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BOUNDS ON HYPER-STATUS CONNECTIVITY INDEX OF GRAPHS

K. PATTABIRAMAN1, A. SANTHAKUMAR2, §

Abstract. In this paper, we obtain the bounds for the hyper-status connectivity indices
of a connected graph and its complement in terms of other graph invariants. In addi-
tion, the hyper-status connectivity indices of some composite graphs such as Cartesian
product, join and composition of two connected graphs are obtained. We apply some of
our results to compute the hyper-status connectivity indices of some important classes
of graphs.
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1. Introduction

A topological index is a mathematical measure which correlates to the chemical struc-
tures of any simple finite graph. They are invariant under the graph isomorphism. They
play an important role in the study of QSAR/QSPR. In theoretical chemistry, molecular
structure descriptors (also called topological indices) are used for modeling physicochem-
ical, pharmacologic, toxicologic, nanoscience, biological and other properties of chemical
compounds. Wiener index is the first distance-based topological index that were defined
by Wiener [17]. For more details, see [5, 7–9].

The status [6] of a vertex v ∈ V (G) is defined as the sum of its distance from every other
vertex in V (G) and is denoted by σG(v), that is, σG(v) =

∑
u∈V (G)

dG(u, v), where dG(u, v)

is the distance between u and v in G. The status of a vertex is also called as transmission
of a vertex [6].

The Wiener index W (G) of a connected graph G is defined as the sum of the distances
between all pairs of vertices of G, that is,W (G) = 1

2

∑
u,v∈V (G)

dG(u, v) = 1
2

∑
u∈V (G)

σG(v).

The first Zagreb index is defined as M1(G) =
∑

u∈V (G)

(dG(u))2 =
∑

uv∈E(G)

(dG(u) + dG(v))

and the second Zagreb index is defined as M2(G) =
∑

uv∈E(G)

dG(u)dG(v) The Zagreb in-

dices are found to have applications in QSPR and QSAR studies as well, see [4]. The first
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Department of Mathematics, 2021; all rights reserved.

216



K. PATTABIRAMAN, A. SANTHAKUMAR: BOUNDS ON HYPER-STATUS CONNECTIVITY ... 217

and second Zagreb coindices were first introduced by Ashrafi et al. [2]. They are defined
as follows: M1(G) =

∑
uv/∈E(G)

(dG(u) + dG(v)) and the second Zagreb index is defined as

M2(G) =
∑

uv/∈E(G)

dG(u)dG(v). The Zagreb indices and their variants have been used to

study molecular complexity, chirality, ZE-isomerism and heterosystems. Overall, Zagreb
indices exhibited a potential applicability for deriving multilinear regression models. De-
tails on the chemical applications of the two Zagreb indices can be found in the books by
Todeschini and Consonni [13,14].

Motivated by the invariants like Zagreb indices and coindices, Ramane et al. [11] pro-
posed the first status connectivity index S1(G) and first status connectivity coindex S1(G)
of a connected graph G as

S1(G) =
∑

uv∈E(G)

(
σG(u) + σG(v)

)
and S1(G) =

∑
uv/∈E(G)

(
σG(u) + σG(v)

)
.

Similarly, the second status connectivity index S2(G) and second status connectivity
coindex S2(G) of a connected graph G as

S2(G) =
∑

uv∈E(G)

σG(u)σG(v) and S2(G) =
∑

uv/∈E(G)

σG(u)σG(v).

Shirdel et al. [12] introduced a new Zagreb index of a graph G named hyper-Zagreb

index and is defined as HM(G) =
∑

uv∈E(G)

(
dG(u) + dG(v)

)2
. Recently, Veylaki et al. [15]

defined the hyper-Zagreb coindex as HM(G) =
∑

uv/∈E(G)

(
dG(u) + dG(v)

)2
.

Motivated by the invariants like hyper-Zagreb indices and coindices, we propose the
hyper-status connectivity index HS(G) and hyper-status connectivity coindex HS(G) of
a connected graph G as

HS(G) =
∑

uv∈E(G)

(
σG(u) + σG(v)

)2
and HS(G) =

∑
uv/∈E(G)

(
σG(u) + σG(v)

)2
.

