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BOUNDS ON HYPER-STATUS CONNECTIVITY INDEX OF GRAPHS

K. PATTABIRAMAN!, A. SANTHAKUMAR?, §

ABSTRACT. In this paper, we obtain the bounds for the hyper-status connectivity indices
of a connected graph and its complement in terms of other graph invariants. In addi-
tion, the hyper-status connectivity indices of some composite graphs such as Cartesian
product, join and composition of two connected graphs are obtained. We apply some of
our results to compute the hyper-status connectivity indices of some important classes
of graphs.

Keywords: Wiener index, status connectivity index, composite graph.
AMS Subject Classification: 05C12, 05C76

1. INTRODUCTION

A topological indez is a mathematical measure which correlates to the chemical struc-
tures of any simple finite graph. They are invariant under the graph isomorphism. They
play an important role in the study of QSAR/QSPR. In theoretical chemistry, molecular
structure descriptors (also called topological indices) are used for modeling physicochem-
ical, pharmacologic, toxicologic, nanoscience, biological and other properties of chemical
compounds. Wiener index is the first distance-based topological index that were defined
by Wiener [17]. For more details, see [5,7-9].

The status [6] of a vertex v € V(@) is defined as the sum of its distance from every other
vertex in V(G) and is denoted by og(v), that is, og(v) = > dg(u,v), where dg(u,v)

ueV(G)
is the distance between u and v in G. The status of a vertex is also called as transmission
of a vertex [6].
The Wiener index W (G) of a connected graph G is defined as the sum of the distances

between all pairs of vertices of G, that is, W(G) =3 3 da(u,v) =3 > oc().

u,veV(G) ueV(G)
The first Zagreb index is defined as M1(G) = Y. (dg(u))? = Y (dg(uw)+dg(v))
ueV(G) uweE(G)
and the second Zagreb index is defined as Ma(G) = >, dg(u)dg(v) The Zagreb in-
weE(G)

dices are found to have applications in QSPR and QSAR studies as well, see [4]. The first
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and second Zagreb coindices were first introduced by Ashrafi et al. [2]. They are defined
as follows: M1(G) = Y. (dg(u)+ dg(v)) and the second Zagreb index is defined as
wé¢E(G)
My(G) = > dg(u)dg(v). The Zagreb indices and their variants have been used to
wé¢FE(G)

study molecular complexity, chirality, ZE-isomerism and heterosystems. Overall, Zagreb
indices exhibited a potential applicability for deriving multilinear regression models. De-
tails on the chemical applications of the two Zagreb indices can be found in the books by
Todeschini and Consonni [13,14].

Motivated by the invariants like Zagreb indices and coindices, Ramane et al. [11] pro-
posed the first status connectivity index S1(G) and first status connectivity coindex Sp(G)
of a connected graph G as

(@)= T (Ug(u) n Jg(v)) and 51(G) = T (Jg(u) + Ug(v)>.
weE(G) wéE(G)
Similarly, the second status connectivity index S2(G) and second status connectivity
coindex S2(G) of a connected graph G as

So(G) = Y og(u)og(v) and So(G) = 3. og(u)og(v).
weFE(G) wéE(G)

Shirdel et al. [12] introduced a new Zagreb index of a graph G named hyper-Zagreb

2
index and is defined as HM (G) = Y, (dg(u) + dg(v)> . Recently, Veylaki et al. [15]
uweE(G)

_ 2
defined the hyper-Zagreb coindex as HM(G) = ). (dg(u) + dg(v)> .
uw¢E(G)
Motivated by the invariants like hyper-Zagreb indices and coindices, we propose the
hyper-status connectivity index HS(G) and hyper-status connectivity coindex HS(G) of
a connected graph G as

2 2
HS(G)= S (U(;(u) n Jg(v)> and HS(Q) = Y (ag(u) + Ug(v)> :
weE(G) uw¢ E(G)

The bounds for the status connectivity indices are determined in [11]. Also they are dis-
cussed the linear regression analysis of the distance-based indices with the boiling points
of benzenoid hydrocarbons and the linear model based on the status index is better than
the models corresponding to the other distance based indices. In [10], the exact formulae
for the first status connectivity indices and its coindices of some composite graphs are
obtained. In this connection, here we obtain the bounds for the hyper-status connectivity
indices of a connected graph and its complement in terms of other graph invariants. Fur-
ther, we study the behavior of the hyper-status connectivity index and apply our results
to different chemically interesting molecular graphs.

