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CONNECTED MAJORITY DOMINATION VERTEX CRITICAL
GRAPHS

J. JOSELINE MANORA', T. MUTHUKANI VAIRAVEL?, §

ABSTRACT. In this article, how the removal of a single vertex from a graph G can change
the Connected Majority Domination number is surveyed for any graph G. A graph is
Connected Domination Critical if the removal of any vertex decreases or increases its
Connected Majority Domination Number. This paper gives examples and properties of
CMD vertex critical graphs. There are two types namely CVR and UVR with respect
to CMD sets of a graph. Also the vertex classification. V2,,(G), V5, (G) and V1, are
studied, characterisation theorems of these vertex classification are determined.
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1. INTRODUCTION

Let G be a finite, simple, connected and undirected graph with vertex set V(G) and
edge set E(G). A subset S of V(G) is a dominating set [3] for G if every vertex of G
either belongs to S or is adjacent to a vertex of S. The minimum cardinality of a minimal
dominating set for G is called the domination number of G and is denoted by v(G). A
dominating set S is said to be a connected dominating set [10] if the subgraph (S) induced
by S is connected in G. The minimum cardinality of a minimal connected dominating set
for G is called the connected domination number of G and is denoted by 7.(G) [10].

Change of Majority Domination number in the case of removal of a single vertex is
defined and studied. Here C'V R means the change in vertex removal of a graph G and UV R
means unchanged vertex removal of a graph G. The graphs in C'V R were characterised
by Bauer et. Al and H. B Walikar and B. D Acharya.

A subset S of V(G) is a Majority Dominating set [9] if at least half of the vertices

of V(G) are either belong to S or adjacent to the elements of S i.e., [N[S]| > [@]
The minimum cardinality of a minimal majority dominating set for G is called Majority
Domination number of G and is denoted by v/ (G).

Let G be a graph with p = |[V(G)| and let u € V(G). Then wu is said to be Majority
Dominating (M.D) vertex if d(u) > [5] — 1. A full degree vertex is a M.D vertex but a
M.D. vertex is not a full degree vertex
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For any graph G,CV R and UV R with respect to Domination numbers [12] are defined
by

CVR:v(G—v)#~(G), for all v e V(Q)
UVR:v(G—v) =~(G), for all v e V(G).

Similarly, for any graph G,CV R and UV R with respect to Majority Domination [8]
numbers are defined by

CV Ry - ym (G —v) # ym(G), for all v € V(G).
UV Ry (G —v) =y (G), for all v € V(G).

2. VERTEX CRITICAL ON CMD SETS AND ITS CLASSIFICATIONS

Definition 2.1. [6] A subset S of V(G) is a Connected Majority Dominating set CMDS
if 1 S is a majority dominating set and i the subgraph (S) induced by S is connected in G.
The minimum cardinality of minimal Connected Majority dominating set for G is called
the Connected Magjority Domination number of G is denoted by vou (G).

Definition 2.2. For any graph G, CV R and UV R with respect to Connected Majority
Domination number are defined by

CVReom :vom(G —v) #vcm(G), for allv € V.
UVRcewm - vem (G —v) = vem(G), for allv € V.

Example 2.1. Let G = P; be a path of p = 7 wvertices. Consider V(G) = {vy,--- ,vr}.
Let S = {vo,v3} be a yonr-set of G and yon (G) = 2. Consider the graph (G—v1) and its
yom-set is S1 = {vs} and vorr (G —v1) = 1. Therefore, vor (G — v1) < yoem (G), for all
v e V(G). Hence, G = P; € CVRoyy.

Example 2.2. Let G = Fy be a fan with V(G) = {v1, - ,v9} and vy be the central
vertex. Let yopr-set of G be S = {v1} and vor(G) = 1. Consider the graph (G—v1), Yo -
set is S1 = {ve,v3} and yon(G—v1) = 2. Therefore, yonm(G—v1) > vom(G). Hence
Fy e CVRoum

Example 2.3. Let G = K5 with V(G) = {v1, - ,v5} and each vertex is a full degree
vertex. Let S = {v1} be a yonr-set of G and yon(G) = 1. Consider the graph (G—v1) and
its yonr-set is S1 = {va} and youm (G — v1) = 1. Therefore, you (G — v1) = yem (G), for
allv e V(G). Hence, K5 € UV Rcy .

