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STRONGER RECONSTRUCTION OF DISTANCE-HEREDITARY
GRAPHS

P. DEVI PRIYA', S. MONIKANDAN?, §

ABSTRACT. A graph is said to be set-reconstructible if it is uniquely determined up to iso-
morphism from the set S of its non-isomorphic one-vertex deleted unlabeled subgraphs.
Harary’s conjecture asserts that every finite simple undirected graph on four or more ver-
tices is set-reconstructible. A graph G is said to be distance-hereditary if for all connected
induced subgraph F of G, dr(u,v) = dg(u,v) for every pair of vertices u,v € V(F). In
this paper, we have proved that the class of all 2-connected distance-hereditary graphs

G with diam(G) = 2 or diam(G) = diam(G) = 3 are set-reconstructible.
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1. INTRODUCTION

The graphs dealt in this paper are finite, simple and undirected. Any definition and
notation not given below are taken as in [1]. The distance d(u,v) between two vertices
u and v in a connected graph G is the minimum length of a path joining them. The
eccentricity e(v) of a vertex v is the distance to a vertex farthest from v. The radius rad(Q)
is the minimum eccentricity of the vertices and the diameter diam(G) is the maximum
eccentricity. A graph G is self-centered if all vertices have the same eccentricity. Let H be
an induced subgraph of a graph G. Then Ng(u) is the set of all vertices adjacent to u in
H. Also, dg(u,v) is the distance between the vertices u and v in H. The connectivity k(G)
of a graph G is the minimum number of vertices whose removal results in a disconnected
or trivial graph.

A wvertex-deleted subgraph G — v of a graph G is called a card of G. A graph H is a
set-reconstruction of G if H has the same set S of (non-isomorphic) cards as G. A graph
is set-reconstructible if it is isomorphic to all its set-reconstructions. A family .% of graphs
is set-recognizable if, for each G € %, every set-reconstruction of G is also in %.
Harary’s Conjecture [3]: All graphs with at least four vertices are set-reconstructible.
This conjecture has been proved notoriously difficult, and has motivated a large amount
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of work in graph theory. Many parameters and several classes of graphs like discon-
nected graphs, trees and separable graphs without endvertices have been proved to be set-
reconstructible by Manvel [5]. Also, it has been proved by Ramachandran and Monikan-
dan [8] that all graphs are set-reconstructible if and only if all 2-connected graphs G such
that diam(G) = 2 and all 2-connected graphs H such that diam(H) = diam(H) = 3
are set-reconstructible. In this article, we prove that all distance-hereditary 2-connected

graphs G such that diam(G) = 2 or diam(G) = diam(G) = 3 are set-reconstructible.
The following well-known lemmas are used while proving our required result.

Lemma 1.1. The connectivity of a graph G can be determined from the set of cards of G.
Lemma 1.2. Disconnected graphs are set-reconstructible.

Lemma 1.3. A graph G is set-reconstructible if and only its complement G is set- recon-
structible.

Lemma 1.4. If diam(G) > 3, then diam(G) < 3.

Lemma 1.5. If rad(G) > 3, then rad(G) < 2.

A graph G is said to be distance-hereditary if for all connected induced subgraph F' of
G, dp(u,v) = dg(u,v) for every pair of vertices u,v € V(F).
Buckley and Harary [1] gave a characterization of distance-hereditary graphs as follows.

Theorem 1.1. [1] A graph G is distance-hereditary if and only if it contains no Cy,, n >
5, Cs +e, Cs+ e nor Cs + {e1,e2}, where the edges e; and ez have exactly one vertex in
common, as an induced subgraph.

Graphs on at most 11 vertices [4] and disconnected graphs [5] are set-reconstructible
and so we consider only connected graphs on at least 12 vertices.

In general, Kelly’s Lemma cannot be applied for the set of cards. That is, one cannot
determine the number of subgraphs in G isomorphic to a given graph F, where |V (F)| <
|V (G)|, unless the multiplicity of each card in S is known. On the other hand, if F' is a
induced subgraph (or subgraph) of a card in S, then F' must be a induced subgraph (or
subgraph) of G. Using this remark, we prove the following lemma.

