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IMPACT OF INITIAL TIME DIFFERENCE ON STABILITY CRITERIA
OF IMPULSIVE DIFFERENTIAL EQUATIONS

PALLVI MAHAJAN %2 SANJAY KUMAR SRIVASTAVA?, RAKESH DOGRA?, §

ABSTRACT. In this paper, an impulsive differential system is investigated for the first
time for several stability criteria relative to initial time difference. The investigations
are carried out by perturbing Lyapunov functions and by using comparison results. A
generalized Lyapunov function has been used for the investigation.The results that are
obtained to investigate the stability significantly depend on the moment of impulses. An
example is given to illustrate the derived result.
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1. INTRODUCTION

Stability is one of the most important feature in the qualitative theory of differential
equations [14, 13]. However, while considering the real world problems, it is sometimes not
possible to investigate the stability of the solutions by keeping the initial time same. Sta-
bility with initial time difference (ITD) is a generalization of the basic concept of stability
of solutions. The concept of stability with respect to ITD was firstly investigated by Lak-
shmikantham and Vatsala [9] and Lakshmikantham et al. [10]. In the past, different types
of stability were studied for variety of differential equations with reference to ITD like or-
dinary differential equations [11, 19], fractional differential equations [4], delay differential
equations [1, 6], caputo fractional differential equations [2, 3] etc. without impulse effects.
In dealing with real world problems, impulsive differential equations are more suitable and
have been investigated to study various types of stabilities [7, 16], but the investigation
of impulsive differential equations with respect to I'TD is at its initial stage and has not
been investigated much in the past. However, S.G. Hristova [5] investigated the stability
behavior of impulsive differential equations with respect to I'TD by employing Lyapunov
function and some comparison results under few rigid conditions.
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In the present paper, for the first time, we study the various stability criteria for a
system of impulsive differential equation with I'TD by perturbing the Lyapunov function.
Lyapunov function is widely recognized as a tool for investigating the stability properties
of nonlinear differential equations. When a Lyapunov function does not seem to satisfy all
the necessary criteria to deduce the required properties, then it becomes worth perturbing
the Lyapunov function rather than discarding it. The concept of perturbing Lyapunov
function to study the nonuniform properties of solutions of differential equations was firstly
given by Lakshikantham [8] and further extended to investigate various stability criteria for
impulsive differential equations [12, 20, 17]. The notion of perturbing Lyapunov function
was used by McRae and Song et al. [15, 18] to study the stability properties of differential
equations without impulse effect relative to I'TD, but in this paper, we are using the method
of perturbing Lyapunov function for impulsive differential equations by introducing initial
time difference. Here, a generalized Lyapunov function is utilised to investigate the desired
stabilities. We carry out our results with the help of some comparison results [9, 7].

In the present manuscript, the main motive is to investigate the impact of initial time
difference on stability criteria of impulsive differential equations. The paper is arranged
into five sections; namely preliminaries, comparison results, main results, examples and
conclusion. In preliminaries, we have introduced some basic definitions and notations
followed by a section, where we have carried out two comparison results for our investi-
gations. In main results, we have given some criteria to bring the equi-stability and equi-
asymptotic stability of impulsive differential equation with respect to initial time differ-
ence. An example is also given to support the deduced result. Finally, on the basis of
these results, conclusion is drawn.

2. PRELIMINARIES

Let R™ denotes the n dimensional Euclidean space and let R, = [0, 00),
Consider the impulsive differential system :

o= f(t,z), t#4 .
Aac:Ii(x), t=1; ( )

where f € PC[Ry x R™ R"] is piece-wise continuous function and I; € C(R", R") is
continuous function for every ¢ where ¢ = 1,2, 3...
Let Az = L;i(z(t)) = x(tj) — x(t;), where 0 < t1 < to < ..t; < tif1...,t; = 00 as i — 00
Let x(t) = z(t;to, z0) and y(t) = y(t; 70,y0) be two solutions of the system (1) through
(to, xo) and (79, yo) respectively, where ty, 79 € R4. Here both z(t) and y(t) are piecewise
continuous having discontinuity of first kind.
Here, we will study the stability criteria with respect to the solution z(t) = x(t;to, xo) -
Let v =19 —ty > 0.
Denote S(x,p) = {x € R": ||x — y|| < p} for every y € S(p) ={y € R" : ||y|| < p}.
Consider the complimentary sets of S(z, p) and S(p), respectively, as S¢(x, p) and S¢(p).
Also, consider the following function:

