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ON ZAGREB INDICES OF DOUBLE VERTEX GRAPHS
S. SAMPATH KUMAR!, R. SUNDARESWARAN!, M. SUNDARAKANNAN*

ABSTRACT. Let G = (V, E) be a graph with at least 2 vertices, then the double vertex
graph Uz(G) is the graph whose vertex set consists of all 2-subsets of V' such that two
distinct vertices {z, y} and {u, v} are adjacent if and only if |{z, y} N {u, v}| =1 and
if x = u, then y and v are adjacent in GG. Similarly, the complete double vertex graph,
denoted by CU2(G), has vertex set consists of all unordered pairs of elements of V' and
two distinct vertices {z, y} and {u, v} are adjacent if and only if [{z, y} N {u, v}| =1
and if z = u, then y and v are adjacent in G. In this work, we compute the zagreb indices
of double vertex and complete double vertex graphs.

Keywords: Double vertex graph, Complete Double vertex graph, Zagreb Index, Hyper-
Zagreb index.
AMS Subject Classification: 05C72

1. INTRODUCTION

We consider, a finite undirected and connected graph G = (V, E)) with neither loops
nor multiple edges. The order and size of G are denoted by n and m, respectively. The
degree of a vertex v in G is the number of edges incident to v and is denoted by degg(v).
For graph theoretic definitions which are not seen here can be found in [14].

In [1,3], the authors introduced the following definition. The double vertex graph (resp.
complete double vertex graph) Us(G) (resp. CUs2(G)) of G is the graph whose vertex set
consists of all 2-subsets of V' (resp. all unordered pairs of elements of V') such that two
distinct vertices {z, y} and {u, v} are adjacent if and only if [{z, y} N {u, v}| =1 and if
x = u, then y and v are adjacent in G, see Fig. 1.

Let  and y be any two vertices of the connected graph G. Then
dega(x) + dega(y), x not adjacent to y
degu, ) = d .

ega(z) + dega(y) — 2, x adjacent to y
Similarly, if x and y are any two vertices of the connected graph G, then
dega(x), r=y

degc(x) + dega(y), = #y

degcu,(q) =
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Figure 1. Double Vertex Graph and Complete Double Vertex Graph of Cj

In [11], Gutman and Trinajstié¢ introduced Zagreb indices. The first and second Zagreb
indices are

Mi(G)= 3 degg(u) +degg(v) = Y degg(u)®

weE(G) ueV(G)
My(G) = 3 degg(u)degg(v)
weE(G)

Some recent results on the Zagreb indices were reported in [4-7,12], where also references
to the previous mathematical research n this area can be found. These indices , reflect
the extent of branching of the molecular carbon-atom skeleton, and can thus be viewed as
molecular structure-descriptors [2,13].

Do 3li¢ [8] introduced the first and second Zagreb co-indices as

Mi(G)= > dega(u)+ dega(v)

L wéE(G)

My(G)= > degg(u)dega(v)

wéE(G)

The Forgotten topological index [9] is defined as

F(GQ)= Y degg(u)®= Y [dega(u)?+ degg(v)?].

ueV(G) weE(G)

Shirdel et al. [15] introduced The modified version of Zagreb indices, named “hyper-
Zagreb index” and is defined as:

HM(G)= > l|degc(u) + dega(v)]*.

weE(G)

In this paper, we calculate first and second Zagreb indices of the Us(G) and CUs(G).

Throughout this paper, we denote {u;, u;} as u;u;.

2. ZAGREB INDICES OF DOUBLE VERTEX AND COMPLETE DOUBLE VERTEX GRAPHS

Theorem 2.1. Let G be a graph with n > 2 with m edges. Then
Ml(UQ(G)) = (TL — 6>M1(G) + 4m(m + 1).

Proof: By definition,
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M (Ux(G)) = Y deguyo)(wing)?
uinEV(UQ(G))
= Z degUQ(G) (’U,Z‘Uj)Q + Z degUQ(G) (uiuj)Q
ujuj €E(G) uu; EE(G)
= > (dego(w) +dega(us) —2)° + > (dega(us) + dega(uy))”
uju EE(G) uu; EE(G)

= > ldega(ui)® + dega(ug)? + 2dega (us)dega (u))]
u;,u; €V(G),i<j

— 4 ) [dega(w) +dega(uy)) +4 > 1

ujuj EE(G) ujuj EE(G)
= (n=1) Y dega(u)’+ > [2dega(ui)dega(u;)]
u; €V (Q) ug,u; €V (G),i<j
—AM(G) + 4m

= (n—=5)Mi(G) + 4m + 2M(G) + 2M>(G)

(n — 5)M;1(G) + 4m + 4m? — My (G)

(n —6)M;1(G) + 4m(m + 1).