The bounds for the status connectivity indices are determined in [11]. Also they are dis-
cussed the linear regression analysis of the distance-based indices with the boiling points
of benzenoid hydrocarbons and the linear model based on the status index is better than
the models corresponding to the other distance based indices. In [10], the exact formulae
for the first status connectivity indices and its coindices of some composite graphs are
obtained. In this connection, here we obtain the bounds for the hyper-status connectivity
indices of a connected graph and its complement in terms of other graph invariants. Fur-
ther, we study the behavior of the hyper-status connectivity index and apply our results
to different chemically interesting molecular graphs.

2. Bounds for Hyper-status connectivity index

In this section, we obtain the hyper-status connectivity index of a graph G and its
complements.

Theorem 2.1. Let G be a connected graph on n vertices and m edges with d(G) ≤ 2, then
HS(G) = HM(G)− 8(n− 1)M1(G) + 16(n− 1)2m.

Proof: Since d(G) ≤ 2, for each vertex of u ∈ V (G), the dG(u) vertices at distance 1 from
the vertex u and n − 1 − dG(u) vertices of G at distance 2 from u in G. Thus for each
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vertex u in G, we have σG(u) = dG(u) + 2(n− 1− dG(u)) = 2n− 2− dG(u). Hence,

HS(G) =
∑

uv∈E(G)

(
σG(u) + σG(v)

)2
=

∑
uv∈E(G)

(
2n− 2− dG(u) + 2n− 2− dG(v)

)2
=

∑
uv∈E(G)

(
4n− 4− (dG(u) + dG(v))

)2
=

∑
uv∈E(G)

(
(4n− 4)2 + (dG(u) + dG(v))2 − 2(4n− 4)(dG(u) + dG(v))

)

From the definitions of hyper Zagreb index and first Zagreb index, we obtain

HS(G) = HM(G)− 8(n− 1)M1(G) + 16(n− 1)2m.

Using Theorem 2.1, we have the following corollary.

Corollary 2.1. Let G be a r-regular graph on n vertices and m edges with d(G) ≤ 2.

Then HS(G) = 4m
(

4n(n− 2) + r(r − 4n+ 4) + 4
)
.

Example 2.1. For a complete graph Kn on n vertices, HS(Kn) = 2n(n− 1)3.

Lemma 2.1. Let Pn be a path on n vertices. Then HS(Pn) = (n−1)
15

(
12(n− 1)4 + 30(n−

1)3 + 20(n− 1)2 − (5n4 − 10n3 + 2)
)
.

Proof: Let V (Pn) = {u1, u2, . . . , un} , where uk is adjacent to uk+1, k = 1, 2, . . . , n − 1.
Thus for k = 1, 2, . . . , n− 1, we have

σG(uk) = (k − 1) + (k − 2) + . . .+ 1 + 1 + 2 + . . .+ (n− k)

=
(k − 1)i

2
+

(n− k)(n− k + 1)

2

=
n(n+ 1)

2
+ k(k − n− 1). (1)
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Hence by (1), we obtain:

HS(Pn) =
n−1∑
k=1

(σPn(vk) + σPn(vk+1))
2

=
n−1∑
k=1

(n2 + n

2
+ k(k − n− 1) +

n2 + n

2
+ (k + 1)(k − n)

)2
=

n−1∑
k=1

(
n2 + 2k2 − 2kn

)2
=

n−1∑
k=1

(
n4 + 4k4 − 4kn3 − 8k3n+ 8k2n2

)
= (n− 1)n4 + 4

n−1∑
k=1

k4 − 8n
n−1∑
k=1

k3 + 8n2
n−1∑
k=1

k2 − 4n3
n−1∑
k=1

k

= n4(n− 1) +
4

30

(
6(n− 1)5 + 15(n− 1)4 + 10(n− 1)3 − (n− 1)

)
−8n

(n− 1)2n2

4
+ 8n2

(n− 1)n(2n− 1)

6
− 4n3

(n− 1)n

2

=
4

5
(n− 1)5 + 2(n− 1)4 +

4

3
(n− 1)3 − 2n3(n− 1)2 +

1

15
(n− 1)(25n4 − 20n3 − 2).