2. BOUNDS FOR HYPER-STATUS CONNECTIVITY INDEX

In this section, we obtain the hyper-status connectivity index of a graph G and its
complements.

Theorem 2.1. Let G be a connected graph on n vertices and m edges with d(G) < 2, then
HS(G) = HM(G) — 8(n — 1)M1(G) + 16(n — 1)%>m.

Proof: Since d(G) < 2, for each vertex of u € V(G), the dg(u) vertices at distance 1 from
the vertex u and n — 1 — dg(u) vertices of G at distance 2 from w in G. Thus for each
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vertex u in G, we have og(u) = dg(u) + 2(n — 1 — dg(u)) = 2n — 2 — dg(u). Hence,

HS(G) =

From the definitions of hyper Zagreb index and first Zagreb index, we obtain
HS(G) = HM(G)—8(n—1)M(G) + 16(n — 1)*m.

Using Theorem 2.1, we have the following corollary.

Corollary 2.1. Let G be a r-regular graph on n vertices and m edges with d(G) < 2.
Then HS(G) = 4m <4n(n — ) hr(r—dn+4) + 4).

Example 2.1. For a complete graph K, on n vertices, HS(K,) = 2n(n — 1)3.

Lemma 2.1. Let P, be a path on n vertices. Then HS(P,) = (n1—51) (12(n —1)*+30(n—
1)3 +20(n — 1)2 — (50 — 1003 + 2)).

Proof: Let V(P,) = {u1,us,...,u,}, where uy is adjacent to ugy1, k =1,2,...,n — 1.
Thus for k=1,2,...,n— 1, we have

oalu) = (k=1 +k—=2)+...+1+142+... 4+ (n—k)
(k=1)i , (n=K)n—k+1)

2 2
= T k(k—n—1). (1)
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Hence by (1), we obtain:

n—1
HS(P,) = (0p,(vk) + 0p, (vh11))°
k=1
n—1 2 2 9
= (k- = 1) T 1)k - )
k=1
n—1 9
= Z <n2 +2k% — an)
k=1
n—1

= (n4 Akt = Akn® — 8k3n + 8k2n2)

n—1 n—1 n—1 n—1
= (n-Dn'+4) k' =8 ) K +8n7) K —4n®) k
k=1 k=1 k=1 k=1

= nln—1)+ ;0 (G(n ~1)° +15(n — 1)* +10(n — 1)* — (n — 1))

(n —1)*n? g2 (n—Dn(2n—-1) e (n—1)n
4 6 2

4 4 1
= (- 1)°4+2(n—1)*+ (- 13 —2n3(n—1)2+ - 1)(25n* — 20n° — 2).

—8n

0 o
B if n is even

Lemma 2.2. Let C), be a cycle on n vertices. Then HS(C),) = f(nzjil)z o

——— ifn is odd.

Proof: If n is even, then for every vertex v of Cy,, o¢, (v) = 2(1 +2+...+ ”T_l) +5 = o’

T-
2
Thus HS(Cp) = 3 (Ucn(u)—l—acn(v)) =
weE(Chp)

If n is odd, then for every vertex v of Cy,0¢, (v) = 2(1 +24+...+ ”T_l) = 221 Thus

7]
2 2_1)2
HS(Co)= ¥ (00,(u) +00,(v)) = "5
wweE(Cp)
Now we obtain the lower bounds for hyper-status connectivity index of the complement

of a given graph G.

