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GENERALIZED FIXED POINT RESULTS WITH MULTI-VALUED
MAPPINGS

P. KONAR!, A. K. JANAZ R. B. DAS?, S. K. BHANDARI? R. R. DEVI! ,§

ABSTRACT. In this article we deduce fixed point results for multi-valued contraction
mappings. We primarily established two fixed results. One of them is the generalization
of Nadler’s contraction and the other result is the generalization of Mizoguchi-Takahashi’s
contraction. Some corollaries have been obtained from the main results and our results
generalize some of the existing results. Illustrative examples are also constructed to
support our main results.
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1. INTRODUCTION

Metric fixed point theory is one of the important tool for the existence of fixed point and
allied problems for self mappings under different mathematical conditions. The method
provides solutions for fractional differential equation, functional and matrix equations,
integral equations etc. In this line of research, Banach [1] proved the Banach contraction
mapping principle in 1922 and has been generalized in numerous research article [2], [3],
[5], [4], [7]. Some preliminaries and basic works in this field are as follows.

Let (X, d) be a metric space . We denote by CB(X)[# {¢}] the family of closed and
bounded subsets of X. Define D(z, A) := inf{d(z,a) : Va € A}, where A, B € CB(X),
and z € X and H(A, B) :== max{sup D(a, B),sup D(b, A)}.

acA beB

H(-,-) is known as the pompeiu-Hausdorff distance on CB(X).
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Definition 1.1. An elements x € X is a fixed point for a multi-valued mapping T : X —
CB(X), if such that x € T(x).

If (X,d) is a complete metric space then (CB(X), H) is a complete Hausdorff metric
space. (Lemma 8.1.4, of [13]).
Nadler [10] extended the Banach contraction mapping principle [1] to set-valued mappings
in the year 1969. In 1989, Mizoguchi and Takahashi [9] extended the Nadler’s theorem.
Some of the existing literatures in this line are [6], [8], [11], [12], [14]. We have calculated
the generalized form of Nadler’s fixed point theorem and the gerelazied form of Mizoguchi
- Takahasi fixed point theorem.

Example 1.1. Every single valued mapping can be interpreted as a multi-valued mapping.
Let f: X =Y be a single valued mapping. Consider T : X — 2Y by Tx = {f(z)}. It may
be noted that T is multi-valued mapping iff for each x € X, Tx CY. Unless otherwise we
always assume T'x is non-empty for each x € X.

Definition 1.2. Let (X, d) be a metric space. A map T : X — CB(X) is said to be multi
valued contraction such that H(Tx,Ty) < Md(z,y), for all x,y € X, where 0 < X < 1.

Nadler [10] extended the Banach contraction mapping principle [1] to set-valued map-
pings in the year 1969. We have calculated the generalized form of the theorem of Nadler
and Mizoguchi et. al.

Lemma 1.1. [10] Let (X, d) be a metric space and A, B € CB(X). Then for each a € A
and € > 0, there exists an b € B such that d(a,b) < H(A, B) +e.

Theorem 1.1. (Nadler [10]) Let (X,d) be a complete metric space and let T : X —
CB(X) such that H(Tz,Ty) < ad(z,y) for allz,y € X, 0< a < 1.
Then T has a fixed point.

Theorem 1.2. (Mizoguchi and Takahashi [9].) Let (X,d) be a complete metric space and
let T: X — CB(X) such that H(Tz,Ty) < a(d(z,y))d(z,y) for al z,y € X
and o : [0,00) — [0, 1) satisfying liHEr sup as) < 1 for allt € [0,00).

s—t

Then T has a fized point.

2. MAIN RESULTS

Theorem 2.1. Let (X,d) be a complete metric space and T : X — CB(X) be a mapping
such that

H(Tz,Ty) <and(z,y) + asD(x,Tz) + asD(y, Ty) + au[D(x, Tz) + D(y, Ty)]
+as[D(x, Ty) + D(y, Tx)] + as[D (2, Tx) + D(y, Tx)]
+ar[D(y, Ty) + D(x, Ty)]

forallx,y € X, where a; >0 (i = 1,2,...,7) and a1 + ag + ag + 204 + 205 + ag + a7 < 1.
Then T has a fized point.

altogtogtastastar

Proof. Let g € X, x1 € Txy and we consider r = (a5 tartast2an)

If r = 0 then the above theorem is trivially hold.