K ={¢ € C(R4+,Ry) : ¢ is strictly increasing and ¢(0) = 0}

In order to study the stability of impulsive differential systems with respect to I'TD,
firstly we will discuss some of the definitions as given below:

Definition 2.1 [15]. Let z(t) = =z(¢;to, x0) — y(t + 7v;70,y0) such that zp = z¢ — yo.
Then, the solution x(t) = z(t; tg, z¢) of impulsive differential system (1) is:
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(A1) equistable with respect to solution y(t) = y(t;70,yo) of the system (1) through
(10,Y0), if for a given € > 0 there exist § = d(tg,€) > 0 and o = o(tg,€) > 0 such
that ||zo]| < ¢ and |y| < o implies ||z(¢)|| <€, t > to;

(A2) uniformly stable if the condition (Al) holds true, where both § and ¢ are not
dependent on ty;

(A3) equi-asymptotically stable with respect to solution y(t) = y(t; 70, yo) of the system
(1) through (70,v0), if the condition (A1) holds true and for a given € > 0 there
exist 69 = do(to) > 0,00 = oo(to) > 0 and T' = T'(tg,e) > 0 such that ||zo|| < do
and |y| < oo implies ||z(¢)]| <€, t>to+T;

(A4) uniformly asymptotically stable if both (A2) and (A3) holds, with g, 0p and 7" in
(A3) are independent of ¢.

Definition 2.2 [7]. Let Lyapunov function V' : Ry x R™ — R, belongs to class Vj such
that
(i) V is continuous function on each of the sets (¢;—1,t;| x R™";Vo € R" and it = 1,2,3...
, and there exists a limit lim(t,y)ﬁ(t;x) V(t,y) =V(t, x);
(ii) V is Lipschitz in the local neighborhood of z
ie. |[V(t,z) =V (t,y)|| < L|jlx — y|| holds ¥ ||z —y|| < p where p >0 and L > 0.
Now, define

1
D_V(t,z) = lim inf-{V(t+s,z+sf(t,x)) —V(t,z)}
s—0~ S
where (t,I) S (ti—luti] X R™,
Consider the nonlinear impulsive differential system (1), for V' € Vj, we define the gen-

eralized derivative [18] depending upon the difference of solutions z(t) = x(t; to, x) and
y(t) = y(t; 10, yo0), with respect to the system (1) as follows:

D_V(to—y) = lim inf [V(+s,0—y+s(f(t0) = f(6.) = Vito—y)] @

In the following, we will consider the two comparison principles which will eventually sup-
port our further investigations.

Lemma 2.1 [7] Let m € PC[Ry, R| piece-wise continuous and m(t) is left continuous
at t;,i=1,2,3..., with ¢; — 0o as i — oo where D_m(t) = limy_,ginf [m(t + s) — m(t)].
Suppose that

(a) g € CI[R+ x R — R],v; : R — R,;(u) is non-decreasing in u and for each
i=1,2,3...,
Dom(t) < g(t,m(t), t#t,
m(t) < $i(m(t:), t=t,
m(to) < UQ;

(b) r(t) is the maximal solution of

U/:g(t,'LL), t#tu

u(ty) = Yi(u(ts)), ti>to>0
u(to) = Up

Then, for t > ty we have m(t) < r(t)

Lemma 2.2 [9] Let us consider that
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(a) m € C[Ry,Ry],h: R2 — R is continuous and non- decreasing in ¢ for each w and
To > to. Also, D_m(t) < h(t,m(t)), m(tg) < wo and ty > 0,
(b) the maximal solution r(t) = r(t; 79, wp) of w' = h(t,w),w(r9) = wg > 0,79 > 0,
exists for t > 7p;
Then, for t > to, we have m(t) < r(t + ) and for t > 79 we have m(t — ) < r(t).