Lemma 2.2. Let Cn be a cycle on n vertices. Then HS(Cn) =

{
n5

4 if n is even
n(n2−1)2

4 if n is odd.

Proof: If n is even, then for every vertex v of Cn, σCn(v) = 2
(

1+2+ . . .+ n−1
2

)
+ n

2 = n2

4 .

Thus HS(Cn) =
∑

uv∈E(Cn)

(σCn(u) + σCn(v)
)2

= n5

4 .

If n is odd, then for every vertex v of Cn,σCn(v) = 2
(

1 + 2 + . . .+ n−1
2

)
= n2−1

4 . Thus

HS(Cn) =
∑

uv∈E(Cn)

(σCn(u) + σCn(v)
)2

= n(n2−1)2
4 .

Now we obtain the lower bounds for hyper-status connectivity index of the complement
of a given graph G.

Theorem 2.2. Let G be a graph on n vertices and m edges. If G be a complement of G,
then HS(G) ≥ HM(G) + 4(n − 1)M1(G) + 2(n − 1)2(n − 2m − 1). Equality holds if and
only if d(G) ≤ 2.

proof. Let v ∈ V (G). There are dG(v) vertices which are at distance at least 2 from v
and remaining n− 1− dG(v) vertices at distance 1 from the vertes v in G. Thus σG(v) ≥
(n− 1 + dG(v)) + 2dG(v) = n− 1 + dG(v). Hence
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HS(G) =
∑

uv∈E(G)

(
σG(u) + σG(v)

)2
≥

∑
uv∈E(G)

(
n− 1 + dG(u) + n− 1 + dG(v)

)2
=

∑
uv/∈E(G)

(
2(n− 1) + dG(u) + dG(v)

)2
=

∑
uv/∈E(G)

(
4(n− 1)2 + (dG(u) + dG(v))2 + 4(n− 1)(dG(u) + dG(v))

)
.

From the definitions of first Zagreb coindex and hyper Zagreb coindex, we obtain:

HS(G) = 4(n− 1)2
(n(n− 1)

2
−m

)
+HM(G) + 4(n− 1)M1(G)

= HM(G) + 4(n− 1)M1(G) + 2(n− 1)2(n− 2m− 1). (2)

Conversely, Let the value of HS(G) be given in (2). Suppose d(G) ≥ 3, then there
exists at least one pair of vertices , say u and v such that dG(u, v) ≥ 3. Thus σG(u) ≥
dG(u) + 3 + 2(n− 2− dG(u)) = n+ dG(u). Similarly, σG(v) ≥ n+ dG(v) and for all other

vertices x 6= u, v of G, σG(x) ≥ n− 1− dG(x).

From the above discussion, we partition the edge set of G into three sets, namely E1, E2

and E3 such that

E1 =
{
ux|σG(u) ≥ n+ dG(u) and σG(x) ≥ n− 1 + dG(x)

}
,

E2 =
{
vx|σG(v) ≥ n+ dG(v) and σG(x) ≥ n− 1 + dG(x)

}
and

E3 =
{
xy|σG(x) ≥ n− 1 + dG(x) and σG(y) ≥ n− 1 + dG(y)

}
.

One can easily obtain that |E1| = dG(u),|E2| = dG(v) and |E3| = n(n−1)
2 −m− dG(u)−

dG(v). Hence

HS(G) =
∑

uv∈E(G)

(
σG(u) + σG(v)

)2
=

∑
uv∈E1

(
2n− 1 + dG(u) + dG(v)

)2
+
∑

uv∈E2

(
2n− 1 + dG(u) + dG(v)

)2
+

∑
uv∈E3

(
2n− 2 + dG(u) + dG(v)

)2
=

∑
uv∈E1

(
(2n− 1)2 + (dG(u) + dG(v))2 + 2(2n− 1)(dG(u) + dG(v))

)
+

∑
uv∈E2

(
(2n− 1)2 + (dG(u) + dG(v))2 + 2(2n− 1)(dG(u) + dG(v))

)
+

∑
uv∈E3

(
(2n− 2)2 + (dG(u) + dG(v))2 + 2(2n− 2)(dG(u) + dG(v))