Assume that r > 0.
Then by lemma 1.1, we have
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dzg € Txy; d(xy,22) < H(Txo,Tx1) + 71,
dzg € Txo; d(xg,x3) < H(Tx1,Txs) + r2,

rpt1 € Txn; d(xn, tpy1) < H(Txp—1,Txy) + 17,
Hence , we have
d(xp, Tps1) <H(Txp—1,Tx,) + 1"
<ond(zp—1,2n) + aaD(xp_1,Txn_1) + asD(xp, Txy)
+ ay[D(xp—1,Txn_1) + D(xp, Txp)] + as5]D(zpn_1,Txyn) + D(xp, Txp_1)]
+ ag[D(xp—1,Txn_1) + D(zp, Txpn-1)] + a7[D(xp, Txy) + D(xp-1,T2y)] + ",
<ond(zp—1,xn) + a2d(Tp-1, Tn) + azd(zy, Tni1)
+ ayld(zn—1,2n) + d(zn, Tnt1)] + as[d(@n—1, Tnt1) + d(zn, T0)]
+ agld(zn—1,2n) + d(zn, xn)] + a7[d(@n, Tnt1) + d(Tpn—1, Tnt1)] + 77,
<(a1 + a2 + ag + ag)d(zp—1,2n) + (a3 + a4 + a7)d(zy, Tni1)
+ asld(xp—1,xn) + d(xp, Tni1)] + @z[d(zp—1,2n) + d(Tpn, Tpt1)] + 7",
[By triangle inequality]
= (a1+aotag+ast+asg+ar)d(zp—1, zn)+ (a3 +as+as+207)d(zy, Tpyr)+7",
which implies,
{1 — (a3 + s+ as +2a7) Yd(zp, Tny1) < (a1 + a2+ as+ as + ag + ar)d(xp—1, z,) + 17,
that is, d(xn, Tnt1) < rd(xn—1,zn) + for all n € N.
Continuing the process, we have

,,,.’VL
1—(az+as+as+2ar)’

nrt
1—(0&34—0&44—0&5—1—20&7)

d(Tp, Tpy1) < rd(xo,x1) + , for alln € N.

Now
o taxtostastagtar
1 — (a3 + ay + as + 2a7)

<1

oo
So, > d(xn,Tpt1) < 00.
n=1
Hence, {z,} is a Cauchy sequence in X.

By completeness of X, there exists z* € X such that li_>m Ty = .
n—oo

Now,
D(z*,Tx") < d(z*, zp+1) + D(xps1, Tx™)
d(z*, xpy1) + HTxy, Ta")
d(z*, zpi1) + crd(xn, %) + aoD(xy, Txy) + asD(z*, Tx™)

+ ou[D(zp, Txy) + D(x*, Ta™)] + as[D(zp, Tx") + D(z*, T'xy)]

+ ag[D(xn, Txy) + D(z*, Txy)| + a7[D(2, Tx™) + D(zp, Tx™)], forallne N
<d(x*,xpi1) + ard(xn, %) + agd(xy, Tpt1) + asD(x™, Ta™)

+ ayd(p, Xpi1) + D™, Tx")] + as[D(zy, Tx™) + d(x*, 2p41)]

+ agld(Tpn, Tni1) + Az, 2pg1)] + a7[D(a™, Tx*) + D(xy, Tx")], for alln € N

INIACIA

Taking a limit n — oo ,we get
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D(z*,Tx*) < (a3 + a4 + a5 + 2a7) D (z*, Tx™)

Hence,
D(z*,Txz*) = 0. (since, ag + aq + a5 + 2a7 < 1)
It follows that «* € Tx*.
Therefore, {z*} is a fixed point of T O

Example 2.1. Let X =[0,1]. Defined: X x X — X by d(z,y) = |z —vy|, forallz,y €
X. Then (X,d) is a complete metric space . Now consider the mapping T : X — CB(X)
define by Tx = [0, {5], where x € [0, 1].

