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ON /- CONVERGENT TRIPLE SEQUENCE SPACES DEFINED BY A
COMPACT OPERATOR AND AN ORLICZ FUNCTION

V. A. KHAN!, M. 1. IDRISI', M. AHMAD!, §

ABSTRACT. In this article, we introduce I— convergent triple sequence spaces 3SI(M) ,
3ST(M), 3SL (M) with the help of a compact operator and an Orlicz function. We study
some of their algebraic and topological properties like solidity, monotonicity, convergence
free etc. Also, we prove some inclusion relations of these spaces.
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1. INTRODUCTION AND PRELIMINARIES

A triple sequence is a function z : NxNxN — R or C, where N, R and C denote the set of
natural numbers, real numbers and complex numbers, respectively. Let sw denote the class
of all complex triple sequences (z,,x;), where n, k,1 € N. Then the classes of triple sequences
3leo, 3¢ and 3cg denote the triple sequence spaces which are bounded in Pringsheim’s
sense, convergent in Pringsheim’s sense and convergent to zero in Pringsheim’s sense,
respectively, normed by

lz|loo = sup |Tnri|, where n,k,l € N.
n7 El

The different types of notions of triple sequence spaces was introduced and investigated
at the initial stage by Sahiner et. al [20, 21]. Esi [6] examined the triple sequence defined
by orlicz function and probabilistic normed spaces. Datta et. al [4] studied the statistical
convergence of triple sequences and Debnath et. al [5] analyzed the generalized triple
sequence of real numbers. Further, this concept has been studied by many authors (see,
(2, 7,9, 12, 15, 18, 19, 25, 26]).

The idea of statistical convergence was first presented by Fast [8] and Schoenberg [23]
independently. Later on, Mursaleen et. al [16, 17] studied the statistical convergence of
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double sequences and A-statistical approximation theorems. The notion of I— conver-
gence is a generalization of statistical convergence which was introduced by Kostyrko et.
al [13]. Later on, it was studied by Salat et. al [22], Tripathy [27], Khan et. al [11, 7],
Kara and Ilkhan [30, 31], Dindar and Ulusu [28], Kisi and Erhan [29] and many others.

A family I C 2% of subsets of a non-empty set X is said to be an ideal in X if § € I,
A,B € I implies AUB €I, A€ I,B C Aimplies B € I. A non-empty family of sets
F C 2% is a filter on X if and only if ) ¢ ', A, B € F implies ANB€ Ac Fand ACB
implies B € F. An ideal I is called a non-trivial ideal if I # () and X ¢ I. A non-trivial
ideal I C 2% is called admissible if and only if {{z} : + € X} C I maximal if there is
not exist any non-trivial ideal J # I containing I as a subset. For each non-trivial ideal
I there exists a filter F(I) ={A: X\ A€} in X.

Definition 1.1 [20] A triple sequence (x,;) is said to be convergent to L in Pringsheim’s
sense if for every € > 0, there exists N(e) € N such that

|zt — L| < € whenever n > N, k> N, [ > N.

Example 1.1:[20] Let

kl, n=3

B nl, =5

Tk Yk =7
8,  otherwise.

Then (z,) — 8 in Pringsheim’s sense.

Definition 1.2 [20] A triple sequence (x,j;) is said to be a Cauchy sequence if for every
€ > 0, there exists N(e) € N such that

|$nkl—$pqr\<€ whenever n >p >N, k>qg> N, [ >r > N.

Definition 1.3 [20] A triple sequence (x,4;) is said to be bounded if there exists M > 0
such that |z,x| < M for all nk,l.

Definition 1.4 [3] A triple sequence (z,j;) is said to be I-convergent to a number L if
for every € > 0, such that

{(n,k,)) ENXNXN: |z —L|>e} el
in this case we write I — lim x,;; = L.

Definition 1.5 [3] A triple sequence (z,x;) is said to be [-null if L = 0. In this case we
write I — lim x5 = 0.

Definition 1.6 [3] A triple sequence () is said to be I-Cauchy if for every € > 0, there
exists p = p(€),q = q(€) and r = r(€) such that

{(n,k,1) e NX NXN: |2y — Tpgr| > €} € 1.

Definition 1.7 [3] A triple sequence (z,j;) is said to be I-bounded if there exists K > 0
such that

{(n,k,1) e Nx NXN: |z > K} €.
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Definition 1.8 [3] A triple sequence space F is said to be solid if (a,xxnk) € E whenever
(xnk1) € E and for all sequences () of scalars with |agyk| < 1, for all n, k,1 € N.

Definition 1.9 [3] A triple sequence space F is said to be monotone if it contains the
canonical pre-images of all its step spaces.

Definition 1.10 [3] A triple sequence space E is said to be sequence algebra if (x5 *
Ynkl) € E, whenever (z,x) € FE and y,i € E.

The following lemmas will be used for establishing some results of this article:
Lemma 1.1 [13] Let E be a sequence space. If E is solid then E is monotone.
Lemma 1.2 [13] If I c 2¥ and M CN, M ¢ I, then M NN ¢ I.

An Orlicz function is a function M : [0,00) — [0,00) which is continuous, non-
decreasing and convex with M (0) =0, M(x) > 0 and M (x) — oo as z — oo.

