) £&(H) =n(3n+2)

(2) ECP(H,x) = 2n[¢"% + 223]
3) C(H) =n nt 1)

(4) avec(H) = 5(n +1)

(5) Mi(H) = n(3n +2)

(6) Mi*(H) = n [7”; T 1}

(7) M (H) = n? Bn ; 1}

(8) GAW(H) =+ W
(9) DE(H) = n +7n? + 25n

2
3 3 2
(10) DEy(H) = vt 11n” + 40n

(ii) If n is odd

(1) ¢&(H)=3n(n+1) 1
(2) ECP(H,x) = 6na"z
(3) ¢(H )—n(n1+ 1)
(4) avee(H) = (n+ 1)
(5) M{(H)=3n(n+1)
n? 1
(6) M{*(H )—n[2+n+2]
(7) M;(H):% [n® +2n + 1]

(8) GA4(H) = 3n
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3
(9) DE(H) = = + 72 + %n

2
3 23 179
(10) DEy(H) = Zn3 + ?nQ +n

Proof. The line graph H of crown graph C'W,, has 2n vertices and 3n edges. Based on
the degree and eccentricity of vertices of H we partition V(H) into subsets and also we
partition E(H) based on the degree and eccentricity of end vertices of edges in L(H) as
shown in Tables 4 and 5. Using the information in these tables, formulae from Table 1
and by Remark 1.1 we obtain the desired results. O

3. GEAR GRAPH

The gear graph G, is obtained from the wheel W, 1 by adding a vertex between every
pair of adjacent vertices of the cycle Cy,[1]. The graph Gg and its line graph L(Gg) are
shown in Fig. 2.

Fig. 2: The graph Gg and its line graph L(Gg)

Number of vertices | d,, | ey
n 3|3
n 2|4
1 n| 2

Table 6: Vertex partition of G,

Number of edges | (dy,dy) | (eu,€y)
on 2,3) | (4,3)
n Bm | 32

Table 7: Edge partition of G,

Number of vertices | d, | ey

n n+1| 2

2n 3 3

Table 8: Vertex partition of L(Gy,)

Number of edges (dy, dy) (ew, €y)
2n (3, 3) (3, 3)
2n (3, n+1) (3, 2)
oD ey | @2)

Table 9: Edge partition of L(G),,)
Theorem 3.1. Let G = G,, be the gear graph. Then
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(1) €(G) = 19n
(2) ECP(G,z) = n[2z* + 32° + 2?]
(3) ((G)=Tn+2 \
(4) avec(G) =2+ o1
(5) M{(G) =19n
(6) M{*(G) =25n+4
(7) M5(G) =30n
(8) GAL(G) =2 4\7/5 + ‘f
(9) DE(G) =n? + 76n + 4
(10) DE»(G) = 6n(n+ 14)

Proof. The gear graph has 2n + 1 vertices and 3n edges. Based on the degree and eccen-
tricity of vertices of G,, we partition V(G,,) into subsets as shown in Table 6 and also we
partition E(G,,) based on the degree and eccentricity of end vertices of edges in G,, as
shown in Table 7. Using the information in these tables, formulae from Table 1 and by
Remark 1.1 we obtain the desired results. n

Theorem 3.2. Let H = L(G,,) be the line graph of gear graph G,,. Then

(1) €(H) = 2n(n + 10)
(2) ECP(H,z) = n[6z> + (n + 1)z?]
(3) C(H) = 8n
8

( 3

(5) M;(H) = 2n(n + 10)

(6) M;*(H) = 22n

(7) Mg (H) = 2n(n + 14)

77,2

() cAwH) =" 4 (2EIVD ﬁsﬁ) n

(9) DE{(H) = n? + 6n® + 81n
(10) DEy(H) = g[n?’ +5n2 + 27n + 129]

n?+7n

Proof. The line graph H of gear graph G,, has 3n vertices and edges. Based on

the degree and eccentricity of vertices of H we partition V(H) into subsets as shown in
Table 8 and also we partition F(H) based on the degree and eccentricity of end vertices
of edges in H as shown in Table 9. Using the information in these tables, formulae from
Table 1 and by Remark 1.1 we obtain the desired results. O