Let us assume

_ 1 _ 1 1 1 _ 2 _ 1
041—5,042— 7a3_ﬁaall_%aafi_ﬁaaﬁ_gaa?_ﬁa so that

a1+ ag + ag + 204 + 205 + g + 3a7 < 1

o=

1$ satisfied.
Now, we have to consider the following two cases:

Case I:
If x,y € [0,1]. The contractive condition of theorem 2.1 is trivially hold for the case when
z =y =0.

Case II:
Suppose without any loss of generality, we can take r <y and x,y # 0.

Then,
d(z,y) = |z —y|, D(x,Tz) =9, D(y,Ty) =¥, D(z,Ty) = |z — &| and

L.HS=H(Tz,Ty) = Ma:v{ sup D(a,Ty), sup D(b, TZL‘)}
a€Tx beTy

= Maa:{ su%) [inf{d(a,p) : Vp € Ty}, bsu%) [inf{d(b,q) : Vq € Ta:}]}
a€Tx €y

= Maz{ sup_[inf{d(a,p): ¥p € [0,-5]}], sup [inf{d(b,q): Vg € 0,711}
a0, 107" pejo, 2 10

r oy r oy
- M LIy Y
ax{0, 135~ 101 = I3 ~ 10!

R.H.S = aqd(z,y) + aaD(x,Tx) + asD(y, Ty) + ayu[D(x, Tx) + D(y, Ty)]
+as[D(x, Ty) + D(y, Tx)] + as[D (2, Tx) + D(y, Tx)] + a7[D(y, Ty) + D(x, Ty)],

1’ H_lgac_i_19y+1[9:1;_1_£{y}_’_1H yH_‘ a:|]+2[93:+‘ a:}
= —|r— 4L [+ 2]+ [l - = - — —[— - —
9" YT 610 " 7210 T 3610 T 100 T 18 10/ T 10" ol T T 10
1 9y Y
+5glio HlE gl
1 91 1 2. 9y 1 1 1 y o1 1 1
=gl Ut Gt Ty Tl tag P Pl pllg t s v llg *
1| |+3az+13y+2 y|+5| a:|
= —|x— —F —+ =z - =+ =ly——
gt T YIT Toa0 T 27 T 10 T 18 T 10

Therefore, L.H.S < R.H.S. for all x,y(x < y) € [0,1] and all the conditions of theorem
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2.1 are satisfied. Hence, we have TO = 0, that is, {0} is a fized point of T

Corollary 2.1. Let (X,d) be a complete metric space and let T : X — CB(X) such that
H(Tz,Ty) < ad(z,y) + B[D(z, Tx) + D(y, Tx)] +v[D(y, Ty) + D(z,Ty)] Y,y € X,
where o, 8,7 >0 and o+ f + 3y < 1.

Then T has a fixed point.

Proof. By the substitutions of oy = «, ag = B, a7 = v in the theorem 2.1, we can obtain
the proof of the corollary where a; =0 (i = 2,3,4,5). O

Corollary 2.2. (Nadler [10]) Let (X,d) be a complete metric space and let T : X —
CB(X) such that H(Tz,Ty) < ad(z,y) for adlz,y € X, 0 < a < 1.
Then T has a fized point.

Proof. We can obtain the proof by putting a3 = a and o; = 0(i = 2,3,...,7) in the
theorem 2.1. 0

Corollary 2.3. ([11], [12]) Let (X,d) be a complete metric space and T : X — CB(X)
such that H(Txz,Ty) < B[D(xz,Tz) + D(y,Ty)] forallz,y € X and § € [0, %)
Then T has a fized point.

Proof. The proof follows by putting ay = f and o; = 0(i = 1,2,3,5,6,7) in the theorem
2.1. ]

Corollary 2.4. ([5]) Let (X,d) be a complete metric space and let T : X — X such that
d(Tz,Ty) < ad(z,y) + Bld(z, Tz) + d(y, Ty)] + y[d(z, Ty) + d(y, Tx)] for all z,y € X,
where a, 8,7 >0 and a+ 28+ 2y <1. Then T has a fixed point.