)
= (2n− 1)2dG(u) + (2n− 1)2dG(v) + (2n− 2)2

(n(n− 1)

2
−m− dG(u)− dG(v)

)
+ 2(2n− 1)

∑
uv∈E(G)

(dG(u) + dG(v))− 2
∑

uv∈E3

(dG(u) + dG(v)).
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From the definitions of first Zagreb coindex and hyper Zagreb coindex, we obtain: HS(G) =
HM(G)+2(2n−1)M1(G)+(4n−3)(dG(u)+dG(v))+2(n−1)2(n2−n−2m)−2

∑
uv∈E3

(dG(u)+

dG(v)), which is a contradiction. Therefore d(G) ≤ 2.
Finally, we obtain the lower and upper bounds for hyper-status connectivity index of a

given graph G.

Theorem 2.3. Let G be a connected graph on n vertices and m edges with d(G) = d.
Then, HM(G) − 8(n − 1)M1(G) + 16(n − 1)2m ≤ HS(G) ≤ (d − 1)2HM(G) − 4d(d −
1)(n− 1)M1(G) + 4(n− 1)2d2m with equality on both sides if and only if d(G) ≤ 2.

Proof: First we prove the lower bound. For any vertex v ∈ V (G), there are dG(v) vertices
which are at distance 1 from v and the remaining n − 1 − dG(v) vertices are at distance
at least 2 from v in G. Thus σG(v) ≥ dG(v) + 2(n− 1− dG(v)) = 2n− 2− dG(v). Hence

HS(G) =
∑

uv∈E(G)

(σG(u) + σG(v))2

≥
∑

uv∈E(G)

(
4n− 4− (dG(u) + dG(v))

)2
=

∑
uv∈E(G)

(
(4n− 4)2 + (dG(u) + dG(v))2 − 2(4n− 4)(dG(u) + dG(v))

)2
= HM(G)− 8(n− 1)M1(G) + 16(n− 1)2m.

Next we prove the upper bound. For any vertex v ∈ V (G), there are dG(v) vertices
which are at distance 1 from v and the remaining n − 1 − dG(v) vertices are at distance
at most 2. Thus σG(v) ≤ dG(v) + d(n− 1− dG(v)) = d(n− 1)− (d− 1)dG(v). Hence

HS(G) =
∑

uv∈E(G)

(σG(u) + σG(v))2

≤
∑

uv∈E(G)

(
2d(n− 1) − (d− 1)(dG(u) + dG(v))

)2
=

∑
uv∈E(G)

(
4d2(n− 1)2 + (d− 1)2(dG(u) + dG(v))2 − 4d(n− 1)(d− 1)(dG(u) + dG(v))

)2
= (d− 1)2HM(G) − 4d(d− 1)(n− 1)M1(G) + 4(n− 1)2d2m.

Equality holds if diameter of G is 1 or 2. If d ≥ 3, then there exists at least one
pair of vertices u and v such that dG(u, v). Thus σG(v) ≥ 2n − 1 − dG(v). Therefore
HS(G) ≥ HM(G)− 8(n− 1)M1(G) + 16(n− 1)2m, which is a contradiction to HS(G) =
HM(G)− 8(n− 1)M1(G) + 16(n− 1)2m. Hence d(G) ≤ 2.

3. Composite graphs

In this section, we obtain the hyper status connectivity indices of Cartesian product,
join and composition of two given graphs.

3.1. Cartesian product. The Cartesian product, G�H, of the graphs G and H has the
vertex set V (G�H) = V (G) × V (H) and (u, x)(v, y) is an edge of G�H if u = v and
xy ∈ E(H) or, uv ∈ E(G) and x = y. To each vertex u ∈ V (G), there is an isomorphic
copy of H in G�H and to each vertex v ∈ V (H), there is an isomorphic copy of G in
G�H.
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Theorem 3.1. Let G and G′ be two connected graphs with n1, n2 vertices and m1,m2

edges, respectively. Then HS(G�G′) = n32HS(G) + n31HS(G′) + 4n21m1
∑

vs∈V (G′)

σ2G′(vs) +

4n22m2
∑

ui∈V (G)

σ2G(ui) + 8n1n2

(
S1(G)W (G′) + S1(G

′)W (G)
)
.