Definition 2.3. For any graph G, the vertex set V(G) can be partitioned with respect to
Connected Majority Domination into three sets, namely V2,,(G), Vi (G) and Vi,,(G)
are defined by

Viu(G) ={v € V(G) : voem(G — v) = vem(G)}.
Veu(G) ={v e V(G) : vom (G —v) < vem(G)}
VgM(G) ={v e V(Q) : vem (G —v) > yem(G)}.



114 TWMS J. APP. AND ENG. MATH. V.11, SPECIAL ISSUE, 2021

Example 2.4. Consider the following structure of a graph G with p = 15 wvertices.
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Let S = {u} and vom(G) = 1. Consider the graph (G — u) and its yon-set is
S1 = {ug, us, ug, us,ug} and yor (G —u) = 5. Therefore, yor (G — u) > youm(G). This
Implies that u € V3,,(G) and u; € V2,,(G), for all u; € V(G).

3. VERTEX CLASSIFICATION FOR SOME FAMILIES OF GRAPHS

Proposition 3.1. If the graph G is complete, then G € UV Ry -

Proposition 3.2. Let W), be the wheel on p vertices. Then the central verter u € V(}LM(G)
and all other vertices u; € V3,,(G).

Proof: Let G = W, be a wheel. Let the centre vertex be u and the outer vertices be
{ui,---up_1}. Here yop-set of G is S = {u} and vou (G) = 1.
Case 1. Let yon-set of (G—u) be Sy =A{u1, -+ ,ue_o)}. Thus, yom (G —u) = (51 -2,
for a central vertex uw € V(G). Hence, vom(G — u) > vom(G). This implies that
u € Vi, (G).
Case 2. Let (G—uy1),uy be an outer vertex of G. Then the yonr-set of (G—uy) is So = {u}.
Therefore yon (G —u1) = 1. Hence, you (G — w;) = yom (G), for all u; € (V — S). This
implies that u; € V2,,(G). O
Proposition 3.3. Let F}, be a fan on p vertices. Then the central vertex u € VJM(G) and
all other vertices u; € V2, (G).
Proposition 3.4. Let G = K, ,,m < n be a complete bipartite graph with u; € Vi(G)
and v; € Vao(G). Then u;,v; € VCOM(G) for all u; and v;.
Proposition 3.5. Let C), be a cycle with p vertices. Then

(i) v; € VE,(G), for all v; € V(G) if p is even and

(ii) v; € Voo (G), for all v; € V(G) if p is odd.
Proof: Let G = C, be a cycle with p > 3 vertices. By the result [6], yon (G) = [§] — 2.
Then (G — v) becomes a path, for any v € V(G).
Case 1. Let p be even.Then yon (G — v;) = [§] — 2. This implies that yon (G — v;) =
Yom(G). Hence, v; € V2,,(G), for all v; € V(G).
Case 2. Let p be odd. Then yor (G —v;) = [§] — 3. This implies that you (G — v;) <
vem(G). Hence, v; € Vi (G), for all v; € V(G). O
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4. VERTEX CLASSIFICATION FFOR TREES

Proposition 4.1. Let Ky ,_1 be a star with p vertices. Then all pendants belong to
Veu(G).

Proposition 4.2. Let S(Ki,-1) be the subdivision of K1 p—1 by dividing each edge exactly
once. Then all Supports and all pendants belong to VCOM(G).

Proposition 4.3. Let P, be a path on p vertices. Then v; € Vi, (G), if p is odd and
v; € VO (G), if p is even, for all v; € V(G).

Proposition 4.4. Let D, s, v < s be a double star with p = r + s + 2 vertices. Then the
pendants and two M.D wvertices belong to V3,,(G).

Proof: Let G = D, s double star with V(G) = {u,v,u1,--- ,up,v1,---,vs}, where the
pendants (uq,--- ,u,) at u and the pedants (vq,---vs) at v.

Case 1. Let r = s. Then the u and v both are M.D vertices, implies that S = {v} is the
CMD set of G. Therefore, yop(G) = 1.

Subcase 1 (a). Consider the graph (G —v). Then S1 = {u} is the CMD set of (G —v).
Therefore yopr (G — v) = 1. Hence, voum(G) = voum (G — v) and vice versa. This implies
that u,v € V3,,(G).

Subcase 1 (b). Consider the graph (G — u;) where u; is any pendant vertex. Then
Sy = {wv} is the CMD set of (G — w;). Therefore, yon (G — u;) = 1. This implies that
Us, V5 € VC(')M(G)

Case 2. Letr < s.
Then S = {v} is the CM D set of G. Therefore, yon(G) = 1.

Subcase 2 (a). Consider the graph (G — v). Then there is no CMD set of (G — v).
Therefore, yon (G — v) does not exist.