Theorem 2.2. Let G be a graph on n vertices and m edges. If G be a complement of G,
then HS(G) > HM(G) + 4(n — 1) M1 (G) + 2(n — 1)%(n — 2m — 1). Equality holds if and
only if d(G) < 2.

proof. Let v € V(G). There are dg(v) vertices which are at distance at least 2 from v
and remaining n — 1 — dg(v) vertices at distance 1 from the vertes v in G. Thus ox(v) >
(n—1+dg(v)) + 2dg(v) =n — 1+ dg(v). Hence
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>
@
9
Il
]

(oat) +o5()”
)

Ql

uwveE(

2
n—1+d(;(u)+n—1—|—dg(v)>

(]

Ql

uwweE(

)
(200~ 1) + da(w) + do(v))’

I
(]

wéE(Q)

= Y (40— 1+ (dow) + da () + 4n — D(da(w) + da(v))).
wéE(QG)
From the definitions of first Zagreb coindex and hyper Zagreb coindex, we obtain:
_ 1 . .
HS(G) = 4(n— 1) (”(”2) - m) + HM(G) + 4(n — 1)ML(G)
= HM(G)+4(n - 1)M(G) +2(n —1)*(n — 2m — 1). (2)
Conversely, Let the value of HS(G) be given in (2). Suppose d(G) > 3, then there
exists at least one pair of vertices , say u and v such that dg(u,v) > 3. Thus og(u) >
dg(u) +3+2(n — 2 —dg(u)) = n+ dg(u). Similarly, o5(v) = n + de(v) and for all other
vertices x # u,v of G,o5(x) > n —1—dg(z).
From the above discussion, we partition the edge set of G into three sets, namely E;, Eo
and FEj3 such that
Ey = {uz|og(u) > n+ dg(u) and og(z) > n—1+ dg(x)} ,
By = {vz|og(v) > n+ dg(v) and og(z) > n—1+dg(z)} and
E3 = {aylog(z) > n—1+dg(z) and o5(y) >n—1+da(y)} .
One can easily obtain that |E1| = dg(u),|E2| = dg(v) and |E3| = Ll) —m —dg(u) —
de(v). Hence

weR (@)
_ XE (Qn_1+dg(u)+dg(v))2+ EE (2n—1+dG(U)+dG(v))2
D> (2n - 2+ do(u) + da(v))”

_ Ze;; (20 = 1)2 + (da(w) + d())? +2(2n — 1)(da(u) + da(v)))

N Ze,:; ((2n_1) (de(u) + da(v)? +2(2n — 1)(da(v) + da( )))

i 22 ((2n =2 + (do(w) + do(v))? +2(2n = 2)(do(u) + do(v)) )

= (20— 1)%dg(u) + (2n — 1)2dz(v) + (2n — 2)2 (“(”2_ Y o~ d(u) - dé(v)>
+ 22n—1) Y (do(u)+da() =2 > (da(u) +da(v)).

weE(G) weE;
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From the definitions of first Zagreb coindex and hyper Zagreb coindex, we obtain: H.S (G) =
HM(G)+2(2n—1)M:(G)+(4n—3)(dg(u)+dz(v))+2(n—1)*(n*—n—2m)—2 > (dg(u)+

uve b3

da(v)), which is a contradiction. Therefore d(G) < 2.
Finally, we obtain the lower and upper bounds for hyper-status connectivity index of a
given graph G.

Theorem 2.3. Let G be a connected graph on n wvertices and m edges with d(G) = d.
Then, HM(G) — 8(n — 1)M;(G) + 16(n — 1)?m < HS(G) < (d — 1)2HM(G) — 4d(d —
1)(n — 1)M1(G) + 4(n — 1)2d*m with equality on both sides if and only if d(G) < 2.

Proof: First we prove the lower bound. For any vertex v € V(G), there are dg(v) vertices

which are at distance 1 from v and the remaining n — 1 — dg(v) vertices are at distance
at least 2 from v in G. Thus og(v) > dg(v) +2(n — 1 —dg(v)) = 2n — 2 — dg(v). Hence

HS(G)= Y (oc(u)+o6(v))’

weE(G)

> Y (44— e + do(v)))

weE(G)

=Y ((n -0 4 (o) + do()? — 204n - )(da(w) + da(r)))
weE(G)

= HM(G) —8(n—1)M(G) + 16(n — 1)*m.