Proof: From the structure of G�G′, the distance between two vertices (ui, vr) and (uk, vs)
of G�G′ is dG(ui, uk) + dG′(vr, vs). Moreover, the degree of a vertex (ui, vr) in V (G�G′)
is dG(ui) + dG′(vr). By the definition of σ((ui, vr)) for the graph G�G′ and a vertex
(ui, vr) ∈ V (G�G′), we have

σG�G′((ui, vr)) =
∑

(uk,vs)∈V (G�G′)

dG�G′((ui, vr), (uk, vs))

=
∑

uk∈V (G)

∑
vs∈V (G′)

(
dG(ui, uk) + dG′(vr, vs)

)
= n2σG(ui) + n1σ

′
G(vr). (3)

Hence by the definitions of HS and G�G′, we have

HS(G�G′) =
∑

(ui,vr)(uk,vs)∈E(G�G′)

(
σG�G′((ui, vr)) + σG�G′((uk, vs))

)2
=

∑
(ui,vs)(uk,vs)∈E(G�G′)

(
σG�G′((ui, vs)) + σG�G′((uk, vs))

)2
+

∑
(ui,vs)(uk,vs)∈E(G�G′)

(
σG�G′((ui, vr)) + σG�G′((ui, vs))

)2
= A1 +A2, (4)

where

A1 =
∑

(ui,vs)(uk,vs)∈E(G�G′)

(
σG�G′((ui, vs)) + σG�G′((uk, vs))

)2
=

∑
uiuk∈E(G)

∑
vs∈V (G′)

(
n2σG(ui) + n1σG′(vs) + n2σG(uk) + n1σG′(vs)

)2
, by (3)

=
∑

uiuk∈E(G)

∑
vs∈V (G′)

(
n2σG(ui) + 2n1σG′(vs) + n2σG(uk)

)2
=

∑
uiuk∈E(G)

∑
vs∈V (G′)

(
n2(σG(ui) + σG(uk))2 + 4n2

1σ
2
G′(vs) + 4n1n2(σG(ui) + σG(uk))σG′(vs)

)
= n3

2

∑
uiuk∈E(G)

(σG(ui) + σG(uk))2 + 4n2
1m1

∑
vs∈V (G′)

σ2
G′(vs)

+4n1n2

∑
uiuk∈E(G)

(σG(ui) + σG(uk))
∑

vs∈V (G′)

σG′(vs)

= n3
2HS(G) + 4n2

1m1

∑
vs∈V (G′)

σ2
G′(vs) + 8n1n2S1(G)W (G′),by the definitions of

Wiener index, first and hyper-status connectivity index.
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Similarly,

A2 =
∑

(ui,vs)(uk,vs)∈E(G�G′)

(
σG�G′((ui, vr)) + σG�G′((ui, vs))

)2
= n31HS(G′) + 4n22m2

∑
ui∈V (G)

σ2G(ui) + 8n1n2S1(G
′)W (G).

From (4), A1 and A2, we have

HS(G�G′) = n32HS(G) + n31HS(G′) + 4n21m1

∑
vs∈V (G′)

σ2G′(vs)

+4n22m2

∑
ui∈V (G)

σ2G(ui) + 8n1n2

(
S1(G)W (G′) + S1(G

′)W (G)
)
.

It is known that [11] S1(Pn) = 1
3n(n − 1)(2n − 1) and S1(Cn) = n3

2 when n is even, and
n(n2−1)

2 otherwise. Similarly, one can easily verify that W (Pn) = n(n2−1)
6 and W (Cn) = n3

8

when n is even, and n(n2−1)
8 otherwise.