Subcase 2 (b). Consider the graph (G —w;) where u; is a pendant vertex. Then vyop (G —
u;) = |S| = 1. Hence, yvom (G — u;) = vom(G). This implies that u;,v; € VO, (G). O

Proposition 4.5. Let C,; be a Comet with a M.D vertex u,w, pendants attached to u
and v; path-at u. Then u € V3,,(G) and all w, and v; belong to V2,,(G).

Proposition 4.6. Let G be a Caterpillar with p vertices. Then u; € VCOM(G), if p is even
and u; € Vi, (G), if pis odd, for all u; € V(G).

2 -5 if kis odd
Case 1. Let p be even. By result [6], venm(G) = ’ . Therefore,

k . .
o1 3 if kis even

S = {ug,us,---u}.

Subcase (a). Let u € S. Then for the graph G — u, S1 = {ua,us,---} with |S1| = |S].
Therefore, yom (G — u) = vem(G). This implies that u € V2,,(G).

Subcase (b). Let u € N(S) and |[N[S]| = [B]. Then |N[S]| = [25]. vom(G — u) =
S| = vem(G). This implies that u € V2,,(G).

Subcase (c¢). Let u € V — N[S]. Then also vou (G — u) = |S| = vom (G). This implies
that u € V2,,(G).

Case 2. Let p be odd.
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Subcase (a). Let w € S. Then for the graph G — u,S1 = {ug,us,---} imply
|S1| = |S|. Therefore, vom (G — u) < yom(G). This implies that u € Vi, (G).

Subcase (b). Let u € N(S) and |[N[S]| = [§]. Then also yom (G —u) < vem(G). This
implies that u € Vi, (G).

Subcase (c). Let w € V — N(S). Then also you (G — u) < vom(G). This implies that
u € Vi (G).

Proposition 4.7. Let T be a binary tree with p vertices. Then every vertez u € V2,,(G).

Proof: Let V(T) = {x,u1,u, - up,v1,v2, v}, where d(z) = 2,d(u;) = 3,i =1—r
and d(v;) = 1,i=1,---t. Then p=1+7r+t. Let S be a vor(G)-set of G.

Case 1. When p is even. Since |S| = yom(G), |N[S]| > [§]. Ifu € S, then [N[S]| < [E]
and we could find another set S1 with the same cardinality of S. It implies that
Yom (G —u) = [Si| = |S| = yom(G). This implies that u € V2,,(G). If u € N(S),
then apply the same argument, we get u € VCOM(G).

Case 2. When p is odd. Since |S| = you(G),|N[S]| > [§]. If u € S and [N[S]| = [5],
then in G —u, [N [S]| = [§] =1 = {@1, but (S) may be disconnected. So, we could
find another set Sy with the same cardinality of S. It implies that yor (G — u) = |S1| =
S| =vem(G). Therefore, u € V), (G). If u € N(S), then [Ngn[S]| = [§]—1= {@W
and (S) is again connected. Therefore, S is again yop-set for G —u = G', implies

u e V9, (G).
When either p is even or odd. If uw ¢ N|S], then S is again a yop-set for G —u = G,
implies u € V2,,(G). In all the cases, u € V2,,(G), for every u € V(G). O

5. GRAPHS ON CV Rcpy AND UV Reoy

Proposition 5.1. If the vertices of a connected a graph G are all M.D vertices, then the
graph belongs to UV Roy. For example i) a complete graph K, ii) a complete pipartite
graph Ky, 5.

Proposition 5.2. No tree belongs to CV Ry -

Proof: Since every tree has at least two pendants, all pendants u; € Vg v (G). Therefore
Yom (G — u;) = yom (G). Hence, no tree belongs to CV Roy. O

Proposition 5.3. A tree Dy, ,) and a binary tree belongs to UV Reyy-

Proof: Let G = D, be a double star with p = r+s+2 and V(G) = {u, v, u1, -, ur, v1,

-, U}, where u and v are central vertices and the pendants (uy,--- ,u,) and (vy,-- -, vg)
are attached in a vertex w and v respectively. By Proposition (4.4), we obtain u,v €
VO (G),ui,v; € VO, (G), if r = s where i = 1,--- ,r and j = 1,--- ,5. When 7 < s all
pendants u; € V9,,(G),i=1,---,r. In all cases, vem (G — z) = yom(G), for any vertex
z € V(G). It implies G = D, s € UV Rcy- O

Proposition 5.4. In any graph G with an isolate, there exists a yonr-set of G not con-
taining that isolate.