Theorem 2.2. Let G be a graph with n > 2, then

My (U2(G)) = B3m + 4)M1(G) + (n — 12)Ma(G) — 2F(G) + 12t(G), where F(G) is the
Forgotten topological index and t(G) is the number of triangles in G.

Proof:
Let G be a graph with vertex set V(G) = {u1, ua, ..., u,} and let V(Ua(G)) = {uu; :
1 <i < j <n}. Then by definition,

My(Ux(G)) = ( )Z( ) degu, (e (uiug)degy, ) (uite)
Uiz )~ (U;Ug
= X >, deguyq)(uiuj)degy,q)(uite)

u; €V(G) ujur € E(G—uy)
First we partition the edge set of G — u; into three sets R, Ro and R3 as follows, see
Fig. 2.
Let R; = {’U,]‘UZ S E(G) ’ (ulu])(uzug) € E(UQ(G)), Uilj, Uity € E(G)},
Ry = {uj-w € E(G) | (uzuj)(ulw) € E(UQ(G)), UiU; € E(G) and wu;uy ¢ E(G)}
R3 = {ujw € E(G) ‘ (uzuj)(ulw) € E(UQ(G)), UiUj, Uiy € E(G)} .

R1 R2 R3

Figure 2. Edges of type R1, Ro, R3 of E(G — u;)
( dotted lines and bold lines indicate non-adjacency and adjacency, respectively.)
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It is straightforward to see that the edge induced subgraph (R; U Ry U R3) is isomorphic
to G —wui, 1 <i < |V(GQ)|.

Hence,
My(Us(G)) = X { > {(dega(wi) + dega(uj))(dega(wi) + deg (ue)) }
u, €V(G) uj;;ﬁ;le

+ > {(dege(wi) + dege(uy) — 2)(dege (ui) + dege(ue))}

+ 2 {(dega(us) + dega(u;) — 2)(dega(ui) + dega(ue) — 2)} }
= . g/:(G) { . uEéR {degg(ui)2 + dega(u;)dega(u;) + dega (u;)dega (ue) + degg(uj)degg(ug)}

i b
+ ZéR {alegg(ui)2 + dega(ui)dega(u;) + dega(ui)dega (ue) + dega(uj)dega (ue)
ujug€Ra
vy

—2dega(ui) — 2dege(ug) }

+ > {degg(ui)Q + dega(ui)dega (uj) + dega(ui)dega(ue) + dega(uj)dega (ue)
u;ugER:
il
—2dega(u;) — 2dega(uj) — 2dega (u;) — 2dega(ue) + 4}

Combing the first four terms of each of the sums over R, Re and R3, we have

My(U2(G)) = > { > {deya(uz‘)2+d€gG(uz‘)d€9G(uj)+d€9G(Uz‘)d69@(W)
w€V(G) | vjur€ E(G—uy)

+dega<uj>dega<ug>} S {~2dego(us) — 2dege(ug))

ujug€ R
i#£5,L
+ > {—2degq(wi) — 2dega(u;) — 2dega(ui) — 2dege (ug) + 4}}
u;ugER:
il
My(Us(G)) = > {|E(G — u;)|degg(ui)? + degg(u;) M1(G — u;) + Ma(G — uz)}
u; €V (Q)
+ > { S° {—2degg(u;) — 2dega(ug)}
u; €V(G) | ujur€Ro
i#3,¢
+ > {—2degq(wi) — 2dega(u;) — 2dega(wi) — 2dega (ue) + 4}}
’U,jugERg
i#£j,l

= 571 + 59, where

Si= > |E(G — ui)\degg(ui)2 + degg(ui) M1 (G — w;) + Ma(G — ul)} and
u; €V (Q)
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So= { > {—2dega(ui) — 2deggue) }+

u, €V (GQ) | ujur€R2
)
> {—2degc(ui) — 2dege(uj) — 2dege (wi) — 2degea (ue) + 4}}
u;ugER.
e
Now,
Si= X {(lE(G)IdegG(Ui))degc(w)z+d€gc(uz’) [Ml(G) - > (dega(us) +d690(ur))]

u, €V (G) ur €N (u;)

@) - 5 {desotudeactun) |
ur €N (u;)
=|BE(G)|Mi(G) = ¥ dege(wi)® +2|E(G)|Mi(G) — X dega(ui)®
i €V(G) w; €V(G)

