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ON OSCILLATORY SECOND ORDER NONLINEAR IMPULSIVE
DELAY DYNAMIC EQUATIONS ON TIME SCALES

G. N. CHHATRIA', §

ABSTRACT. In this study, we have found some sufficient conditions for the oscillation of a
class of second order impulsive delay dynamic equations on time scale by using impulsive
inequality and Riccati transformation technique. Some examples are given to illustrate
our main results.
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1. INTRODUCTION

Many evolution processes in nature are characterized by the fact that at certain mo-
ments of time called impulse, they experience an abrupt change of state. Impulsive differ-
ential /difference equations has many applications in real life situations. These equations
arises in population dynamics, vibrating masses attached to an elastic bar, networks con-
taining lossless transmission lines etc. ([12], [15]). In the last few decade, the oscillation
theory for impulsive difference/differential equations has been extensively developed (see
for e.g. [6], [14], [12]). In the literature, most of the results obtained for difference equa-
tions is the discrete analogues of differential equations and vice versa. Hence it was an
immediate question to find a way for which one can unify the qualitative properties of
both equations. In 1988 Stefen Hilger introduced the concept of time scales calculus,
which unify the continuous and discrete calculus in his Ph.D. thesis [8].

In [11], Huang has considered the second order impulsive dynamic equation of the form

[r(6) (W ()] + f(t,u7(t) = 0, t € Iy :=[0,00) N'T, t # 7k, t > to,
(7)) = Iu(u(m)), wB(rf) = Ju(u® (1)), k €N,

u +
K K
u(ty) = uo, uB(ty) = uf’

and improve the results of [9] and [10].
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In [5], Chhatria has studied the oscillation properties of the solution of second order
impulsive delay dynamic equations of the form

[r(6)(w? ()2 + p(t)x(o(t) — 6)) = 0, t € Jp := [0,00) N'T, t # 7, t > to,
u(T,j) = I (u(my)), UA(T]:_) = Ju(uP (1)), k €N,
u(td) = uo, uP(ty) = uf

and improve the results of [11].

To the best of our knowledge, there is no work on the oscillation of impulsive nonlinear
delay dynamic equations on time scales. Following this trends, we consider a class of
second order impulsive nonlinear dynamic equations of the form:

() (@) + q(t) f(z(t = 6)) =0, t € Ip:=[0,00) N T, t # Ok, t > ty, (1)
(0F) = gr(@(08)), 22(0) = hi(z(08)), k €N, (2)
(t) =o(t), to—d <t <tg (3)
where v > 1 is the quotient of odd positive integers, T is an unbouned above time scale

with 0 € T and 6 € T are the fixed moment of impulsive effect satisfying the properties
0<ty< b <Oy < - <O, limg_,o0 OB = 0.

o(0) = Y 2O+ ), 2XO]) = lim 500+ 1),

(E)

T
T

which represent the right limit of x(¢) at ¢ = 6 in the sense of time scale, if 0} is right
scattered, then z(6;) = z(0x), z°(6;) = 2°(0x). Similarly, we can define (6, ), x2(6;,);
Through out this paper, we suppose that the following conditions hold:
(Hy) r(t) >0, € Ry, t =0 €T,
(H3) q(t) € Cry(T, [to,00)T) and f(u) € C(RT,R), f(u) is nondeceasing, uf(u) > 0 for
u # 0;
(H3) gk, hr : R — R are continuous function and there exist positive numbers ay, aj,
br, b such that af < 20 < g, pr < 2l < 0 ke N

In this work, our objective is to extend the work of [11] and [5] to the second order
nonlinear impulsive delay dynamic equations (1)-(3). About the time scale concept and
fundamentals of time scale calculus we refer the monographs [3] and [4] and the references
cited there in. ,
AC'={z : Jr — R is i-times A-differentiable, whose i th delta derivative A s
absolutely continuous}.
PC={z : Jr — R is rd-continuous at the points 0y, k € N for which z(6 ), z(6;"), z*(6;)
and 22 (0;") exist with 2(0; )=z (0y), 22 (6, )=z (0x) }.