Proof: Let v be an isolate of G and let S be a yoar-set of G. Suppose S is a yons-set of
G containing v. Then |N[S]| > [§] and therefore, S is not a CMD set for G. Suppose
IN[S]| = [%] the induced subgraph (S) of S is not connected. Hence, there exists a

Youm-set of G without an isolate v. O
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Corollary 5.1. If a graph G consists of exactly one component with [§] vertices and other
components may or may not be isolates, then the yopr-set contains no isolates.
Eg.: i) G = K17 U8K; it) G = D33 U2K3U 2K with p = 16.

Proposition 5.5. Let G be a disconnected graph with exactly two components. Then
u € VE,,(G), for all and u € V(G), and G € UV Rc.

Proof:

(i) When [N[G1]| = [5] = |N[G2]| implies that u € V2,,(G), for all u € V(G).

(ii) When |N[G1]| > [5] and |N[G2]| < [£] and vice versa.
Let S C V(G1) be a you-set of G. Since |N[Gy]| > [£] and |Ng,[S]| > [5]. For
u € G1,|N[G1—u]| > [5] and | N[G2]| < [£]. This implies that S is the yos-set of G —w.
It implies that u € V3,,(G), for all u; € V(G1).

Suppose v € V(Gs). Since |Ng,[S]| < [5],S € V(G1) is the same yoM-set of G — v.
Hence you (G —v) = yom(G). It implies that v € V2,,(G), for all v; € V(Gs). Therefore,
all u; € V2,,(G) and this graph G € UV Ry O

Proposition 5.6. Let T be a tree with even number of vertices. Then ~vyou (T — u)
> voum(T) for every uw € (V — S), where S is a your-set of G.

Proof: Suppose vou (T — u) < yom(T). Let S = {wy,--- ,ws} be a yonr-set of (T — u).
Then S cannot be a yop-set of T. Therefore |N[S]| > (@2;1)1 and |[N[S]| < [£] ie.,
[@} < IN[S]| < [5]. Given pis even, say, p = 2r. Thenr < |[N[S]| < r, a contradiction.
Hence, yor (T — u) > you (T) for all w € (V — 5). O

Corollary 5.2. If a tree T has exactly one vertex u such that d(u) = [5] — 1 with p even
number of vertices, then yon (T — u) > vorm(T), for uw € S. For example T is a comet

(Co,4)

Proposition 5.7. Let T be a tree with odd vertices. Let S be a ~yopr-set of T. Then
Yom (T —u) < vem(T), for allu € (V —5).

Proof: Let S be a youm-set of T. Then (S) is connected and [N[S]| > [§] in T. In
T —u,|N[S]| > [B] =1 =21 ifu € N(S) and [N[S]| > [B] if u ¢ N(S). Therefore, in
both cases, S is a CMD set of T — u. Therefore, yon (T — u) < |S| = yem (T). O

Proposition 5.8. Let S be a your-set of a tree T with p is odd such that there exists a
vertex u ¢ N[S]. Then yom (T —u) < voum(T).

Proof: Since S'is ayoa-set of T, [N[S]| > [£] and (S) is connected in T'. Let T" = (T'—u).

When |[N7[S]| = [£] and p is odd, since u ¢ N[S],|Nr[S]| = @ and (S) is connected
in 7. Tt implies S is again a yop-set of T'. Hence, you (T7) = |S| = yem(T). When
IN7[S]] > [2] and p is odd. Since u ¢ N[S], |Nz[S]| > 25% and S is a CMD set of T" but
not a minimum set. Therefore, there exists a set S; C S such that |Np/[S1]| > % and
(S) is connected in 7”. It implies your (17) = [S1| < |S| = vem(T). Hence, if u ¢ N[S],
then you (T — u) = vou(T). O

Corollary 5.3. Let T be a tree with even number of vertices. Let S be a yonr-set of T
such that there exists a vertex u ¢ N[S]. Then you (T —u) = you (T).

Proposition 5.9. If there exists a yopr-set S of a tree T and there exists a vyopr-set Sh
of T —w with |[N[S1] > [5], such that w ¢ N[S]. Then you(T —u) = vom(T).
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Proof: Let S and S; be the ycar-set T and T respectively. Since [N[S1]| > [5],51
is also a CMD set of T. Therefore, yor(T) < |Si| = yom (T — u). Since there exists
a you-set S of T and a vertex u ¢ N[S],S is again a yop-set of T — u. Therefore,
Yom (T —u) < |S| =vem(T).Hence,you(T — u) = vem(T). O

Proposition 5.10. Let G be any graph with p vertices and u be a pendant vertex. Then
Yem(G —u) < vem(G).