3. COMPARISON RESULTS

For our further investigation, we will use the following comparison system:
u =gi(t,u), t#t;,
u(ty) = Ji(ult;)), t=t;,i=1,2,3.. (3)
u(T0) = uo, 70 > lo
existing for ¢ > 79, where u(¢; 79, ug) is any solution of (3) and
v =go(t,v),  t#t,
o(tf) = F(v(t)), t=t,i=1,2,3.. (4)
v(To) = v, 70 > to

existing for ¢ > 79, where v(¢; 79, v9) is any solution of (4).
In order to prove the desired results, we will first prove two comparison principles for the
system (1) under consideration.

Theorem 3.1. [9] Let us suppose that:

(a) m € PC[R, Ry] is piece-wise continuous, g1 € C[R2, R)] is continuous and non
decreasing and J; : Ry — R4 is non-decreasing such that

D_m(t) < g1(t,m(t)), t#t, -
() < Ji(m(t), = ti=1,2,5.. )
(b) Let r(t) = r(t; 70, u0) is the mazimal solution of (3).

Then m(to) < ug implies m(t) < r(t+ ) fort >ty and m(t — ) < r(t) fort > .

Proof. For t € [tg,t1], we have by Lemma 2.2, m(t) < r(t + ).
Hence, by knowing the facts that J; is non-decreasing and m(t1) < r(t; + ), we obtain

m(t]) < Ji(m(t1)) < Ji(r(ty +7)) = uf .

Now, for ¢; < t < t9, again by Lemma 2.2, it follows that m(t) < r(¢ + ) where r(t) =
7(t; 71, u]) is the maximal solution of (3) for t € [t1,t9].
Continuing as above, we get

m(t) < J(m(t2)) < Ji (1t + 7)) = uf
Repeating in the same way, we finally get the desired results and hence, the proof. O
Theorem 3.2. [18] Let V € PC[Ry x R" — Ry] and V € },.
Let us consider that
D_V(t,z) < gi(t,V(t, 2))
V(5 2(t7)) < Ji(V(ti; 2(t:)))

where g1 € C’[Ri, R.] is continuous and non - decreasing, J; : Ry — Ry is non-decreasing.
Let r(t) = r(t; 70, uo) be the mazimal solution of the comparison system (3).

(6)
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Then, V (t,z(t)) < r(t +,70,u0), t > to holds provided V (tg, z0) < ug.

Proof. Let x(t) = x(t; to, zo) and y(t) = y(t; 70, yo) be the solutions of the system (1) such
<

x
that V(to, Zo) 0-
Define m(t) = V (¢, 2(t)) such that for adequately small but positive s, we have
m(t+s)—m(t) =V(t+s,2(t+s)) —V(tz(t))
=V(Et+szt+s)—ylt+y+s) - V(t,z@) -yt +7))
(7)

After adding and subtracting a common term (i.e. V(t+s,2(t) —y(t+v) + s(f(t, z(t)) —
f(t,y(t+7)) ) on right hand side of above equation (7) and then multiplying by s~! (where
s — 07) on both sides of the same, we get

LD 22O g, )

[yt +v+5) =yt +7)]

D_m(t) < lim infL||
s—0~

+ lim infL| — Jltyl+ )+ DVt a(t) = ylt + )
=D V(t,z(t) —y(t+7))
=D_V(t,2(t))
< g1(t, m(t))
Now consider
m(t) = V(tF, =)
< Ji(m(t:))

Therefore, all the conditions of Theorem 3.1 are fulfilled and we get the desired result.
O

4. MAIN RESULTS

Here, we will deduce the sufficient conditions for the stability of impulsive differential
equations with I'TD. For the same, we will apply the method of perturbed Lyapunov func-
tion along with comparison results.