= 2 dega(ui)) >0 degg(ur) +|V(G)M2(G) — >0 dega(ui) > dega(ur)

u; EV(G) urEN (u;) u, €V (G) ur €N (u;)
=3|E(G)|M(G) =2 X dega(w)® +|V(G)|M(G) =2 > dega(wi) > degg(ur)

u, €V (G) u; €EV(QG) wr €N (u;)
=3|E(G)|M(G) =2 Y degg(ui)® + [V(G)|M2(G) — 4Ma(G),
since Y. dega(u;) Y. degg(u,) =2M3(QG)
w €V(G) ur€N (u;)
= 3mM1(G) — QF(G) + (n — 4)M2(G)
Sy = Z Z {—Qdegg(ui) — 2d€gg(Ug)} + Z { . 2degg(ui)
uiEV(G) ujup€ R ujup€R3
i#£j 0 i#j5,L

—2dege(uj) — 2dega(us) — 2dege(ug) + 4}}

= Y { S {—2dege(u;) — 2dega(ug)} + > { — 2degq (u;)
u; €V (G) | ujur€Rz ujug€R3
i#3,¢ i#J,¢

—2dega(uj) — 2dega(ui) — 2degg(u4)} + 4t(ui)},

where t(u;) is the number of triangles containing w;.
In the sums over Ry and Rs, we investigate how many times, the term degg(u;) is

counted. Hence,

Sy =3 u; € V(G) > > (—2degg(ue)) + X > (—2dega(ue)) + 4t(u;)
ur €N (u;) urugiE(G) ur €N (u;) urugiE(G)
UpF U4 UgFUs

=2x ) { > (—2dega(ur)dega(ui) + 2dega(uq)) } +12(G),

w; €V(G) | ur€N(u;)
4 » { ¥ degalu)degalu) f+4 X 3 (dega(u) +124(G)
w; €V(G) *~ ur€N(u;) w; €V (G) ur €N (u;)

SQ = —SMQ(G) +4 Z degg(ui)Q + 12 t(G) = —8M2(G) + 4M1(G) + 12 t(G)
’u,Z‘EV(G)
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Therefore, M2(U2(G)) = 3|E(G)|M1(G) — 2F(G) + ([V(G)| — 4)M2(G) — 8M2(G) +
AML(G) + 12 H(G)

= (Bm+4)M1(G) + (n — 12)M3(G) — 2F(G) + 12 t(G),
where F'(G) is the Forgotten topological index and ¢(G) is the number of triangles in
the graph G.

Theorem 2.3. Let G be a graph with n > 2. Then, M1(CUs(G)) = (n — 1) My(G) + 4m?.

Proof.
Mi(CUx(G) = X [degcuy(c)(uiug) + degeu,(c) (uiug)]

(wiugz)~(uiue)

= > { > [degouy e (wins) + degou, ) (uive)]
wev(a) L ui=y
uju€E(Q)

+ [degCUQ(G)(uiuj)+degCU2(G’)(UiU€)]}

Ui AU
uju€E(G)
= Z { Z [degg(u,-) + degg(ui) + degg(ug)]
u; €V (G) Wi=uj
uiug€EE(G)

Y ldega(us) + dege(u;) + dege(us) + dege(ug) }
ujuéeE](G)

= (n—1) M (G) + 4m?

Theorem 2.4. Let G be a graph with n > 2. Then,
My (CU3(G)) = 3mM;(G) + (n — 2)My(G) — F(G).

Proof.
My(CU(G)) = X [degous, ) (wing)degou, ) (wiu)]

(uiug) ~ (uiue)

= > { > [degou, () (wivi)degou, ) (uiug) |
U; GV(G) Ui="Uj
uiue€EE(QG)

+ ; [deQCUz(G)(Uiug')d€90U2(G)(uz-Ue)]}
ujuZGEJ(G)

= 3 { > [degg(ui) <degg(ui) + deg(;(Ug)>:|
wev(a) U ui=u;
uiugEE(G)

S [(degc(ui) +degG(Uj)> <d€9G<“i) t degG(W))} }

Wi FUj
uju€E(G)

. { S [dege(us)? + dege(us)dege (ur)]

Ug EV(G) Ui =Uy
uue€E(QG)

+ ; [dega (ui)? + dega (ui)dege (ue) + dega (ui)dege (uj) + dega(uj)dega (ur)) }
ujuZGEJ(G)
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= 3 { > [dega(ui)? + dega(ur)dega(us))
w €V(G) Lurus€E(G)

Y degolus)dege(uy) + dege(us)dege (ue)] }
uj u;;éEE[(G)
,L j7

= B degatm)? + M@+ T [deg(;(ui) (degawj) i degG(W))]
w; €V (G) uﬂgée],Eg(G)
= |E(G)|M1(G) + |V(G)|M2(G) + | %:(G) {degc(u;) M1 (G — u;)}

= |E(G)[M1(G) + [V(G)|[M2(G) + 32 dega(wi) {M1(G) - X <d€gG(ui) + degc(%))}
u, €V(G) ur €N (u;)

= 3mM,(G) + (n — 2)Ms(G) — F(G).