Proof: Let u € V(G) be a pendant and |V (G)| = p. Let S be a yoa-set of G (1)

Case 1. Let p be even. Since u is pendant, w ¢ N[S]. Then by Corollary (5.3), we get
Yon (G —u) = ven(G). Letu € N(S). By (1), since [N[S] > B,|Nn[S] = [252] =
and (S) is connected in G'. Hence, S is again a yopr-set for G'. It implies you (G') =
Yom (G).

Case 2. Let p be odd. Let S be a yon-set of G. Then |N[S]| > [5] and (S) is connected
in G Since p is odd, [5] =5 + 1. Therefore, in (G — u),(p — 1) is even and there exists
a yom-set S1 of (G —u) such that |[N[S1]] = (p21) = L,p is odd with |S1| < |S| implies
Yo (G —u) < yem(G). 0

+
6. CHARACTERIZATION OF V73,,(G)

Proposition 6.1. Let G be a graph with p vertices and S be a vyonr-set of G. A vertex
u € VCJIM(G) if and only if u satisfies the following conditions If p is odd and (G') is
connected with dg/(u;) < [5] =2, for every u; € V(G') then u € S.

Proof: Let u € V3,,;(G). Then

Yem(G) > vem(G) (1)

Let S be a CMD set of G, implies that (S) is connected and |[N[S]| > [£].
Let p = 2n + 1 = odd.To prove that v € S. Suppose u ¢ S. Then u € N(S) or u ¢ N(S5).

Case 1. When u € N(S) such that IN[S]| = [§]. Then in G' = G — u,|Nign[S]| =
[E1-1= @. Since, (G') is connected, (S) is connected in G'. This implies that S is

CMD set of G'. Therefore, von(G') = |S| = yom (G), which is a contradiction to (1).

Case 2. When u € N(S) such that |[Ng[S]| > [§] and p = 2n + 1. Therefore p—1 = 2n.
If u € N(S) then [N [S]| = [5] > (p—gl). Since, (G') is connected, (S) is connected.
This implies S is again a CMD set for G'. Therefore, yorr(G') = |S| = yem (G), which
is a contradiction to (1).
Case 3. When u ¢ N(S) and |[N[S]| > [§]. Then u e ((V(G ) N(9)).

_ p

Since, (S) is connected in G' = G —u and |[Ngn[S]| > [5] Y This implies that S is
again a CMD set of G'. Therefore, yenm(G') = |S| = fyCM(G), which is a contradiction
to (1).

From the above all cases, we find u € S. O

Proposition 6.2. Let S be a CMD set of a connected graph G with p vertices. Let
u € Vi (G) and G' = G —u. Ifp is even and (G') is connected with der(u;) < d(u), for
every u; € V(G') then u € N[S] such that [N[S]| =& and v € S such that [N[S]| > .
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Proof: Let u € V,,(G). Then venm(G') > yom(G) (1)
Let p = 2n = even and (G') is connected. To prove (i) v € N[S] such that [N[S]| = & ,
(ii) w € S such that |[N[S]| > § .

Case 1. Suppose u ¢ N[S] such that [N[S]| > & (or) u € N[S] such that |N[S]| > §.
Subcase 1. Suppose u ¢ N|S] such that |[N[S]| > 5. Then u € V(G) — NIS].

When |N[S]| =5 andp=2n,p—1=2n—11e.,6 § = {@-‘ Since, (G') is connected,
(S) is also connected in G'. Then |[Ng[S]| > & = (17—51)1 It implies that S is a CM D
set of G'. Therefore vem(G') = |S| = vem(G), contradicts (1).

Subcase 2. Suppose u € N[S] such that [N[S]| > &. Then in G' = G —u,|Ng/[S]| > § =

[@—‘ and (S) is connected in G'. It implies that S is a CMD set of G', contradicts

(1). Hence, u € N[S] such that [N[S]| = §.

Case 2. Suppose u ¢ N(S) such that |N[S]| > [§]. Then u ¢ N(S) or u € N(S) such
that [N[S]| > [§] Oru € S such that [N[S]| = &.

N

Subcase 1. Suppose u € N(S) such that |N[S]| > [§]. Letp=2n,5§ = [@-‘
InG'=G —u,|Ne[S]| =2 § = [(pgél)-‘ and (S) is connected in G'. It implies that S is a
CMD set of G', by similar arguments, we get a contradiction to (1).