Example 3.1. For a C4-nanotubes TC4(m,n) = Cn × Cm, the hyper-status connectivity
index is given by HS(Cn�Cm) =

1
4(m3 + n3(n5 +m5)) +m4n4, where n is even and m is even

m3 + n3
[
n(n2−1)2

4 + m(m2−1)2
4

]
+ n2m2(n2 − 1)(m2 − 1), where n is odd and m is odd

1
4m

3n5 + 1
2n

3m(m2 − 1)2 + 1
4m

3n2 + n4m2(m2 − 1), where n is even and m is odd
5
4m

3n(n2 − 1) + 1
4(m5n3 + n8 + 4m4n2(n2 − 1)), where n is even and m is odd

3.2. Join. The join G+H of two graphs G and H is the union G ∪H together with all
the edges joining V (G) and V (H). From the structure of G+H, the distance between two
vertices u and v of G+H is

dG+H(u, v) =


0, if u = v

1, if uv ∈ E(G) or uv ∈ E(H) or (u ∈ V (G) and v ∈ V (H))

2, otherwise.

Moreover, the degree of a vertex v in V (G+H) is

dG+H(v) =

{
dG(v) + |V (H)| , if v ∈ V (G)

dH(v) + |V (G)| , if v ∈ V (H).

Now we obtain the value for HS of join of two given graphs.

Theorem 3.2. Let G and G′ be two connected graphs with n1, n2 vertices and m1,m2

edges, respectively. Then HS(G + G′) = HM(G) + HM(G′) −M1(G)(8n1 + 3n2 − 8) −
M1(G

′)(8n2 + 3n1 − 8) + 4(2n1 + n2 − 2)2m1 + 4(2n2 + n1 − 2)2m2 + n1n2(3n1 + 3n2 −
4)2 − 4(3n1 + 3n2 − 4)(m2n1 +m1n2) + 8m1m2.

Proof: Let u be a vertex in V (G). Then from the structure of G+G′, we obtain:

σG+G′(u) =
∑

v∈V (G+G′)

dG+G′((u, v))

=
∑

v∈V (G) u6=v,uv/∈E(G)

(2) +
∑

v∈V (G), u 6=v,uv∈E(G)

(1) +
∑

v∈V (G′)

(1)

= 2n1 + n2 − 2− dG(u). (5)
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Similarly, if v is a vertex of G′, then σG+G′(v) = 2n2 + n1 − 2 − dG(v). Hence by the
definition of HS, we have

HS(G+G′) =
∑

uv∈E(G+G′)

(
σG+G′(u) + σG+G′(v)

)2
=

∑
uv∈E(G)

(
σG+G′(u) + σG+G′(v)

)2
+

∑
uv∈E(G′)

(
σG+G′(u) + σG+G′(v)

)2
+

∑
u∈V (G)

∑
v∈V (G′)

(
σG+G′(u) + σG+G′(v)

)2
= A1 +A2 +A3, (6)

where

A1 =
∑

uv∈E(G)

(
σG+G′(u) + σG+G′(v)

)2
=

∑
uv∈E(G)

(
2n1 + n2 − 2− dG(u) + 2n1 + n2 − 2− dG(v)

)2
, by (5)

=
∑

uv∈E(G)

(
2(2n1 + n2 − 2)− (dG(u) + dG(v))

)2
=

∑
uv∈E(G)

(
4(2n1 + n2 − 2)2 + (dG(u) + dG(v)))2 − 4(2n1 + n2 − 2)(dG(u) + dG(v)))

)
= 4(2n1 + n2 − 2)2m1 +HM(G)− 4(2n1 + n2 − 2)M1(G), by the definitions of

first and hyper Zagerb index of G.

Similarly,

A2 =
∑

uv∈E(H)

(
σG+G′(u) + σG+G′(v)

)2
= 4(2n2 + n1 − 2)2m2 +HM(G′)− 4(2n2 + n1 − 2)M1(G

′).

A3 =
∑

u∈V (G)

∑
v∈V (H)

(
σG+G′(u) + σG+G′(v)

)2
=

∑
u∈V (G)

∑
v∈V (G′)

(
2n1 + n2 − 2− dG(u) + 2n2 + n1 − 2− dG′(v)

)2
=

∑
u∈V (G)

∑
v∈V (G′)

(
3n1 + 3n2 − 4− dG(u)− dG′(v)

)2
=

∑
u∈V (G)

∑
v∈V (G′)

(
(3n1 + 3n2 − 4)2 + d2G(u) + d2G′(v)− 2(3n1 + 3n2 − 4)dG(u)

−2(3n1 + 3n2 − 4)dG′(v) + 2dG(u)dG′(v)
)