Definition 1.1. A solution of x(t) of (E) is said to be regular if it is defined on some
half line [0;,00)T C [to,00)r and sup{|z(t)| : t > t,} > 0. A regular solution x(t) of
(E) is said to be eventually positive (eventually negative), if there exists t1 > 0 such that
z(t) > 0 (z(t) <0), fort>t;.

Definition 1.2. A function x(t) € PC N AC?(Jr \ {01,602, },R) is called a solution of
(E) if: (1) it satisfies (1) a.e on Jp \ {0k}, k € N (ii) for t = O, k € N, x(t) satisfies (2)
(7ii) and satisfies the initial condition (3).

Definition 1.3. A nontrivial solution x(t) of (E) is said to be nonoscillatory, if there
exists a point ty > 0 such that x(t) has a constant sign for t > ty. Otherwise, the solution
x(t) is said to be oscillatory.
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2. PRELIMINARY RESULTS

We need the time scale version of the following well known results for our use in the
sequel.

Lemma 2.1. [1] Lety, f € Crq and p € R. Then

y2(t) < p(t)y(t) + £(2),
implies that for allt € T

o) < ylten(tsto) + [ enlt.o(s) 1)

to
Lemma 2.2. [10] Assume that m € PC N ACY(Jt \ {0}, R) satisfies
m(8) < pt)m(t) + v(t),t € Ir = [0,00) N T, t #
m(G:) < dpm(0) + ex.
for ke N and t > tg. Then the following inequality holds

t
t) < m(to) H diep(to,t —i—/ H drep(t,o(s))v(s)As
to

to<Op <t s<Op<t

2 (T det.00)ent > to

to<Op<t 0p<0;<t

Lemma 2.3. Let x(t) be a solution of (E). Assume that there exists T > tog such that
z(t) > 0(< 0) fort > T and

(Hy) f;o r?l(s) HT<9k<s % As =00
hold. Then z2(0}7) > 0(< 0) and z(t) > 0(< 0) for t € (0, 011 and O > T.
Proof. The proof of the lemma is same as that in [Lemma 2.3, [5]]. O
3. MAIN RESULTS

Theorem 3.1. Let all conditions of Lemma 2.3 hold. Furthermore, assume that

(Hs) there exists A > 0 such that | f(u)| > Au?|;
(Hg) there exists a function S(t) € Crq([0,00)T, [0,00)T) such that

/.0

0 to<Or<s

IT 5 | a8 -
k

Then every solution of (E) oscillates..

Proof. Let x(t) be a nonoscillatory solution of (F). Without loss of generality, assume
that z(t) > 0, z(t — ) > 0 for t > t;. Due to Lemma 2.3, there exists to > t; such that
z2(t) > 0 for t € (O, 0k11]T,k € N and 6}, > to. Using (Hs) in (E), we get

2(0;) = gr(x(6r)), 22(0) = hi(z(61)), k €N,
Let
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Then w(6;) > 0 and w(t) > 0 for 6, > t3. From (4), for ¢ # 6 we have

wA(t) = [r(O( (1) mfjj 5+ o) oy [T AT D)
o LU0
B ﬁﬂ(ig)w(“(t” - 5@7«@ﬁ)()t(ﬁ();t()%(g?(;) 2L

Therefore,

o0 < 030 + fotot) - AHETEEREEEIE. o

o NG OIREI0

p(t)
and using the inequality [7]

o=yt > 1y Y a —y) for all z,y >0, 1 > 1,

we have

2V (o(t) —0) —x27(t =96

PN COEDE )

10 ettt 6) — e 0)

and hence
(= B2 > 37t~ 5)ad(t ). (0
Using (6) in (5), we get
w20 < 2310 + o Deuiofey - LM OV (02 20)

(7)
Clearly, (r(t)(z®(t))")® <0, r(t) > 0 and 2 (t) > 0 for all t > t5. Therefore, for t3 > 2ty