3. HYPER-ZAGREB INDEX OF DOUBLE VERTEX GRAPHS

The hyper-Zagreb index of G is defined as HM(G) = Y [degg(u) + dege(v)]?. In
weFE(G)
this section we calculate HM (Uz(G)) and HM (CUx(G)).

Remark 3.1. We know that, HM(G) = Y. [degg(u) + dega(v)]? = F(G) + 2Ms(G).

weE(G)
Proof. HM(G) = Y. (degg(u)+ degg(v))?
weE(G)
= > (dega(u)? + dega(v)? + 2dega(u)dega (v))
weE(G)
= Y (degg(u)? +degg(v)?) +2 >  degg(u)degg(v)
weE(G) weE(G)

= F(G) + 2M>(G).

Theorem 3.1. Let G be a graph with n > 2. Then
F(Us(@)) = (6m + 12)M1(G) + (n — 10)F(G) — 12M3(G) — 8m.
Proof. F(U2(G))= > (deg?]Q(G) (usuj) + deg%Q(G) (ujup))

UiUj~UUG

N Z { . 23 [(dege(ui) + dega(ug))? + (dege(ui) + dega(ue))?]
+ > [(dega(wi) + dega(uj) — 2)* + (dega(u;) + dega(ue))?]

ujugER2

+ Z [(degg(ui) -+ degg(uj) — 2)2 + (degg(ui) + degg(Ug) — 2)2] }

ujugER3

= Z {Q‘E(G - uz)]degé(uz) + F(G — uz) + QdiMl(G — uz)}
+> { > (—4degg(ui) — 4dega(uj) +4)
ui \ ujul€Ra

LY (~8degeus) — Adege(uy) — Adege(ug) + 8) }

ujul€R3
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=6mMi(G)+ (n—6)F(G) —4Mx(G)+>° > 4+ > 8

Usq ujUgERQ Uq ’U,jU[GRs
+2 Z( ) ((dega(ur) — 1)(—4dega(uq))) — 432 Z( | (degq (ui)(dega(ui) — 1))
Ui upr€N (u; Ui upr€N (u;

= 6mM;(G)+(n—6)F(G)—4Ma(G)+>_ 4(dega(u;)(dega(u;) —1) —2t(u;)) —i—Z 8t(u;) —

8My(G) +4M1(G) =432 32 (degg(ui) — dega(ui))
Ujg ureN(ui)
— 6mM1(G) + (n — 6)F(G) — AMy(G) + 4M, (G) — 8m — 24(G) + 24H(G) — 8Ms(G) +
— (6m +12)M;(G) + (n — 10)F(G) — 12M>(G) — 8m.
Theorem 3.2. Let G be a graph withn > 2. Then F(CUs(G)) = (n—5)F(G)+2HM (G)+
6mM;(G) — AMs(G).
Proof. We know that F(CUx(G)) = > (degéUQ(G) (wjuy) + degQCU2(G) (uiug))

UG U~ U Up

w; €V (GQ) \ ujui~uzup

+ X (deg%UQ(G) (uiuj) + deg%%(g) (u@ug)) }

WiUj ~UUG

= 3 { S <degé(ui)+(degg(ui)—i-degg(Ug))Q)
w; €V (G) \ui~ug

+ 5 ((degalu) + dega(us)* + (degolu) + dege(uo)?) |

Uj~Ug

=>u; € V(G){degg(ui) + 3 (dega(us) + degg(ug))?

u;~ul

+ X (2deg(ui) + degg (uj) + degi(ue) + 2dege(ui)(dege(uj) + dega(ur))) }

=>u; € V(G){F(G) +2HM(G)
+ E%:(G) (2|E(G — w;)|deg?.(ui) + F(G — u;) + 2dega(ui) Mi (G — u;)) }
— (n— 5)F(G) + 2HM(G) + 6mM(G) — 4My(G).

Corollary 3.1. The hyper-Zagreb index of the double vertex of graph Us(G) of G is
HM(U(G)) = (12m + 20) M1 (G) + (2n — 36) M2 (G) + (n — 14)F(G) — 8m + 24t(G).

Proof. By Remark 3.1, HM(G) = F(G) + 2M>(G) and now the proof follows from
Theorems 2.2 and 3.1.

Corollary 3.2. The hyper-Zagreb index of the complete double vertex of graph CUs(QG)
of G is HM(CUy(Q)) = 12mM,(G) 4+ (2n — 8)M2(G) + 2HM (G) + (n — 7)F(G).

Proof. Now the proof follows from Remark 3.1 and Theorems 2.4 and 3.2.
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