Next we prove the upper bound. For any vertex v € V(G), there are dg(v) vertices
which are at distance 1 from v and the remaining n — 1 — dg(v) vertices are at distance
at most 2. Thus og(v) < dg(v) +d(n—1—dg(v)) =d(n—1) — (d — 1)dg(v). Hence

HS(G)= Y (oc(u)+oc(v))

uwveE(G)
< Y (2= 1) - (@ D)(dow) +da(w)))’
weE(G)
= Y (40— 1) + (A= 1 () + de (@) — 4dn — 1)(d — D(de(w) + de )’
weE(G)

= (d—1)*HM(G) — 4d(d — 1)(n — 1)M1(G) + 4(n — 1)>d*m.

Equality holds if diameter of G is 1 or 2. If d > 3, then there exists at least one
pair of vertices u and v such that dg(u,v). Thus og(v) > 2n — 1 — dg(v). Therefore
HS(G) > HM(G) — 8(n — 1)M1(G) + 16(n — 1)?m, which is a contradiction to HS(G) =
HM(G) — 8(n — 1)M;1(G) + 16(n — 1)*>m. Hence d(G) < 2.

3. COMPOSITE GRAPHS

In this section, we obtain the hyper status connectivity indices of Cartesian product,
join and composition of two given graphs.

3.1. Cartesian product. The Cartesian product, GO H, of the graphs G and H has the
vertex set V(GO H) = V(G) x V(H) and (u,z)(v,y) is an edge of GO H if u = v and
xy € E(H) or, wv € E(G) and = = y. To each vertex u € V(G), there is an isomorphic
copy of H in GOH and to each vertex v € V(H), there is an isomorphic copy of G in
GOH.
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Theorem 3.1. Let G and G’ be two connected graphs with ny,no vertices and my,ms
edges, respectively. Then HS(GOG') = n3HS(G) +niHS(G') +4nimi Y. o2,(vs) +
vs €V (G)

dndms Y aé(ui)+8n1n2<51(G)W(G’)+Sl(G’)W(G)).
u; €V (G)

Proof: From the structure of GOG’, the distance between two vertices (u;, v,-) and (ug, vs)
of GOG" is dg(u;, ug) + dgr (vr, vs). Moreover, the degree of a vertex (u;,v,) in V(GOG")
is dg(u;) + dgr(v,). By the definition of o((u;,v,)) for the graph GOG’ and a vertex
(ug,vr) € V(GOG'), we have

ocoe ((uivr)) = > deoe (wi, vy), (ug, vs))
(ug,vs)EV(GOG)

— Z Z (dG’(Ui7uk) + dG’(UmUs))
u€V(G) vseV(G)
= ngoc(uwi) + niog(vy). (3)

Hence by the definitions of HS and GUG’, we have

/ 2
HS(GOG') = 3 (o606 (i, 0r)) + oamar (s, v,)))
(ui,0r) (ug,vs)€E(GOG")

= Z (UGDG'((W,US)) +UGDG’((UI€7US))>2

(us,vs) (ug,vs)EE(GOG!)
2
+ > (O'GDG/((% vy)) + ogoe (i, vs)))
(ui,vs) (up,vs)EB(GOG)
= Al + AQ, (4)

where

2
A = Z (O’GDG/((Ui,'Us)) +‘7GDG’((uk7vS)))
(us,v5) (up,vs) EE(GOG)

2
= Z Z (ngac(ui) +niog (vs) + nooa(ug) + nlac/(vs)) , by (3)
ujup €E(G) vs €V (G)

— Z Z (ngag(ui) +2n1crgl(vs) +n20'G(Uk))2

uw;up €E(G) vs €V (G)

= 3 Y (meloc(w) +oa(m)’ +Antod (v,) + dnana (06 () + oo (u))ge ()
ujuR €B(G) vs €V (G')

= 0 Y (oa(w) foc(u) Hanim YD ohi(v.)

uju €E(G) vs €V (G')
+4nina Z (0c(ui) + oc(uk)) Z ogr(vs)
u;up €E(Q) vs €V (GY)
= ngHS(G) +4n2my Z aé/ (vs) + 8n11251(G)W(G"), by the definitions of
vs €V(G')