(1) :x(t2)+/t:$A(s)As>/t::uA(s)As

> a(0) [ As= 20t - 1)

to

that is,
z(t —68) > (?)xA(t —8) for all t >ty > t,
that is,
_ —1

- 0) 24 (150) T @B - oy,
that is,

1 A t=0\7"1 A

@ = 0att—0) = () @A E-o), (8)
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Also, (r(t)(z®(t))7)® < 0 implies that r(¢)(z®(t))" > r(o(t))(z*(o(t)))” and hence

@t - o) = "TED @B ote) - o) )

Using (8) and (9) in (7), we get

y—1
A1) 1(52)" BOwE)?
Blo(t)) BAo(t)r(t—0)
Using the fact that y — my? < ﬁ the preceding inequality reduces to

w?(t) < —Ag(t)B(t) + w(o(t)) —

y—1
Ay < BA() () (F) B0
wt) < =) + Gl )+ 5 [P0 - —agEm =
A 2
< gy + LT
w(55)" B
that is,
W) < - |papen) - EOTE=0) g, (10)
47(%) p(t)
Fort:Hk,
r(O) @ 01)) _ W00 (@ (6,)
wit) = fw(e;fg) =7 mk(ek—(s; = bew(e)
Therefore, we have
wht) < gy + O g,

w(0;) < blw(b), k €N
and by Lemma 2.2, we get

! A(s))2r(s —
w) <wt) I 5= 1 W {)\q(s)ﬁ(s)(ﬁ i 5;

ta<Op<t

¢ A2 (s —
< H b) {w(m))\/t H é(kq(s)ﬁ(s)(ﬁ (S) 7(71 5;)]As

t4<Op<t 4 t4<0p<s

— —o0 ast — oo

due to (H7), a contradiction to w(t) > 0 for ¢t € (0k, Ox+1]r, k € N. This completes the
proof of the theorem. ]

Theorem 3.2. Let all conditions of Lemma 2.3 hold. Assume that there exists a positive
integer ko such that aj > 1, b, <1 for k > ko, 011 — 0 > 5. Furthermore, assume that

(Hp)  [5 fd“ <00, >0

and
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0 )
(Hs) > ko f . o 8) (fT HT<9k<v éQ(U)AU) As =00
hold. Then every solutwn of (E) oscillates.

Proof. Let x(t) be a nonoscillatory solution of (E). By Lemma 2.3, we have z2(t) > 0
and 22(6;7) > 0 for t € (Ok, Ok+1]r,k €N, t > t5. Due to af > 1, k € N, we get

2(0k) < x(6;)
and thus z(t) is nondecreasing for ¢ € (0x, 0x11]T, k € N. Especially,
2(ty) < x(6r) < z(0]) < x(f2) < - (11)
and hence z(t) is nondecreasing for ¢ € [ta, 00)r. From (E), we get
[r(t) (@))% = —a(t) f(a(t = 8)),t # Op. t > 1
2 (0;7) < bz (), k € N.
let m(t) = r(t)(z>(t))?, then
mA(t) = —q(t) f(x(t = 0)).t # Oyt > 12
mA(07F) < b)m(0y), k € N.

Due to Lemma 2.2, we get

mA(t) < m>(s) H b, — / H blq —0))Au, s> to,
s<O,<t S u<fp<t
that is,
r() (@) <r(s)@®(s) ] ol - H blq (u—0))Au, s>ty (12)
s<OL<t S u<lp<t

implies that

Consequently,

22 (s) 1
fra(s—8) %s (/ er )

We may note that, (12) implies that r(t)(z®(t))Y < r(s)(z®(s))? [Tsco,<tbrs 8 = ta2
Ultimately,

r(s) (22 ()Y < r(s—8)(xP(s — 8))7 H bi, s> ta + 0. (13)

s—o<f<t
Let s € (O, 9k+1]1~. Using the fact that 611 — 0 > 6, by < 1 and due to (13), we get