Proof. If we put g = a,aq4 = ,a5 =y and o; =0 (i = 2,3,6,7) in the theorem 2.1. [

Corollary 2.5. ([4]) Let (X, d) be a complete metric space and let T : X — CB(X) such
that H(Tx, Ty) < ad(x,y) + B[D(z, Tx) + D(y, Ty)| + v[D(x, Ty) + D(y, Tx)] Va,y € X,
where a, 8,7 > 0 and a + 28 + 2v < 1.

Then T has a fized point.

Proof. By the substitutions of oy = «, a4 = B, a5 = v in the theorem 2.1, we can obtain
the proof of the corollary where a; =0 (i = 2,3,6,7). O

Corollary 2.6. ([4]) Let (X, d) be a complete metric space and let T : X — CB(X) such
that H(Tz,Ty) < v[D(z, Ty) + D(y,Tz)] for all z,y € X, where v € [0,3) .
Then T has a fized point.

Proof. By the substitutions of as = - in the theorem 2.1, we can obtain the proof of the
corollary where o; =0 (i = 1,2,3,4,6,7). O

Theorem 2.2. Let (X,d) be complete metric space and Ty, Ty : X — CB(X) be a two
multi-valued mappings, such that

H(Tyx, Tyy) < oy (d(x, y))d(z,y) + az(d(z,y))D(x, Tiz) + as(d(z,y))D(y, Tay)
+ aa(d(z,y))[D(z, Tiz) + D(y, Toy)] + as(d(z, y))[D(z, Toy) + D(y, T1z)]
+ ag(d(z, y))[D(@, Tiz) + D(y, Thz)] + ar(d(z,y))[D(y, T2y) + D(z, Toy)]
for all x,y € X,where a; : [0,00) — [0,1) (i = 1,2,...,7) such that
ar(t) + 1 — as(t) — ag(t) — 204(t) — 2a5(t) — ag(t) — 3az(t)

o) 1 [0,00) = [0,1) by ay(t) = 2
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and
a1 (t) + aa(t) + as(t) + 2a4(t) + 2a5(t) + as(t) + 3az(t) < 1

and

lim su ai(t) + ao(t) + ay(t) + as(t) + ag(t) + az(t)
n—o0 p 1 — [as(t) + au(t) + as(t) + 2a7(t)]

<1 forallt € [0,00) (1)

Then Ty and Ty have common fixed point.

[e%1 (t)+17a3 (t) —Q2 (t)72014 (t) —2as (t) —Q6 (t)73a7 (t)

Proof. By assumption o] : [0,00) — [0,1) by o () = 5
for t € [0,00). Then we have the followings:

a1 (t) < & (t), for all ¢ € [0, 00) (2)

. a1 (t) + aa(t) + aq(t) + as(t) + as(t) + ar(t)
n—o00 1— [Ozg(t) —+ a4(t) + a5 (t) + 2&7(t)]

<1, forallte]l0,00) (3)

For z,y € X and p € Thx there exists ¢ € Thy such that

d(p,q) < i (d(z,y))d(x,y) + az(d(z,y))D(z, Tiz) + as(d(z.y)) D(y, Tey)
+ au(d [D(z, Tiz) + D(y, Tay)] + as(d(z,y))[D(z, Tay) + D(y, Tiz)]
+ ag(d [D(z, Tyz) + D(y, Tv)] + a7 (d(z, y))[D(y, Tay) + D(z, Tay)]  (4)

(z,9))
(z,9))

)

Putting p = y in (4), we obtain

For x,y € X and y € T1x there exists q € Thy (5)

such that

d(y,q) < oy (d(z,y))d(z,y) + a2(d(z,y)) D(z, Tiz) + as(d(z, y)) D(y, Toy)
+ au(d(x,y))[D(z, Triz) + D(y, T2y)] + as(d(z, y))[D(z, Toy) + D(y, Tiz)]
+ as(d(z,y))[D(z, Tiz) + D(y, T1z)] + az(d(z, y))[D(y, Toy) + D(z, Try)]