4. FRIENDSHIP GRAPH

Let C* denote the graph obtained by identifying one vertex of each of n copies of Ct,
t > 3. The graph C}, n > 2 is called friendship graph. The graph C§ and its line graph
L(C%) are shown in Fig. 3.
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Fig. 3: The friendship graph Cj and its line graph L(C%)

Number of vertices | d,, | €, | Number of edges | (dy,dy) | (€, €s)
on 2 12 o 2, 2n) | (2, 1)
1 2n 1 n 2.2 | 22

Table 10: Vertex and edge partition of C'§

Number of vertices | d,, | e, | Number of edges | (dy,dy) | (€u,€n)
2n 2n | 2 2n (2,2n) | (3,2)
n 2|3 n(2n-1) (2n, 2n) | (2, 2)

Table 11: Vertex and edge partition of L(CY)
Theorem 4.1. Let G = C¥ be the friendship graph. Then

(1) £(G) = 10
(2) ECP(G,z) = 2n(22* + z)
® @) =int1

(4) avec(G) = o+ 1

(5) M{(G) =10n

(6) M{*(G)=8n+1

(7) M5(G) =8n

(8) GAL(G) = n (4\3/5 + 1)

(9) DE{(G) = 4n* +12n + 1
(10) DE3(G) = 8n(2n + 3)

Proof. The friendship graph has 2n + 1 vertices and 3n edges. Based on the degree and
eccentricity of vertices of C%§ we partition V(C%) into subsets and also we partition E(C%)
based on the degree and eccentricity of end vertices of edges in C§ as shown in Table 10.
Using the information in Table 10, formulae from Table 1 and by Remark 1.1 we obtain
the desired results. O

Theorem 4.2. Let H = L(CY) be the line graph of Friendship graph C§. Then

H) = 2n(dn + 3)
ECP(H,z) = 2n[z® 4 2na?]
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4 —
(8) GA4(H) = 2n° + \/655> n
(9) DE(H) = 8n® + 160> + 33n
(10) DEy(H) = 4n[2n3 + 3n® + 5n + 4]

Proof. The line graph H of friendship graph C§ has 3n vertices and n(2n + 1) edges.
Based on the degree and eccentricity of vertices of H we partition V' (H) into subsets and
also we partition E(H) based on the degree and eccentricity of end vertices of edges in h
as shown in table 11. Using the information in Table 11, formulae from Table 1 and by
Remark 1.1 we obtain the desired results. 0

5. HELM GRAPH

The Helm Graph H, is the graph obtained from a wheel graph W, ;1 by adjoining a
pendant edge at each vertex of the cycle[14]. The graph Hg and its line graph L(Hg) are
shown in Fig. 4.

Fig. 4: The helm graph Hg and its line graph L(Hg)

Number of vertices | d,, | €y
n 413
n 114
1 n| 2

Table 12: Vertex partition of H,

Number of edges | (dy,dy) | (e, €y)
n (1, 4) (4, 3)
n (4, 4) (3, 3)
n (n, 4) (2, 3)
Table 13: Edge partition of H,
Number of vertices | d, | ey
n n+2 | 2
n 6 3
n 3 3

Table 14: Vertex partition of L(H,,)

Number of edges | (dy, dy) (eu, €v)
”("2_1) (n+2, n+2) | (2,2)

2n (n+2, 6) (2, 3)

2n (6, 3) (3, 3)

n (n+2, 3) (2, 3)

n (6, 6) (3, 3)

Table 15: Edge partition of L(H,,)
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Theorem 5.1. Let G = H,, be the helm graph. Then

(1) €(G) = 18n
(2) ECP(G,z) = n[z* + 423 + 27|
® (@) =2
(4) avec(G) = T 1
(5) M{(G)=18n
(6) M;{*(G) =25n+4
(7) M;(G) =2Tn
(8) GA4(G)=n |1+ 4\7& + 2\5/6]
(9) DE{(G) =n? +78n + 4
(10) DE>(G) = Tn(n + 14)

Proof. The helm graph has 2n + 1 vertices and 3n edges. Based on the degree and eccen-
tricity of vertices of H, we partition V' (H,) into subsets as shown in Table 12 and also
we partition F(H,,) based on the degree and eccentricity of end vertices of edges in H,, as
shown in Table 13. Using the information in these tables, formulae from Table 1 and by
Remark 1.1 we obtain the desired results. O

Theorem 5.2. Let H = L(H,,) be the line graph of helm graph H,. Then

(1) €(H) = n(2n+ 31)

(2) ECP(H,x) = n[92° + (n + 2)2?
(3) C(H) =8n .