Or+1 ( )xA( ) As < Bt1 b MAS
/Gk P (s = 8)f7 (a(s — ) _/9k 5—0129[k<s kf%(w(s—fs))

Ory1 L A(g z(0k+1—9)
S/ :5@5>AS:/’ Av_
O fr(z(s—9)) w(O=0)  f7(v)
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/9k+1 / H
05, 7"7 s

$<0g <u

that is,

#(0+1—9)
Au)As</ IAU .
x(0x=0)  f7(v)

Since (11) holds, the above 1nequahty becomes

> /9’““ STy

§<0p, <u

o0 A
Au) As < / miP RN
z(01—9) f;(v)
due to (H7), a contradiction to (Hg). This completes the proof of the theorem. O

Theorem 3.3. Let all conditions of Lemma 2.3 hold. Assume that there exists a positive
integer ko such that by, < 1 for k > ko. Furthermore, assume that (Hy), f(ab) > f(a)f(b)
for any ab >0, 011 — Hk =9 and

(Ho) o3 ofekH % (fT rco,<0 gpa(@ )AU)AS—

where
{ by, ifk =1,
de=19 "5 o
Tl ) ifk=2,3,--
hold. Then every solution of (E) oscillates.

Proof. Let x(t) be a nonoscillatory solution of (E). By Lemma2.3, we get 2(¢) > 0 and
xA(Hlj) > 0 for t € (Og, Ops1]r, k € N, t > to. Indeed, z2(t — ) > 0 for t > t3 >ty + 6.
Let
t)(z2 (1))
wit) = TGO
fz(t = 9))
Then w(6;) > 0 and w(t) > 0 for 6), > t3. From (4), for ¢ # 6 we have

wh () = T B2 (@t =) —r(o(t)(= ( ()72 ((t — 9))
f(a(t = 0)) f(x(o(t) — 0))

< [r(t) (@2 ()] T(U(t))(wA(U(t)))VfA( (t—19))
 f(z(t-09)) f(x(t —06))f(z(t—9))
< —q(t),

where we have used the fact that 2(t) > 0, o(t) > t and f(t) is nonincreasing. Now for
t=0,,ifk=1

r(0) (2 (61))7 _ b]r(61) (=2 (61))"
w(fy) = Fa(0F = 0)) < CCEG dyw(6h).
If k=23 .
w(6F) = r(6;0) (@2 (6;))7 < bir(0r) (@2 (6)))" < bir(0r) (@™ (6)))7
@@ =8) T S0, —9) T flap_yz (01 = 0))
by (0x) (22 (0r))" by (0x) (22 (0r))"
= Fap ) @O —0) = Flap) falte— ) 0
Consider the impulsive dynamic inequality
wA(t) < —q(t),t # 0, t > t3
w?(0;7) < dpw(0y), k € N.
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By Lemma 2.2, we get

t
w(t) < w(s) H dy, —/ H drq(u)Au, s > ts.

s<O<t S u<fi<t

The rest of the proof follows from the proof of the Theorem 3.2 and hence the details are
omitted. O

Theorem 3.4. Let all the conditions of Lemma 2.8 and by, > 1 hold. Assume that

As = oo for somem > 1,

(Hyp) limsup tim /ekﬂ(t —9)" | Aq(t)B(t) — —1
k—o00 to 4’7(%6> B(t)

then every solution of (E) oscillates.

Proof. Proceeding as in the proof of Theorem 3.1, we get

(B2(1)?r(t = 6)
v—1
47(%) B(t)

Multiplying (¢ — s)™ (t > s) to the preceding inequality and integrating from 6y to 0x1,
we get

wA(t) < — | Ag(t)B(t) —

s fOI‘t#Qk.