We define sequence {z2,} such that z; € Tixg and xo,41 € Thxoy, i.€.,Tont1 = T1Toy.
Similarly we can have zo € Tox and xopy2 € Toxon 1 i.€.,Tonto = ToToni1.
Then we get,
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d(zoni1, Tonso) < oy (d(Ton, Tont1))d(Ton, Tont1) + o (d(@on, Ton 1)) D (zon, Tizon)

+ as(d(w2n, T2n+1)) D(Ton+1, Tor2n+1)
+ au(d(z2n, T2n+1))[D(z2n, Tizan) + D(z2nt1, Toxon1)]
+ a5 (d(@2n, Ton+1))[D (@20, Toront1) + D(T2n41, Ti22n)]
+ as(d(z2n, 2nt1))[D(2n, Tix2n) + D(2n41, T1720)]
+ a7(d(Tan, T2n+1)) [D(T2n+1, T2T2n+1) + D(@2n, Tow2n+1)],
< o) (d(T2n, T2041))d(T 2, T2n41) + 02 (d(@2n, Tons1))d(@2n, Tons1)
+ ag(d(zan, Tan+1))d(@2n+1, Tant2) + aa(d(Tan, Tan41))[d(T2n, Tont1) + d(T2n41, Tant2)]
+ a5 (d(@2n, T2n+1))[d(@2n, Tont2) + d(T2n+1, Tant1)]
+ ae(d(z2n, Tan+1))[d(T2n, Tant1) + d(T2n+1, T2nt1)]
+ az(d(zan, T2n+1))[d(T2n+1, T2n+2) + d(T20, Tont2)]
< Oéll(d(xgn, Zon+1))d(Ton, Tant1) + aa(d(zon, Tont1))d(Ton, Tont1)
+ a3(d(w2n, ant1))d(T2n41, Tany2) + a(d(@2n, Tont1))[d(@2n, Tont1) + d(@2n41, Tont2)]

(d( )
+ as(d(2on, ant1))|
+ ar(d(z2n, ant1))[d(Tont1, Tong2) + d(X2n, Tant2)]

[by triangle inequality]
which implies,

P
d(xon+1, Tant2) < ad(xQnafl:Qn—‘rl)

foralln € N
where, for all n € N,

P ay(t) 4 az(t) + ag(t) + as(t) + agt) + az(t)

i , t = d(on, Tont1)

Q 1 —[as(t) + as(t) + as(t) + 2a7(t)]
Therefore,

R
d(x2n41, Tont2) = gd($2n7$2n+l)
< d(xopn, Ton+1) (using (4))

where

R . Oél(t) +1-— ag(t) + Otz(t) + ag(t) - Oz7(t)

S 201 — {as(t) + aa(t) + as(t) + 2a7(t)}]

t, t = d(xom, Tant1)

which implies,
d(zon+1, Tant2) < d(z2n, Tant1)-

Therefore {d(x2n, T2,n+1)} i a non-increasing sequence in X.
Hence {d(x2n, r2,+1)} converges to some non-negative integer 7.
Now, by (1), we get

d(zon, Tant1) + d(Ton+t1, Tant2)] + as(d(z2n, Tant1))[d(z2n, T2n+1)]

(6)
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) ) (8) + aa(s) + au(s) + as(s) + ag(s) + az(s)
sl—lfg sup 1 — [as(s) + au(s) + as(s) + 2a7(s)] <1

So, we have
0/1 (r) + as(r) + aa(r) + as(r) + ag(r) + az(r)

1 —[as(r) + aa(r) + as(r) + 2a7(r)]
Then there exists k € [0,1] and € > 0 such that

< 1.

0y () + az(s) + au(s) + as(s) + ag(s) + az(s)
1 — [as(s) + as(s) + as(s) + 2a7(s)]

We can take v € N such that r < d(z2p, xon4+1) < r+e€for all n € N with n > v.
It follows that, for all n € N with n > v,

<k, forallselrr+e.

P .
d($2n+1,962n+2) < *d(l‘zmﬂ«"znﬂ), (Usmg (6))

Q

< kd(xan, Tan+1)-

P
where k¥ = — and
Q

P _ a(t) +ax(t) + au(t) + as(t) + as(t) + ar(t) , _ .
Q 1= [os(t) + au(t) + as(t) + 2a7 ()] 20> Ton+1

This implies that

o0 v o0
> d(Tant1, Tansa) < YL d(won, Tong1) + Y kd(220, T2p1) < 00
n=1 n=1 n=1

Hence {x2,} is cauchy sequence in X.