Wiener index, first and hyper-status connectivity index.
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Similarly,

2
Ay = Z (UGEIG’«UZH Ur)) + UGDG’((Uz‘, Us)))
(wiyvs) (ug,vs) EE(GOGY)
—_ 3 ! 2 2/ ’
= anS(G ) + dnsma Z UG(Uz) + 8n1n2S1(G )W(G)
uw€V(G)

From (4), A; and A, we have

HS(GOG') = n3HS(G)+niHS(G) +4nimy D on(vs)
vs €V (G)

tandmy > g (w) + Smna(SUG)W(E) + Si(GHW(G)).
u; €V (Q)

It is known that [11] S1(P,) = in(n — 1)(2n — 1) and S1(Cy,) = %3 when n is even, and

3
n(n?-1) otherwise. Similarly, one can easily verify that W (P,) = n(n>—1) and W(Cy) = e

2 6 8
n(n?-1)
8

when n is even, and otherwise.

Example 3.1. For a Cy-nanotubes TCy(m,n) = C,, X Cy,, the hyper-status connectivity
index is given by HS(C,OCy,) =
1(m3 +n3(n® +md)) + min*, where n is even and m is even

m3 + n3 n(n24_1)2 + m(mi_l)Q] +n2m?(n? — 1)(m? — 1), where n is odd and m is odd

1m3n® + Indm(m? — 1) + Im3n? + nim?(m? — 1), where n is even and m is odd
Em3n(n® — 1) + 1(mn3 + n® + 4m*n?(n? — 1)), where n is even and m is odd

3.2. Join. The join G + H of two graphs G and H is the union G U H together with all
the edges joining V(G) and V(H). From the structure of G + H, the distance between two
vertices v and v of G + H is
0, fu=w
dg+a(u,v) =<1, ifuwv € E(G) or wv € E(H) or (u € V(G) and v € V(H))
2, otherwise.
Moreover, the degree of a vertex v in V(G + H) is

da(v) + [V(H)|,if v e V(G)
dat+m(v) = .
dr () + V(G| ,if v e V(H),
Now we obtain the value for HS of join of two given graphs.

Theorem 3.2. Let G and G’ be two connected graphs with ni,no vertices and mi, mo
edges, respectively. Then HS(G + G') = HM(G) + HM(G') — M1(G)(8n1 + 3ng — 8) —
My (G')(8n2 +3n; — 8) + 4(277,1 + ng — 2)2m1 + 4(2712 +ny — 2)2m2 + n1n2(3n1 + 3ng —
4)2 — 4(3nq + 3ng — 4)(many + ming) + 8mima.

Proof: Let u be a vertex in V(G). Then from the structure of G + G’, we obtain:

oatar(u) = Y dayo((uv)
veV(G+G')
= > (2) + > M+ >
veV(G) u#£v,uv¢ E(G) veV(Q), u#v,weE(Q) veV(G")

= 2n1+n2 —2—dg(u). (5)
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Similarly, if v is a vertex of G, then ogyg/(v) = 2n2 + n1 — 2 — dg(v). Hence by the
definition of HS, we have

HS(G+G') = Z <0G+G/ (u) + oGrer (v))2

where

uweE(G+G")
2

= Y <0G+G’(U)+0'G+G’(U)>2+ > (UG+G'(U)+UG+G’(U))

weE(G) uweE(G)
2
+ Y ) (UGJrG’ +0ogiar (v ))
ueV(G) veV(G’)
= A1+A2—|—A3, (6)

A= Z <0G+G'(U)+UG+G’(”)>2
weE(G)

2
Z <2n1 +n2—2—dg(u)+2n; +ng —2 — dg(v)> , by (5)
weE(G)

> (2(2n1 +n2 —2) = (dg(u) + alc(v)))2

weE(G)
3 (4(2n1 F g — 2)% + (da(u) + de()))? — 4(2n1 + ns — 2)(de(u) + dg(v)))>
weE(G)
4(2n1 + ng — 2)?my + HM(G) — 4(2n; + ny — 2)M;(G), by the definitions of
first and hyper Zagerb index of G.