Lemma 1.6. Distance-hereditary graphs are set-recognizable.

Proof. If G itself is a cycle of order n, then G is a non-separable regular graph of degree
two with n edges and hence it is set-reconstructible. Moreover, as n > 12, if G has one of
the forbidden graphs given in Theorem 1.1, say F, as an induced subgraph, then F'is an
induced subgraph of each card G — u, where u € V(G) — V(F'). Hence from the set S of
one-vertex deleted subgraphs, we can determine whether G has F' as an induced subgraph
or not. ([l

Lemma 1.7. The diameter of a distance-hereditary 2-connected graph G can be deter-
mined from the set of cards of G.

Proof. Since G is distance-hereditary, the diameter of its maximal connected subgraph
cannot exceed than that of G. Also, when diam(G) = r, there exist vertices u and v in
V(G) with d(u,v) = r. Thus, dg_z(u,v) = r for every x in G —{u, v}, as G is 2-connected.
Hence, diam(G) = max{diam(H) : H is a mazimal subgraph of G}.

O
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2. DISTANCE-HEREDITARY GRAPHS G WITH DIAM(G) = DIAM(G) = 3

First we prove the following lemma which is used in proving our required class of
graph to be set-reconstructible.

Lemma 2.1. If G is self-centered with rad(G) > 3, then G is self-centered with

rad(G) = 2.
Proof. Since rad(G) > 3, we have diam(G) > 3. By Lemmas 1.4 and 1.5, diam(G) < 3
and rad(G) < 2. Moreover, if there were a vertex with eccentricity 1 in G, then that vertex

would be an isolated vertex in G, giving a contradiction. Thus, diam(G) = 2 or 3 and
rad(G) = 2.

Again, if diam(G) were 3, then there exist two vertices u and v such that dg(u,v) =3
and Ng(u) N Ng(v) = ¢. Hence, in G, the vertices u and v would be adjacent and each
vertex in V' — {u, v} would be adjacent to at least one of the two vertices v and v. This

implies that rad(G) < 2, giving a contradiction. O

Note that graphs with radius one has an n — 1 vertex and so is set-reconstructible.

Thus, in view of Lemma 2.1, all graphs G with diam(G) = diam(G) = 3 are set-
reconstructible if all graphs G with diam(G) = 3 and rad(G) = 2 are set-reconstructible.

Lemma 2.2. Distance-hereditary 2-connected graphs G with diam(G) = 3 and rad(G) = 2
are set-recognizable.

Proof. Using Lemma 1.6, 1.7, the class of all distance-hereditary 2-connected graphs with
diameter two are set-recognizable.

Since G is a graph of radius 2, there exists u in V(G) with e(u) = 2. In addition, since
G is a 2-connected distance-hereditary graph, we have e(u) = 2 in G —z for all z in N;(u).
Suppose that F' is a 2-connected distance-hereditary graph with diam(F') = rad(F) = 3
and contains a vertex u; with e(u;) = 2 in F' — ugy for some vertex ug in F. Then the only
vertex at distance 3 from wu; is ug. Let @) be the set of neighbours of uy in F. Trivially,
F —{Q — ¢} is connected for each ¢ in Q. Since F' is distance-hereditary of diameter 3, it
follows that d(x,us) < 3 for all z in F' and hence d(z,q) < 2 for all x. Thus, e(q) =2 in F,
giving a contradiction to rad(F') = 3. Hence, the graph F' has no such maximal subgraphs.
Therefore, the graph G is set-recognizable. g

Let u be a vertex in G with e(u) = 2. We define Ny (u) = {v € V(G) : d(u,v) = 1},
Z ={v e V(G) : d(u,v) =2}, X = {v € V(G) : d(v,z) > 2,for any z € Na(u)} and
Y = Ni(u) — X and we take k(G) to be k.