Theorem 4.1. Suppose that the following conditions are fulfilled:
(i) Let Vi € PC[R4+ x S(x,p), Ry] and Vi (t,z) € Vy such that
{ D—Vl(taz) Sgl(tv‘/l(t?z))a t#tz

ViltF2(69) < Ji(Vltio2()))s i =1,2,3. )

where g1 and J; are same as defined in Theorem 3.2.
(ii) For 0 <n < p , there exist a Vo € PC[R4+ x S(p)()S¢(n), R+], and Va(t,z) € Vp

such that
b(llzll) < Va(t, ) < a(l|z]]), a,be K
and
D—[Vl(t7z)+v2(taz)] §92(tavl(t’z)+v2(t’z))’ t#ti
Vit 2(t0) + Va(th, 2(¢0)] < F(Va(ts, 2(t)) + Valti, 2(8:))), t=ti,i=1,2,3..

where g : Ri — Ry is continuous and Fy : Ry — R4 is non-decreasing.
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(iii) The zero solution of comparison system (3) is equi-stable and the zero solution of
comparison system (4) is uniformly stable.
Then, the solution x(t) = x(t;tg, zo) of impulsive differential system (1) is equi-
stable.

Proof. Let 0 < € < p and considering condition (iii), as the zero solution of (4) is uniformly
stable, we have for a given b(e) > 0 and 79 € Ry , there exist a dyp = dp(€) > 0, such that
vy < &g implies

v(t; 70, v0) < b(€),t > 7o (9)
where v(t; 70, v0) is any solution of (4).
Choose §; = d1(€) > 0, such that

)
CL((51) < EO (10)

Also, from the stability of zero solution of (3), for given %0 > (0 and 19 € Ry, there exist
a 02 = d2(70,€) > 0 such that

)
u(t; 1o, up) < 50, t>19 (11)

provided ug < d2 where u(t; 79, up) is any solution of (3).
Choose ug = Vi(to, 20) , such that for some d3 > 0 ,

|20 < d3 and Vi (to, 20) < &2 (12)
hold concurrently.
Therefore, imy, 50)— (70,40 [12(t)|| = 0, which follows that for a given € > 0, there exist
04 = d4(€) > 0 and o1 = o1(€), such that ||zo|| < d4 and v < o7 implies
[2()]] < b1, to <t <o (13)

Choose § = min(d1,93,04) and 0 = 01
Now, we claim that ||zg]] < 0 and ||z(¢)|| < €, for ¢ > to. If it does not hold true, then
there exist a solution y(t) = y(t; 70, yo) of impulsive differential system (1) with ||zg]| < 9,
v < 6 and ty > t1 > 79 satisfying

|z(t1)]] = 015 ||2(t2)]| = € and 61 < ||2(t)]| < € where t; <t < ta. (14)

By using Theorem (3.2) and condition (i) of Theorem (4.1), we get

Vi (t1, 2(t1)) < 71(ts + 570, u0), t>to (15)

where r1(¢1;70,up) is the maximal solution of (3).
Thus, by using (11), we have

o)

Vi(t,2(t) < 5 (16)
In addition, from condition (ii) of Theorem 4.1, (10) and (14), we have
)
Va (t1, 2(t1)) < a(([2(t)]]) < ald1) < 50 (17)
Thus, we get
)
Vi (tr,2(0)) + Va (b, 2(0) < 5 (18)

Now, let m(t) = Vi (¢, 2(t)) + Va (¢, 2(t)), t € [t1,ta].
From condition (ii), we get

D_m(t) < galt, m(t)), ¢ € [t1.to]
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and
m(t;r) =W (t;r,z(t;r)) + V5 (t;r,z(t;r))
< Fy (Vi(ti, 2(t:)) + Va(ti, 2(t:)))
= Fi(m(t:))
Thus, by using equation (18) and Lemma 2.1, we get
m(t) < Tz(t;tl,m<t1)),t S [tl,tg] (19)

where 79(t;t1,m(t1)) is the maximal solution of (4).
Thus, by using (9) and (19 ), we have