/Gkﬂ(t — 5)"w®(s)ds < — /Gkﬂ(t — )™ | Aq(t)B(t) —
0 — Jo, 47<%§)7_1/8(t)

Indeed,

Ok+1
/ (t — s)"w™(s)As
0

k

Or+1
— (¢ — s)™us)[ — /9 (£ — 5™ 2o(s) As

Or+1
= [ = o ) A (¢ = )0 Our) — (¢ = 006

because ((t — 5)™)? = —m(t — s)™~ L. As a result,
Ok11
/ (t — 8)™w™(s)As > —(t — O)"w(0])).
Ok

Therefore,

/9k+1 /9k+1 A
(t—s)™ | Lq(t)B(t) — = As < — (t —s)™w=(s)As

o w(152)" B o

— )" w(0)

<
< by (t — Or)"w(Oy)
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that is,

O i1 AV 25 (4 — _ g™
tim (t— s | agt)a(t) — O it) =9 As <, <t 9’“) w(6p).

v—1
O n(52)" ) !
and hence
1 [ At)?r(t—6
limsuptm/ (t— s Patyse) - CETEZ0 ) Ao
R () 50
a contradiction to (Hyp). This completes the proof of the theorem. O
4. DISCUSSION AND EXAMPLES
Example 4.1. Consider
ca(t—2) =0, t>2,t 0y,

2(07) = ka(ek), AgF) = 22(0,), kEN, (14)

wherey:l,r(t):l,é:lq()—(2+t)220 ap = ap = k,b*—bkzl 0, = 3k,

Opr1 — 0 =3>2,keN, f(u) = u, A > 0. Let’s choose B(t) =t +2. Then, from (Hy)

/T 11 bkAs

T<0k<s
2<9k<s
01
=/ s+/9+ 1 /9+ 1
2<0,<s 1 2<0x<s 2 2<0,<s
1 1 1 2
25( ) 7X7(92—91) §><§>< (93—92)
1 1 1 1
= - x 24— - il
2x 3 X 3+ 4x3+5x3+
1 1 1 1 1
>o+3t st ;z 00

and from (Hg)

/ 11 1; (s +2) 4(312)%3

2<0,<s
/91 11 / 11 IT | :
T / >A5
2<Op<s 701 2<o,<s 0 9l6, < 8-1-2 C 4(s+2)
— >\>f
oo if 1

Therefore, all conditions of Theorem 3.1 are satisfied and hence (14) has a oscillatory
solution.
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Example 4.2. Consider

Az @1 + L+ Pa’(t=1) =0, ¢> 1t 70,
w(0)) = St (0r), k€N, k> ko, (15)
xA(H,QL) _ %xA(Gk), keN, k> ko,

where y =1, 6 = 1, r(t) = g, q(t) = 1+ 2 > 0, af = ar, = 521, bp = by = 1, 0, = 2%,

Opi1 — O =28 > 1,k €Nk > ko =1, f(u) =u>. Clearly, from (Hy) we have

/T H bk As

T<9<s
1
—/ [I 2
1<0<s
02
7A 7A 7A
/ H S+/9+ H P S+/9+ H s+ -
1<9k<s 2 1<0i<s 3 1< <s
1 1
:(02—1)—|—§X(93—92)+§X§X(94—93)—|—"-
1 1 1 1 1 1
1 1 1 =1
>1+—-—+-+-+---=1 - =
>1+ o445+ +§_;l 00

and from (Hg),

>[I )]s

1<, <v

All conditions of Theorem 3.2 are satisfied for (15) and hence (15) has a oscillatory
solution.

4.1. Future Directions. To the best of the author’s r knowledge, this is the first investi-
gation of nonlinear impulsive delay dynamic equations with deviating arguments on times
scales. That means there are many directions in which future investigations can proceed.
We mention only a few here.

(1) Are there other kinds of non-linearities which are of interest for (F) and for which
results can be found?
(2) What can be said about the forced oscillation, that is, the oscillation of

[r(£) (@2 ()] + a(t) f(x(t = 6)) = g(t), t € Jr = [0,00) N'T, t # O, t > to,
2(0)) = gr(@(Or)), 22(0F) = hi(z®(6)), k €N,
2(t) = d(t), to— 6 <t <to,
where g(t) is oscillatory?
(3) What can be said about the positive solution of (E) and its various generalization?
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