Theorem 2.1.)2] If W is a minimum vertex cut of G, then either u belongs to W with
W —{u} C X or W CY, and the following hold.
(i) If u e W with W — {u} C X, then deg(u) = |[Ng_w (x;)| + (k — 1), where x; € X.
(i) If W CY, then No—w (i) = Na—w(y;) for 1 <i,j <k and i # j, where y;,y; € Y.
Also any two such distinct k-vertex cuts are disjoint. Moreover, any minimal (k+1)-
verter cut and k-vertex cut are disjoint.

Theorem 2.2. All distance-hereditary 2-connected graphs G with diameter 3 and radius
2 are set-reconstructible.

Proof. Set-recognization of G follows by Lemmas 1.6 and 1.7.

We now set-reconstruct G as follows. Draw a card G — v, from S, with a (k — 1)-vertex
cut Wy_1 = {wy,wa, ..., wk_1} such that d(v) is maximum. Clearly, W = {v} UW}_; is a
k-vertex cut of G. Thus, W C X U{u} or W C Y. Suppose d(v) = |[Ng_w,_, (w;)|+(k—1),
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for 1 <4 <k —1, then all graphs, obtained by adding a new vertex to G — v and making
it adjacent to the common neighbours of the vertices in Wj_1 and to each vertex in Wj_1,
are isomorphic and they are G.

Suppose that S(G) has no such cards. Then, by Theorem 2.1, each k-vertex cut of G is
contained in Y. Now, we can identify the number of k-vertex cuts of G as follows. Draw
a card G — y containing the minimum number of k-vertex cuts and no (k — 1)-vertex cut
(existence of such a card is guaranteed by G — u). Then the only k-vertex cut of G are
those of G — y and so the number, say m, of k-vertex cuts of G can be determined. Let
Wi, Wa, ..., Wy, be the m vertex cuts of G of size k and G[W;] be the subgraph of G
induced by W;.

Now G is set-reconstructed as follows. Consider a card G —y with a (k — 1)-vertex cut.
By Theorem 2.1, the card G —y must be obtained by deleting the vertex y from a k-vertex
cut of G and so, it contains precisely m — 1 vertex cuts of size k. All graphs obtained by
replacing the (k — 1)-vertex cut of G —y by G[W;], where G[W;] is the graph not induced
by any of the remaining m — 1 vertex cuts of size k of G — y, and making each vertex in
W; adjacent to the common neighbours of those vertices in the (k —1)-vertex cut of G —y
are isomorphic and they are G. g

Thus we have the following theorem.

Theorem 2.3. All distance-hereditary 2-connected graphs G with diam(G) = diam(G) =
3 are set-reconstructible.

3. DISTANCE-HEREDITARY GRAPHS G WITH DIAMETER TWO

In this section, by G, we mean a distance-hereditary graph of diameter two and con-
nectivity k. As graphs of radius one are set-reconstructible, we can assume that rad(G) =
2. So, we consider the vertex u and the sets X, Y, and Z as in previous section with an
additional condition that each vertex in X has a neighbour in Y.

Lemma 3.1.]2] If W is a minimum vertex cut of G, then W C Y. Moreover, if W; and
Ws are two distinct k-vertex cuts, then W1 N Wy = ¢.

Theorem 3.1. All distance-hereditary 2-connected graphs G with diameter two are set-
reconstructible.

Proof. Set-recognizability follows by Lemmas 1.6 and 1.7. Set-reconstruction follows by
proceeding as in Theorem 2.2. O

4. CONCLUSION

It is not known whether graphs G with diam(G) = 2 are set-recognizable or not,
even though they are proved to be recognizable form the full collection of cards. However,
existence of an induced path of length k in a card of a graph does not imply that the
diameter of the graph is at least k& (example C5). Graphs with diameter one are precisely
complete graphs, which are set-recognizable. Hence, if graphs with diameter two are
set recognizable, then graphs with diameter at least three are set recognizable. Also *

diam(G) > 3 and diam(G) > 37 if and only if “ diam(G) = diam(G) = 3 7. Hence, if
graphs with diameter two are set recognizable, then graphs G with diam(G) = diam(G) =
3 are also set-recognizable. In Lemma 1.4, we have proved a weaker result that all distance-

hereditary 2-connected graphs G with diam(G) = 2 are set-recognizable.
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