(4) avec(H) = 3

(5) MF(H) = n(2n + 31)

(6) M *(H) = 22n

(7) ME(H) = n(2n + 43)

(8) GAH) = n |20 Gﬂ

(9) DE{(H) =n® + 8n% + 133n

3
(10) DEy(H) = %(n +9) + 36n2 + 293n

2
11
Proof. The line graph H of helm graph H, has 3n vertices and % edges. Based on
the degree and eccentricity of vertices of H we partition V(H) into subsets as shown in
Table 14 and also we partition E(H) based on the degree and eccentricity of end vertices
of edges in H as shown in Table 15. Using the information in these tables, formulae from
Table 1 and by Remark 1.1 we obtain the desired results. O

6. FLOWER GRAPH

A flower graph F,, is the graph obtained from a helm graph by joining each pendant
vertex to the central vertex of the helm graph[9]. The graph Fg and its line graph L(Fg)
are shown in Fig. 5.
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Fig. 5: The flower graph Fy and its line graph L(Fg)

Number of vertices | d,, | ey
n 4 | 2
n 2|2
1 2n | 1

Table 16: Vertex partition of F),

Number of edges | (dy,dy) | (ey,€y)
n 4,4) | (2,2)
n (2n,4) | (1, 2)
n 4,2) | (2,2)
n (2n, 2) | (1,2)

Table 17: Edge partition of F,

Number of vertices | d, | ey
n 2n+2 | 2
n 2n 2
n 4 3
n 6 3

Table 18: Vertex partition of L

—~

E,)

Number of edges (dy,dy) (eu,€v)
nln=1) (2n, 2n) (2, 2)
2 1
”(”2) (2n+2, 2n42) | (2, 2)
n? (2n, 2n+2) | (2,2)
n @n+2, 4) | (2, 3)
o (2n+2,6) | (2, 3)
n (2n, 4) (2, 3)
on (4, 6) (3, 3)
n (6, 6) (3, 3)

Table 19: Edge partition of L(F),)
Theorem 6.1. Let G = F,, be the flower graph. Then

1093
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(7) M3 (G) =12n

14 2*3/5
(9) DE1(G) = 4n®* 4 56n + 1

(10) DE3(G) = 10n(2n +7)

(8) GA4(G) = 2n

Proof. The flower graph has 2n 4+ 1 vertices and 4n edges. Based on the degree and
eccentricity of vertices of F,, we partition V(F),) into subsets as shown in Table 16 and
also we partition E(F},) based on the degree and eccentricity of end vertices of edges in
F,, as shown in Table 17. Using the information in these tables, formulae from Table 1
and by Remark 1.1 we obtain the desired results. O

Theorem 6.2. Let H = L(F,,) be the line graph of flower graph F,,. Then

M;(H) = 2n(4n + 17)

M{*(H) = 26n

M3 (H) = n(8n + 47)

4V/6

8) GA4(H)=2n|(n+1)+ *5[
(9) DE{(H) = n[8n* 4 24n + 150]

(10) DEy(H) = 8n* + 20n3 4 7002 + 311n

Proof. The line graph H of flower graph F,, has 4n vertices and 2n%+ 6n edges. Based on
the degree and eccentricity of vertices of H we partition V(H) into subsets as shown in
Table 18 and also we partition E(H) based on the degree and eccentricity of end vertices
of edges in H as shown in Table 19. Using the information in these tables, formulae from
Table 1 and by Remark 1.1 we obtain the desired results. O

Observation 6.3. The average eccentricity of line graph of gear graph, friendship graph,
helm graph and flower graph is constant.

7. CONCLUSIONS

In this paper eccentricity based topological indices for crown graph, gear graph, friend-
ship graph, helm graph flower graph and their line graphs are computed.
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