Vi (ta, 2(t2)) + Va (t2, 2(t2)) < b(e) (20)
Also, by using equation (14), condition (ii) and as Vi(t,z) > 0, we obtain
b(e) = b([[2(t2)]]) < Va(tz, 2(t2)) < Vi(te, 2(t2)) + Va(te, 2(t2)) < b(e)
which leads to a contradiction, proving the equistability of (1). ]

Remark: If the condition (iii) of Theorem 4.1 is strengthen by assuming the zero
solution of both comparison systems (3) and (4) as uniformly stable, then the solution
x(t) = x(t; to, xo) of the system (1) is uniformly stable.

Theorem 4.2. Assume that all the conditions of Theorem (4.1) are fulfilled except con-
dition (i) which is replaced as follows:
Let Vi, € PC[R4+ x S(z,p), Ry] and Vi(t,x) € Vi such that

val(t, Z) —|—p(t, Z) < g1 (t, Vl(t, Z)), t 75 t;
I ti . (21)
VA 00) + [ pls,2(6))ds < Vit (6). =1 = 1,2,3..

to
where g1 € C(R%, Ry) is non - decreasing, p(t,z) : Ry x S(p) — Ry is piecewise contin-
uous and integrable such that p(t,x) > bo(||x||) where by € K, D_p(t,z) is bounded above
or below and J; : Ry — Ry is non- decreasing.
Then, the solution x(t) = xz(t;tg,z0) of impulsive differential system (1) will be equi-
asymptotically stable.

Proof. According to Theorem 4.1, we have already proved that the system (1) is equistable.
Therefore, for € = «, let 6* = §*(tp,a) > 0 and o* = o*(tg, ) > 0, such that ||zg]| < §*
and |y| < o* implies
[z < a, t >t

Now, we will prove that,

I2()] =0 (22)
as t — oo when ||z < 0* and |y| < o*.
As p(t,x) > bo(||x]|), in order to prove (22), it is sufficient to prove that

limy—oop (t,2(t)) =0
when ||zg]| < 6" and || < o*.
If it is not true, then there will be two divergent sequences {t,} and {t}}, such that for
B > 0, we have

plti =) = 5¢ plt (1) = Band D <pt ()< B te(tt]) (29

N | @
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As D_p(t,x) is bounded above, there exist a constant M such that D_p(t,xz) < M.

Therefore, we have
t
D_p(s, 2(s))ds < M(t} — )
t;
By using (22), we get

. B ,
>
ti—t; > 5 for each i (24)
t
Let G(t,z) = Vi(t, 2) —|—/ p(s, z(s))ds (25)
to

Then, by using inequality (21), we have
D_G(t,z) < D_Vi(t, z) + p(t, 2)
<qi(t, Vit 2))
< gi(t, G(t, 2))
Also,
Gltt =) = Al 2(60) + [l =())ds

to
< Ji(Va(ti, 2(:)))
< Ji(G(ti; 2(1:)))
Hence, by Theorem (3.2), we have
G (t,2(t)) < ri(t+7,70,u0), > 1o (26)

where r1(t, 70, u0) is the maximal solution of (3).
Thus, from (23)- (26), we have,

Sn@+%mww—/p@ﬂ®ﬂs

to
50 6 *
S5 73 (7 — 1)
1<i<n
do B np
2 2onm <Y

which gives a contradiction for a sufficiently large value of n.
Therefore, we get

limi—oop (t, 2(t)) = 0 for ||zo]| < 0™ and |y| < .
Also, p(t,z) > bo(||z||), therefore, we have
limi—0o||2(t)|| = 0 for ||z0]| < 6*and|y| < o*.
Hence, the proof is completed. ]

Remark: If the assumptions of Theorem 4.2 are strengthen by assuming the zero
solution of both comparison systems (3) and (4) as uniformly stable, then the solution
x(t) = x(t; to, xo) of the system (1) is uniformly asymptotically stable.