Similarly,
2
4 = > (UG—i-G’ (w) + oG+ (’U)>
weE(H)
= 4(2n9 +n1 — 2)?my + HM(G') — 4(2n 4+ ny — 2) M (G').
Az = Z Z (UG—i-G’ +ograr (v ))

weV (G) veV (H)
2
(2 +ng—2—dg(u)+2n2+mn; —2— dG/(v))
(@)
2
= <3n1 +3ny —4 —dg(u) — de (v))

Q

ueV(G) ve

<

<
Q

ueV(G)veV(G)

(3n1 + 3ng — 4)% + d% (u) 4 d2/ (v) — 2(3ny + 3ny — 4)dg(u)

I
(]

ueV(G)veV(G")
—2(3m1 + 3nz — 4)der (v) + 2dc(u)dg (v)

= n1n2(3n1 + 3ng — 4)2 — 4(3711 + 3ng — 4)(m1n2 + mgnl) + nng(G)
+TZ1M1(G/) + 8m1m2.
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From (6), A1,A2 and A3, we have

H(G + G/) = HM(G) + HM(G/) — Ml(G)(Snl + 3ng — 8) — Ml(G/)(SnQ + 3n1 — 8)
—|—4(2n1 —+ ng — 2)2m1 + 4(2’!12 +ny — 2)21712 + n1n2(3n1 + 3ng — 4)2
—4(3n1 + 3ny — 4)(many + ming) + 8mima.

It can be easily verified that HM(C,) = 16n and HM(P,) = 16n — 30. Similarly,
M;(Cy,) = 4n and M;(P,) = 4n — 6. Using Theorem 3.2, we have the following examples.

Example 3.2. The suspension of a graph G is defined as G + Ki. The hyper-status
connectivity index of G+ Ky is HM(G) — (8n —5)M1(G) +n(3n —1)2 +4m(4n? — Tn +2).

Example 3.3. The fan graph F,, on n+1 vertices is the suspension of P,,. The hyper-status
connectivity index of P, + K is 25n% — 82n% + 121n — 68.

Example 3.4. The wheel graph W, on n+ 1 vertices is the suspension of Cy. The hyper-
status connectivity index of Cp, + K1 is 25n3 — 66n? 4 45n.

Example 3.5. The fan graph F,, on n+1 vertices is the suspension of P,,. The hyper-status
connectivity index of P, + K1 is 25n° — 82n% + 121n — 68.

Example 3.6. The hyper-status connectivity index of the cone graph Cp,+ K is 4n((2n+
q—2)>— (3¢ —4)) +nq(3n +3q —4)(3n + 3¢ — 8).

Example 3.7. The complete bipartite graph K, 4 is defined as join offp and Fq. The
hyper-status connectivity index of K, is pq(3p + 3¢ — 4)%.

3.3. Composition. The composition of two graphs G and H is denoted by G[H]. The
vertex set of G[H] is V(G) x V(H) and any two vertices (u;, v,) and (ug,vs) are adjacent
if and only if u;u, € E(G) or [u; = ug and v,vs € E(H)]. Now we obtain the hyper status
connectivity index of G[H].

Theorem 3.3. Let G and G’ be two connected graphs with ni,no vertices and mi, mo

edges, respectively. Then HS(G[G']) = nsHS(G) + 8n3(na(ng — 1)S1(G)) + n1 M1 (G') +

8n2(4(ng—1)my — M1 (G))W(G)+4n3ma > (0c(u))?+(2ming —8ni(ny —1)) M1 (G') +
ueV(G)

16(n2 — 1)2(n1mg + n3my) + 8myma(ma — 4ng(ng — 1)).