Subcase 2. Suppose u ¢ N(S) such that |[N[S]| > L. Then in G' = G—u, (S) is connected
and [N/ [S]| > & = [@-‘ . It implies that S is a CMD set of G', we get a contradiction
to (1).

Subcase 3. Suppose u € S such that |N[S]| = &. This is contained in case (i). Hence, if
u € Vi, (G) then u € N[S] such that IN[S]| =& and u € S such that [N[S]| > 5. O

Proposition 6.3. Let S be a CMD set of a connected graph G with p vertices. Let
u € Vi (G) and G' = G —u. If (G') is disconnected with a component g such that
|Nerlgll = [5] and dg(u;) < d(u), for every u; € V(g) then u € S if p odd and u € N[S]
such that [N[S]| = & if p is even.

Proof: Let u € V,,;(G). Then veum(G') > vom(G) (1)

Let S be a CMD set of G and G’ = G — u. To prove u € S.
Given (G') is disconnected with atleast one component g such that [Ngn[g]| > [§] and
dg(u;) < d(u), for every u; € V(g) (2)

Suppose p =2n+ 1 = odd ¢ S. Then either u € N(S) or Suppose u ¢ N(S).
Case 1. Whenp=2n+1=o0dd. Then p—1=2n.

Subcase 1. Let u € N(S), then |[Ng[g]| < [5]. Since (G') is disconnected, (S') is
connected. Also, when p is odd, [§] —1 = 2L Therefore |Nev|g]| = 51 -1= %. It
implies that S is a CMD set of G'. Thus, yem(G') = |S| = yom(G), contradiction to

(1). Hence, u € S.

Subcase 2. Let u ¢ N(S). Then u € (V(G) — N(S)) and (G') is disconnected. Now
CMD set of S of G is contained in any one of the component of G'. Therefore |[Ng/[S]| >
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51 > (pgl) and (S') is connected in G'. This implies that S is also a CMD set of G'.

Therefore yon (G') = |S| = vem (G) contradiction to (1). Hence, u € S.
Case 2. When p = 2n = even. Then p—1 = 2n — 1. To prove u € NIS| such that
IN[S]| = &. Suppose u ¢ N[S] such that |[N[S]| > [£] and u € N[S] such that [N[S]| > £.

Subcase 1. Suppose u € N[S] such that [N[S]| > §. Thenu € (V(G)—N[S]). Since (G")
is disconnected, (S) is connected in any one of the component of G’ and |Ng/[S]| > 5]
and (S) is connected in G'. It implies that S is a CMD set of G'. Thus, yom(G') =
S| = vem(G), contradiction to (1). Hence, u € S such that |N[S]| = §.

Subcase 2. Suppose u € N[S] such that [N[S]| = [§]. Then in G' = G — u,|Ng[S]| >

£ = {%—‘ Since (G') is disconnected, (S) is connected and it is contained in G'. It
implies that S is a CMD set of G'. Thus, v¢,,(G) = |S| = vem(G), contradiction to (1).
Hence, u € S such that |[N[S]| = §. O

Proposition 6.4. If u € VCJfM, then no subset of V(G) — Nu] with the same cardinality
of vom (G) majority dominates (G — u) connectedly.

Proof: Let u € v},,(G) Then ven (G — u) > vou(G) (1)
and let S be the yoar- set of G. Suppose S; is the subset of V(G) — N[u] with the same
cardinality of S majority dominates (G—u) and (S7) is also connected. Then Sy isa CM D
set of (G — u) = G'. Therefore yop (G') < |S1| = |S| = vom (G), which is a contradiction
to (1). Hence the result. O

Theorem 6.1. Let G be a graph with p vertices and S be a yopr-set of G and let G = G—u.
A verter u € VJM(G) if and only if u satisfies the following conditions:

A) If p is odd and (G') is connected with dg(u;) < d(u) for every u; € V(G') then
ues.

B) If p is even and (G') is connected with dg/(u;) < d(u) for every u; € V(G') then
u € N[S] such that |N[S]| = § and u € S such that |[N[S]| > §.

C) If (G') is disconnected with a component ‘g’ such that |N¢r[g]| > [5] and dg(u;) <
d(u), for everyu; € V(g) thenwu € S, if p is odd and u € N[S] such that |[N[S]| = &,
if p is even.

D) No subset of V(G)— N[u] with the same cardinality of yor (G) majority dominates
G’ connectedly.