Since (X, d) is complete metric space, then {zq,} converges to some point z* € X.
Now, we have

D(x*,Thz*) < d(z*,xon+41) + D(xon41, T1x™),
S d(fL'*,QTQnJrl) + H(TlfL'Qn,Tl-T*),
< d(z*, xan41) + /

aq (d(zopn, x7))d(xon, %) + az(d(xan, %)) D(x2n, Ti22,)
+ as(d(zan, x*))D(z*, Thz™) + as(d(zon, x™))[D(x2n, Tix2,) + D(z*, T1x™)]
+ as(d(xon, x¥))[D(xon, Tix™) + D(z*, Tixay,)]

+ ag(d(zan, %)) [D(xon, Tixen) + D(z*, Thzay,)]

+ ar(d(xon, %)) [D(x", Thz™) + D(xon, Thaz™)] for all n € N.

*

d(z*, Tyz*) < d(z*, 2on41) + o (d(@2n, 2°))d(T2n, %) + a2(d(22n, ) d(T2n, T2n41)
+ az(d(won, z)) D", Tha") + aa(d(z2n, 27))[d(z2n, T2nt1) + D(2”, Thz")]

+ as(d(xan, %)) [D(x2n, T12") + d(2™, 5254 1)]

+ ag(d(@2n, 7)) [d(T20, T2nt1) + d(T, T2041)]
]

+ az(d(xop, ™)) [D(x*, Thaz") + D(z2p, T1z*)] for all n € N.
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It follows that

D@, Tia") < lim inflas(d(@zn, ")) + a(d(wan, 2)) + as(d(@an, 2*)) + 27 (d(@20,2"))| D(a*, Tya"),

= Jim,inflas(s) + 0a(s) + 0s(s) + 207 () D", Tia”),
a1(s) + aa(s) + aq(s) + as(s) + ag(s) + az(s) . .
= sl—l>%l SUP{ 1 — [o(s) + au(s) + as(s) + 2a7(s)] }D(:c ).

On the other hand, we have

1(8)+az(s)+as(s)+as(s)+ae(s)+ar(s)
{ T—[a3 (5)Fa () Fas (5)F2a7 (5] } < L

lim sup
s—0t

Therefore D(z*, Ti2*) = 0
Since Tix* is closed, so, it follows that x* € Tix*.
Similarly if we can be established that x* € Tox™.
Thus {z*} is a common fixed point of T} and T».
O

Example 2.2. Let X = [0,1]. Defined : X x X — X by d(z,y) = |z —y|, for
all x,y € X. Then (X,d) is a complete metric space . Now consider the mappings
T:X — CB(X) defined by Trx = [0, {5] and Toy = [0, £], where x,y € [0,1].
Also consider the mappings o : [0,00) — [0,1)( = 1,2,...,7.) defined by

(t) = <= (t) = st (t) = Lo (t) = e (t):L
a1 T+t @2 21+t 43 T+atr M 8(1+e2) 95 8(1182)°
a6(t) = ¢, az(t) = &, for allt € [0,00) such that

[e%1 (t) + OQ(t) + ag(t) + 20(4(75) + 20&5(75) + Oéﬁ(t) + 3057(75) < 1. (7)

Therefore, using (6), we get 0 <t < 0.1206054 and subsequently

1(t) + ao(t) + aq(t) + as(t) + ag(t) + az(t } ~ lim sup{ (143t + 35)(1 + 3t) !
(1 +¢)(47 + 69¢)

n]g};o sup{ 1 — [as(t) + aa(t) + as(t) + 2a7(t)] n—00

< 1.

Now, we have to consider the following two cases:

Case I:
If x,y € [0,1]. The contractive condition of theorem is trivially hold for the case when
z =1y =0.

Case II:

Suppose without any loss of genemlity, we can take x <y and z,y # 0.