In this section, we will present an example to support the proved results.
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5. EXAMPLE

Consider the following impulsive differential system:
2y = (sinln(t + 1) + cosIn(t + 1) — 2) 1 + lxe, t#t;
=lz1+ (sinln(t + 1) + cosln(t + 1) — 2) xa, t#t;; (27)
Axy = Nzxy; Axg =0, t=1t;

where —1 < )\; < 0.

Let z(t) = x(t;to,x0) and y(t) = y(t;70,y0) be two solutions of (27), such that v =
90— 19 >0

Define p(t) = exp [-2(¢t + 1)(2 — sinln(t + 1))].

Set Vi(z) = (z1 + 22)%, Va(z) = (21)? + (22)?, a(x) = 22% and b(z) =

Then, Va(x) clearly satisfies b(||z|) < Va(t,z) < a(||z]). As, p (t) < 1t is clear that
p(t) is non-increasing. Also, p/(t) is non-decreasing for t > tg as p’(t) >

Now,
D _Vi(z) = D-Vi(z —y)
=2(x1 + 29 —y1 — y2)* (sinln(t +1) + cosln(t +1) — 2+ 1)
(K0 .
= (5 +2) e
< (; ii)) + 2l> Vi(z —y)
_ () ;
- (G +2) 1o
and

Vi(z(t])) = Viz(t5) — y(t5 +7))
= ((z1 = y))(1+ N) + (22 — 12))°
< (21— y1)* + (w2 — y2)° + 2(21 — y1) (w2 — 2)
=Vi(z —y)

= Vi(2(t:))

Set v = g1(t,u) = (% +2l) u, u(ty) = Ji(u) = u, u(r) =ug >0, 79 >ty where
g1(t,u) is non-decreasing in t for t > 7.
The general solution is

u(t, 70, ug) = B exp(2t)ut(t)
exp(2lTo)pu(mo)2
= 1o —exp ((20 +sinln(t + 1) — 2)t +sinln(t + 1) — 2).
exp(2lTo) (7o)

Now, u(t, 70, up) — 0, as t = oo if | < %; hence, u is stable if [ < %
Likewise, we have

D_Vi(2) + D_Va(2) < (“'(“ + 2z> Vi(z) + <“l(t) + 2z> Va(2)

p(t) pu(t)
1 (t)
< (M) 21) ) + ()
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Also,
Vi(z(t5)) + Va(z(5)] = Vi (t5) =yt + 7)) + Va(a(t]) =yt +7))]
= [(z1 = y)(1 + X)) + (22 — y2)]°
+ [ =) (1 + )% + (22 — y2)?]
<Vi(z —y) + Va(z —y)
= Vi(z(t;)) + Va(z(ts))

Set v/ = go(t,u) = (% + 2l> v, v(t]) = Fi(v) = v, v(10) = >0, 79> to.
The general solution of above system is

__ Y
exp(2l79) (7o)
Clearly, v = 0 is uniformly stable if [ < 1.

Thus, as per Theorem 4.1, the solution x(t,ty, o) is equistable with reference to initial
time difference if [ < 1/2.

v(t, 10, up) = exp(20t)u(t)

6. CONCLUSIONS

In this paper, for the first time, we develop two comparison principles to investigate
the stability criteria for impulsive differential equations with initial time difference by em-
ploying perturbed Lyapunov function. McRae and Song et al. [15, 18] discussed same
stability criteria for differential equations without impulse effect. We extended the crite-
ria for impulsive differential equations with initial time difference. We have applied the
technique of perturbing Lyapunov function to obtain the sufficient conditions under much
weaker assumptions in comparison to the stability investigated by S.G. Hristova [5] by
using Lyapunov function and some comparison results under some rigid conditions. An
example is also given to support the proved results.
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