Proof: Let u € VCJ,FM(G). Let S be a yoar-set of G. From the proof of Propositions 6.1,
6.2, 6.3 and 6.4, we get all the four conditions.

Conversely, assume that the conditions (A), (B), (C) & (D) are true. Let G' = G — w.
A) Assume that if p is odd and (G’) is connected with dgr(u;) < d(u), for every
U; € V(G/)

Let S be a yon (G)-set of G. This implies that |[N[S]| > [£] and (S) is connected in G.
By hypothesis (A), (G’) is connected and der(u;) < [5] — 2, for every u; € V(G'). Let
u € S. Then |Ne[G]| < [B] = 25*. This implies that S is not a yon-set of G’. Since,
der(u;) < [5] — 2, there exists a set S1 C V(G’) with |S1| > |S| such that [N[S1]| > %.
Since (G') is connected, (S7) is connected. Therefore, S; is a yon(G)-set of G'. This
implies that yen (G') = [S1] > |S] = vem(G), for G' = G — u. Hence, u € VZ,,(G).

B) Assume that if p is even and (G’) is connected with dg(u;) < d(u), for every u; € V(G').

= {%—‘ It implies that
(u) for every u; € V(G'),

2

Case 1. Let u € N[S] such that N[S] = &. Then |Ng/[S]| <
S is not a yonr-set of G'. By hypothesis (B), since dg(u;) <
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there exists a set S; C V(G') with |S1| > |S| such that |[N[S1]| > {%—‘ Since (G') is

connected, (S1) is also connected in G'. It implies that Sy is a yon-set of G'. Therefore,
Yom(G') = |51 > |S| = vem(G), for G' = G —u. Hence, u € Vi,(G).

Case 2. Letu € S such that |[N[S]| > &. Then S is connected and |N¢g/[S]| < P’%ﬂ This
implies that S is not a yonr-set of G'. By hypothesis (B), there exists a set S1 C V(G') with
|S1| > |S| such that |Ng/[S1]] > [%1 It implies that Sy is a yonr-set of G'. Therefore,
Yem(G') = [S1] > |S| = vem(G), for G' = G —u. Hence, u € V;,(G).

C) Let S be a ycar-set of G, imply that |N[S]| > [E]. Since, (G') is not connected, S is
not a you (G)-set of G'.

Case 1. Let uw € S and p is odd. By hypothesis, since there is a component ‘g’ such
that [Neelgll > [5] in G'. Since, dg(w;) < d(u), for every u; € V(g), there exists a set
S1 CV(g) CV(G') with |Sy| > |S| such that |[Ne[S1]| > [§] and (S1) is also connected in
G'. It implies that Sy is a yonr-set of G' in g. Therefore, yor (G') = |S1]| > |S| = vem (G),
for G' = G —u. Hence, u € Vi, (G).

Case 2. Let u € N[S] such that |N[S]| = L, if p is even. Then in G', |Ng/[S]| < [%W
and since (G') is connected, S is not a yon-set of G'. Since dg(u;) < d(u), for every
u; € V(g), apply the same argument, we get yor (G') > vou(G). Hence, u € Ve M (QG).
D) Let G' = G — u. Suppose S; C V(G) — N[u] is a yon-set of G' with |Si1| = |S].
Then vom(G') = |S1| = |S]| = vem(G), imply that w € V2,,(G). It is a contradiction to
assumption u € Vi, ,(G). O

6.1. Characterization of V2,,(G).

Theorem 6.2. Let G be a graph with p vertices and S be a yop-set of G. A wvertex
u € V2,;(G) if and only if the following conditions are true:

(i) u; ¢ N[S], for all u; € V(G).
(ii) A pendant and w € N(S) such that [N[S]| > [5].
(iii) When p is odd v € N(S) such that |[N[S]| > [
(iv) When p is even u € N(S) such that |[N[S]| > [

|
£l
Proof:

(i) Let u € V2,,(G) and G’ = G — u. Then vem(G') = vom(G) (1)
and S is a you-set of G and G'.
This implies that (S) is connected and [N[S]| > [£] in both G and G'. (2).
Then (S) is connected in G’ and |[Ng[S]| > [£], for u ¢ N[S]. Therefore, S is also
a yon-set of G, for all u; € N[S]. Hence, (i) holds.

(ii) Since (S) is connected in G and |[Ng[S]| > [£], S is a youm-set of G'. When
IN[S]| = [§1,[Na[S]| < [§] =1, if w € N(S). It implies that S is not a yoar-set
of G'. When |N[S]| > [£], |Ng/[S]| > [5], if uw € N(S) and (S) is connected in G'.
This implies that u is a pendant and v € N(S). Therefore, (ii) holds.