Then d(z,y) = |z—y|, D(z, Tiz) = %, D(y, Toy) = %y, D(x,Toy) = |x—%| and D(y, Tyx) =
v — 151-
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L.H.S =H(Tz,Tyy) = Max{ sup D(a,T>y), sup D(b, Tla:)},
ac€Tix beTry

= Maz{ sup [inf{d(a,p) : ¥p € Toy}], sup [inf{d(b,q) : Vg € Tiz}]},

acTiz beTry

= Maa{ sup [inf{d(a,p):¥p € [0, 2]}], sup [inf{d(b.q): Vg € [0, 15 ]}]}

€0, 57 pefo,x

=M — -2
arf0, |55 - L)}

_ |1£0 — %|, for all z,y € [0,1].

RS = an(d(z,)d(z, ) + ao(d(ar, ) D, Tur) + as(d(a, ) Dy, To)
+ au(d(z,y))[D(z, Thz) + D(y, Toy)| + as(d(z, y))[D(z, Toy) + D(y, T1z)]

+ ag(d(z,y))[D(z, Tz) + D(y, T1z)] + ar(d(z, y))[D(y, Toy) + D(z, Toy)],

|z — y|? 47y(24\x—y\3+801m—y[2+51|x—y\+89 9z 2|z — y|> + 6|z — y|? + 3|z — y| -

= Te -] TR Ty Ty vy R AT L TE e P e P
e _7|(17|x y\2+8)
8(1+ |z —yl?)
= |y ,7|(M)
8(1+ |z —y[?)
Therefore, L.H.S. < R.H.S. for all z,y(x < y) € [0,1].

Hence all the conditions of our theorem 2.2 are satisfied. Here we have T10 = T50 = 0,
that is, {0} is a common fized point of Ty and Ts.

Corollary 2.7. Let (X,d) be a complete metric space and let Ty, Ty : X — CB(X) be two
multi-valued mappings, such that H(Tyx, Toy) < a(d(x,y))[D(z, Tiz)+D(y, Toy)| for all x,y €
X, where a : [0,00] = [0,1) such that a(t) < & and liIIL sup a(t) < 3 for allt € [0,00).

s—t
Then T and To have a common fized point.

Proof. If we put ay(t) = a(t),a;(t) = 0,(: = 1,2,3,5,6,7) and for all ¢ € [0,00) in the
theorem 2.2. 1

Corollary 2.8. Let (X,d) be a complete metric space and let T1,T5 : X — CB(X) be two
multi-valued mappings, such that H(Tyz, Toy) < ay(d(z,y))d(z, y)+B(d(z,y))[D(z, Tyz)+
D(y, Toy)] for all z,y € X, where o, : [0,00] — [0,1) such that a(t) + 26(t) < 1 and

hm+ sup alt )+(ﬁ()t) <1 forallt €[0,00). Then T1 and Ty have a common fized point.
s—t

Proof. If we put a;(t) = a(t), asa(t) = B(t),ai(t) =0, (i = 2,3,5,6,7) and for all ¢ € [0, c0)
in the theorem 2.2. 0

Corollary 2.9. Let (X,d) be a complete metric space and let Ty, Ty : X — CB(X) be two
multi-valued mappings, such that H(Tyz, Toy) < ay(d(z,y))d(z, y)+B(d(z,y))[D(z, Tyz)+
D(y, Toy)] + ~(d(z,y))[D(z, Tay) + D(y, T1x)] for all z,y € X, where o, 8,7 : [0, 00] —

[0,1) such that o(t) +25(t) +2v(t) < 1 and hm sup % <1 for allt € [0,00).

Then Ty and To have a common fized point.
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Proof. If we put aq(t) = a(t), as(t) = B(t),as(t) = v(t),a;(t) =0, (i = 2,3,6,7) and for
all t € [0,00) in the theorem 2.2. O

3. CONCLUSIONS (MANDATORY )

In this article, we present two theorems which are generalized form of Nadler’s theorem
and Mizoguchi - Tahahasi’s theorem. Also those are generalizing many existing result as
the corollaries of our article. The explicit examples of the article help us to validate our
theorems.

Acknowledgement. The authors are grateful to the Editor and to the reviewers for their
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