= n1n2(3n1 + 3n2 − 4)2 − 4(3n1 + 3n2 − 4)(m1n2 +m2n1) + n2M1(G)

+n1M1(G
′) + 8m1m2.
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From (6), A1,A2 and A3, we have

H(G+G′) = HM(G) +HM(G′)−M1(G)(8n1 + 3n2 − 8)−M1(G
′)(8n2 + 3n1 − 8)

+4(2n1 + n2 − 2)2m1 + 4(2n2 + n1 − 2)2m2 + n1n2(3n1 + 3n2 − 4)2

−4(3n1 + 3n2 − 4)(m2n1 +m1n2) + 8m1m2.

It can be easily verified that HM(Cn) = 16n and HM(Pn) = 16n − 30. Similarly,
M1(Cn) = 4n and M1(Pn) = 4n− 6. Using Theorem 3.2, we have the following examples.

Example 3.2. The suspension of a graph G is defined as G + K1. The hyper-status
connectivity index of G+K1 is HM(G)− (8n−5)M1(G) +n(3n−1)2 + 4m(4n2−7n+ 2).

Example 3.3. The fan graph Fn on n+1 vertices is the suspension of Pn. The hyper-status
connectivity index of Pn +K1 is 25n3 − 82n2 + 121n− 68.

Example 3.4. The wheel graph Wn on n+ 1 vertices is the suspension of Cn. The hyper-
status connectivity index of Cn +K1 is 25n3 − 66n2 + 45n.

Example 3.5. The fan graph Fn on n+1 vertices is the suspension of Pn. The hyper-status
connectivity index of Pn +K1 is 25n3 − 82n2 + 121n− 68.

Example 3.6. The hyper-status connectivity index of the cone graph Cn +Kq is 4n((2n+
q − 2)2 − (3q − 4)) + nq(3n+ 3q − 4)(3n+ 3q − 8).

Example 3.7. The complete bipartite graph Kp,q is defined as join of Kp and Kq. The
hyper-status connectivity index of Kp,q is pq(3p+ 3q − 4)2.

3.3. Composition. The composition of two graphs G and H is denoted by G[H]. The
vertex set of G[H] is V (G)× V (H) and any two vertices (ui, vr) and (uk, vs) are adjacent
if and only if uiuk ∈ E(G) or [ui = uk and vrvs ∈ E(H)]. Now we obtain the hyper status
connectivity index of G[H].

Theorem 3.3. Let G and G′ be two connected graphs with n1, n2 vertices and m1,m2

edges, respectively. Then HS(G[G′]) = n42HS(G) + 8n22(n2(n2 − 1)S1(G)) + n1M1(G
′) +

8n2(4(n2−1)m1−M1(G
′))W (G)+4n22m2

∑
u∈V (G)

(σG(u))2+(2m1n2−8n1(n1−1))M1(G
′)+

16(n2 − 1)2(n1m2 + n22m1) + 8m1m2(m2 − 4n2(n2 − 1)).

Proof: For the composition of two graphs, the degree of a vertex (u, v) of G[G′] is given
by dG[G′]((u, v)) = n2dG(u) + dG′(v). Moreover, the distance between two vertices (ui, vr)

and (uk, vs) of G[G′] is dG[G′]((ui, vr), (uk, vs)) =


dG(ui, uk) ui 6= uk

2 ui = uk, vrvs /∈ E(G′)

1 ui = uk, vrvs ∈ E(G′).

Let (ui, vr) be a vertex of G[G′]. Then

σG[G′]((ui, vr)) =
∑

(uk,vs)∈V (G[G′])

dG[G′]((ui, vr), (uk, vs))

=
∑

(uk,vs)∈V (G[G′]), ui 6=uk

dG(ui, uk) +
∑

(ui,vs)∈V (G[G′])

dG[G′]((ui, vr), (ui, vs))

= n2σG(ui) + dG′(vr) + 2(n2 − 1− dG′(vr))

= n2σG(ui) + 2(n2 − 1)− dG′(vr). (7)
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From the structure of G[G′] and definition of HS, we have

HS(G[G′]) =
∑

(ui,vr)(uk,vs)∈E(G[G′])