(iii) Let p be odd. By (2), if [Ng[S]| = [5] and (S) is connected in G', [N [S]| = [£]
= -1 implies that S is a yoa-set of G’ where u € N(S). If [Ng[S]| > [£] , then
|Nev [S]| > % and by (2), (S) is connected in G’, implies that v € N(S). Hence,
u € N(S) such that |[N[S]| > [£]. Therefore (iii) holds.
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(iv) Let p be even. Suppose u € N(S) such that [N[S]| = £. Then |Ng/[S]| = % for
u € N(S) and (S) is connected in G’, implies that S is not a ycop-set of G’ where
u € N(S) which is a contradiction to (2). Hence, u € N(S) such that [N[S]| > £.

Suppose u ¢ N(S). Then u € S or u € V(G) — N(S). If u € S then |[N[S]| > & and (S)
is not connected in G’. It implies that S is not a yops-set of G', contradicts to (2).

If ue V(G) — N(S), then u € N[S]. Then by (i), it is true. Hence, u € N(S) such that
IN[S]| > &, if p is even.

Conversely, let S be a yop-set of G. If all the vertices u; € V(G),u; ¢ N[S], then
|Ng/[S]] > [5] and (S) is connected in G, implies that S is again a ycas-set for G'.
Hence, u € V2,,(G).

When p is odd, [2] = 253 . Therefore, if u € N(S) such that |[N[S]| > [Z], then

|Ngr[S]] > p%l and (S) is connected in G’, implies that S is again a yop-set for G'.

Hence, u € V2,,(G).
When p is even, § = [ -‘ Therefore, if v € N(S) such that |[N[S]| > [£], then

|Ne[S]| > [pzlw and (S) is connected in G', implies that S is again a yops-set for G'.

Hence, u € V2,,(G). O

6.2. Characterization of V,,(G).

Theorem 6.3. Let S be a yon-set of a graph G and G' = G —u. A vertex u € Vi, (G)
if and only if it satisfies the following conditions:

(1) [V(G)| = p is odd.
(i) [N[S]I = [5].
(iii) vom (G") = vom(G) — 1.

Proof: Let S be a yon-set of a graph G. Then (S) is connected and [N[S]| > [£]. Let
G' = G —u. Let u € V5),(GQ). Then ven (G') < vem(G) (1).

(i) Suppose p is even. Then § = [7’2;11 If w e N[S] and |[N[S]| > §, then [N/ [S]| >

[ -| This implies that S is again a yop-set of a graph G’. Therefore,
’yCM(G’ = vcm(G), contradiction to (1). If w € N[S] and |[N[S]| = &, then

|Na/[S]] < [%-‘ = L. Therefore, there exists a set Sy C V(G') with [S;] =

|S| such that |Ng/[S]| = {%—‘ It implies that S; is a you-set of G'. Thus,
vyoum (G") = |S1| = |S| = 7em(G), but contradicting (1). Suppose u ¢ N|[S], then
S is again a yoas-set of G'. This implies that you (G') = |S| = yem (G). Hence,
this leads to contradiction to (1). Therefore, |V (G)| = p is odd.

(ii) Suppose [N[S]| > [£]. If u € N[S] and u ¢ NIS], then [N/ [S]| > [§] = 5.
implies that S is a yop-set of G and G'. Therefore, yor (G') = you (G), w 1ch is
a contradiction to (1). Hence, |N[S]| = [£].

(iii) By (1), vem(G') < vem(G) and p is odd. This implies Sy is a yop-set of G’
and [S1] < |S|. Since p is odd and |N[S]| = [£], [Ner[S1]| = %. Since (S) is
connected in G, all vertices of S are adjacent. Also (S7) is connected in G’ and
S1] = |S| — 1 such that |Ne/[S1]| = 251, Hence, you (G') = yem(G) — 1.

Conversely, the conditions (i) — (iii) are true. Let S be a yoar-set of G and G'. When p
is odd, [N[S]| = [§] and youm(G') = yom(G) — 1. It implies you (G') < yom(G) for any
vertex u € V/(G). Then by definition, u € V5,,(G). O

M ‘
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7. CONCLUSION

In this research article, it has been discussed that the removal of any vertex of a graph
G how affects the Connected Majority Domination number of G. Also the vertex critical
some classifications are discussed. The characterization theorems are also determined for
V(j‘LM(G)v Vo (G) and VCOM(G)-
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