Proof: For the composition of two graphs, the degree of a vertex (u,v) of G[G'] is given
by dgicr((u,v)) = nadg(u) + dgr(v). Moreover, the distance between two vertices (u;, vy
de (i, ug) wi # ug
and (uy,vs) of G[G'] is dgjan((ui, vr), (U, vs)) = § 2 u; = ug, vevs ¢ E(G)
1 u; = ug, vovs € E(G).
Let (uj,v,) be a vertex of G[G']. Then

ogian((uivr)) = Z daien ((wi, vr), (ug, vs))
(uk,vs)EV(GIG'])

= > de(ui, ug) + Yo dae((uisvr), (us,v5))
(uk,0s)EV(GIG'), wiFuy (uivs)EV(GIG])

= ngag(ui) + dgl(vr) + 2(712 —1- dG/(’Ur))

= ngog(ui) +2(n2 — 1) — dgr(vy). (7)
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From the structure of G[G'] and definition of HS, we have

2
HS(GIG) = > (6161 (wis ) + oG (e, vs)) )
(uisvr)(ug,vs)€E(G[G'])

= Z Z (O’G[G’]((Uz’, vr)) + ogran ((us, vs)))2

u, €V(GQ) vrvs€E(G’)

+ Z Z Z (Jggl uuvr)) +UG[G’]((ukvvs)))2

uup €E(G) v eV(G") v, €V(G')
= Ay + Ag, where (8)

= > > ( G[G’]((Uivvr))+UG[G/]((U1'7US)))2

u; €V(G) vrvs €EE(H

= X > (”206‘(ui) +2(n2 — 1) —dg (vr) + n20a(ui) + 2(n2 — 1) — dG'(vs))27 by (7)

u; €v(G) vrvs EE(G)

YD (Qngac(ui)—i—él(ng—1)—(dgf(vr)+dcz(vs))2

u; €v(Q) vrvs€E(G!)

= Z Z (4n§aé(ui) +16(n2 — 1)* 4 (dgr (vr) + dar (vs))? + 16n2(n2 — 1)o6 (ui)

u; €v(G) vrvs EE(G)
—~4n206(u:)(der (v7) + dr (v2) = 8(nz = 1) (der (vr) + dar (v2)) )
= 4dnZmo Z Ué(ui) + 16(n2 — 1)2n1m2 +niHM(G') + 32n2(n2 — W (G)ma
u; EV(G)
—8no W (G)M1(G") — 8(n2 — 1)n1 M1 (G"), by the definitions of Wiener index,
first and hyper Zagreb index.

A= > >y ( uz,vr))+0G[G’]((Uk,’0s)))2

ujup €E(G) vr€V(G') vs €V (H)

- > > (nzaa(m) +2(n2 — 1) — dgr (vr) + nzoa(ur) + 2(n2 — 1) — dc/(vs))2

ujuy EE(G) vr€v(G’) vsEV(H)

= Z Z Z (n2(O'G('LLi) +oc(ur)) +4(n2 — 1) — (do (vr) + dc/(vs))2

ujup EE(G) vr€v(G’) vs€V(G)

= > Y Y (Bos) +oew)’ +16(z — 1) + (dor (v,) + der (v.))°
ujup €E(G) vrev(G') vs€v(G’)
+8n2(n2 — 1)(oe(wi) + o (ur)) — 2n2(oa(us) + oc(ur)) (dar (vr) + dar (vs))
—8(n2 — 1)(de (v,) + dG,(vs)))

= n3HS(G) +16(n2 — 1)°nim1 4+ m1(2na M1 (G') 4+ 8my(m3) + 8ns(na — 1)51(G)
—8n§m251 (G) — 32(n2 — 1)ngmima, by the definitions of first Zagreb index,

first and hyper status connectivity index.

From (8), A; and As, we have

HS(G[G/]) = TL%HS(G) —+ STL%(TLQ(TLQ - 1)51(G)) —+ nlMl(G/) —+ 8n2(4(n2 - 1)m1
—Mi(GW(G) + dnims Z (ag(u))2 + (2ming — 8nyi(n1 — 1)) M1 (G")
ueV(G)

+16(ng — 1)2(n1m2 + n%ml) + 8mima(ma — 4na(ne — 1)).
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Example 3.8. The closed fence graph is defined as the composition of C, and Ks. So,
from Theorem 3.3, the hyper-status connectivity index of closed fence graph is given by

5n5 4 40n3 — 16n2 + 26n — 12, if n is even

HS(C,|Ks|) =
(Culf2]) 5n° 4 18n3 + 8n* — 24n? + 27n, if n is odd.
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