(
σG[G′]((ui, vr)) + σG[G′]((uk, vs))

)2
=

∑
ui∈V (G)

∑
vrvs∈E(G′)

(
σG[G′]((ui, vr)) + σG[G′]((ui, vs))

)2
+

∑
uiuk∈E(G)

∑
vr∈V (G′)

∑
vs∈V (G′)

(
σG[G′]((ui, vr)) + σG[G′]((uk, vs))

)2
= A1 +A2, where (8)

A1 =
∑

ui∈V (G)

∑
vrvs∈E(H)

(
σG[G′]((ui, vr)) + σG[G′]((ui, vs))

)2
=

∑
ui∈v(G)

∑
vrvs∈E(G′)

(
n2σG(ui) + 2(n2 − 1) − dG′(vr) + n2σG(ui) + 2(n2 − 1) − dG′(vs)

)2
, by (7)

=
∑

ui∈v(G)

∑
vrvs∈E(G′)

(
2n2σG(ui) + 4(n2 − 1) − (dG′(vr) + dG′(vs)

)2
=

∑
ui∈v(G)

∑
vrvs∈E(G′)

(
4n2

2σ
2
G(ui) + 16(n2 − 1)2 + (dG′(vr) + dG′(vs))2 + 16n2(n2 − 1)σG(ui)

−4n2σG(ui)(dG′(vr) + dG′(vs)) − 8(n2 − 1)(dG′(vr) + dG′(vs))
)

= 4n2
2m2

∑
ui∈V (G)

σ2
G(ui) + 16(n2 − 1)2n1m2 + n1HM(G′) + 32n2(n2 − 1)W (G)m1

−8n2W (G)M1(G′) − 8(n2 − 1)n1M1(G′), by the definitions of Wiener index,

first and hyper Zagreb index.

A2 =
∑

uiuk∈E(G)

∑
vr∈V (G′)

∑
vs∈V (H)

(
σG[G′]((ui, vr)) + σG[G′]((uk, vs))

)2
=

∑
uiuk∈E(G)

∑
vr∈v(G′)

∑
vs∈v(H)

(
n2σG(ui) + 2(n2 − 1) − dG′(vr) + n2σG(uk) + 2(n2 − 1) − dG′(vs)

)2
=

∑
uiuk∈E(G)

∑
vr∈v(G′)

∑
vs∈v(G′)

(
n2(σG(ui) + σG(uk)) + 4(n2 − 1) − (dG′(vr) + dG′(vs)

)2
=

∑
uiuk∈E(G)

∑
vr∈v(G′)

∑
vs∈v(G′)

(
n2
2(σG(ui) + σG(uk))2 + 16(n2 − 1)2 + (dG′(vr) + dG′(vs))2

+8n2(n2 − 1)(σG(ui) + σG(uk)) − 2n2(σG(ui) + σG(uk))(dG′(vr) + dG′(vs))

−8(n2 − 1)(dG′(vr) + dG′(vs))
)

= n4
2HS(G) + 16(n2 − 1)2n2

2m1 +m1(2n2M1(G′) + 8m1(m2
2) + 8n3

2(n2 − 1)S1(G)

−8n2
2m2S1(G) − 32(n2 − 1)n2m1m2, by the definitions of first Zagreb index,

first and hyper status connectivity index.

From (8), A1 and A2, we have

HS(G[G′]) = n4
2HS(G) + 8n2

2(n2(n2 − 1)S1(G)) + n1M1(G′) + 8n2(4(n2 − 1)m1

−M1(G′))W (G) + 4n2
2m2

∑
u∈V (G)

(σG(u))2 + (2m1n2 − 8n1(n1 − 1))M1(G′)

+16(n2 − 1)2(n1m2 + n2
2m1) + 8m1m2(m2 − 4n2(n2 − 1)).
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Example 3.8. The closed fence graph is defined as the composition of Cn and K2. So,
from Theorem 3.3, the hyper-status connectivity index of closed fence graph is given by

HS(Cn[K2]) =

{
5n5 + 40n3 − 16n2 + 26n− 12, if n is even

5n5 + 18n3 + 8n4 − 24n2 + 27n, if n is odd.
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