If the convexity of an Orlicz function M is replaced by M (z +y) < M (x)+ M(y), then
this function is called Modulus function. If M is an Orlicz function , then M(AX) < AM (x)
for all A with 0 < A < 1. An Orlicz function M is said to satisfy As-condition for all values
of w if there exists a constant K > 0 such that M (Lu) < KLM (u) for all values of L > 1.

Lindenstrauss and Tzafriri [32] used the idea of an Orlicz function to construct the
sequence space

oo
ly={zxcw: ZM(M) < oo for some p > 0}.
p
k=1
The space I3y becomes a Banach space with the norm

|| :inf{p> 0: ;M(kﬂf) < 1},

which is called an Orlicz sequence space. The space [y is closely related to the space I,
which is an Orlicz sequence space with M (t) = tP forl < p < oo.

Definition 1.11 [14] Let X and Y be two normed linear spaces. An operator 7' defined
by T : X — Y is said to be a Compact Linear Operator (completely continous linear
operator) if T is linear and T maps every bounded sequence (x) in X onto a sequence
T(xy) in Y which has a convergent subsequence. The set of all bounded linear operators
B(X,Y) is normed linear space normed by
17| = sup [Tl
reX,||lz)|l=1
The set of all compact linear operator C(X,Y) is a closed subspace of B(X,Y’) and C(X,Y)
is a Banach space if Y is a Banach space.

Following Basar and Altay [1], and Sengoniil [24], Das [3] introduced the triple sequence
spaces co;(F) and c¢3(F) with the help of sequence of moduli F = (f,) as follows:

c?(F) = {z = (zau) € Wi I — lim fogi(| pry — L |) = 0, for some L € C} € 1
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cir(F) = {z=(zpu) € w’: I —lm fop(| zom |) =0} € 1.

The main aim of this article is to extend the concept of I-convergence from double
sequences to triple sequences with the help of a compact linear operator and an orlicz
function and establish some useful results.

2. MEAN RESULTS

In this section we introduce the following classes of sequence spaces.

T(zam) — L
381 (M) = {fc — (eutt) € 3loo : T — lim pr( L (@nk) = 11

) =0, for some L € C,p> 0}7
nkl 1%

T(zy
15300 = Lo = (o) € a1 ar(EE0) > o},
5SL (M) = {x = (k1) € 8loo 3 K >0 5.t {(n,k,1) € Nx NxN: My > ¢ o> 0} € 1},

T(xy,
3800 (M) = {:p = (Tpi1) : supM(‘(xpkl)’) < oo, for some p > O}.
nkl
We also denote by,

smL (M) = 38T(M) N 385 (M)
sm, (M) = 38§(M) N 38x(M)

Theorem 2.1 For an Orlicz function M the classes of triple sequences 387 (M), 3SE(M),
smL (M) and 3m§0 (M) are linear spaces.

Proof. We shall prove the result for the space 387(M). The proof for the other spaces
will follow similarly.

Let (Znri), (Ynkt) € 3ST(M) and let a, 3 be scalars. Then there exist some positive
numbers L, Lo € C and p1, p2 > 0 such that

T —L
I— limM(M) — 0,
nkl P1
and
T —L
I limM(M) —0.
nkl P2
For any € > 0, the sets
T —L
AlZ{(n,k,l)ENXNXN:M(HMM)Z;}GI, (1)
P1
and
T —L
A2={(n,k,l)€NxNxN:M(|(ynkl)2|)2;}ej, (2)
P2

Let p3 = max{2|a|p1,2|B|p2}. Since M is non-decreasing and convex function, we have
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T (onks + BYynir) — (aLy + BLo)| T (xnk1) + BT (Ynkt) — Ly — BLo

M . ) = M( " )
< MUQHT(%;?) Ll M(\BIIT(yZz) — Lal,
< M(’T(%kfﬁ — L, , M(|T(ynk;i — Lal,
< M(IT(xn,zi - Lll) +M(|T(ynk[l)i— L2|)'

(3)

Therefore, from (1), (2) and (3), we have

T (axpps + BYnk) — (Ly + BLo)|

{(n,k,1) e Nx NxN: M(
P3

) > €} C (A1 UA) €1,

this implies that
T (axnpr + Bynkt) — (aLy + BLo)|

{(n,k,1) e Nx N xN: M( ) ) > et el
3
N hgllM<|T(a$nkz + Bynw) — (aly + 5L2)!) _0
n P3

= azpp + Bynk € 28T (M).

Hence 3S87(M) is a linear space.

Remark. For an Orlicz function M, the spaces 3m§O (M) and 3m%(M) are Banach spaces
normed by

T

lz|| = inf{p > 0: supM(M) <1,p>0}.
nkl P

Theorem 2.2 Let M;, My be two Orlicz functions statisfying A condition, then

(a) X(MQ) g X(MlMQ)

_ I 1 1 1
(b) X(Ml) ﬂX(MQ) - X(Ml + Mz) for X = 357, 380, 3Myg and 3Mg, -

Proof. (a) Let x = (z,11) € 3St(M2) be an arbitrary element
= p > 0 such that

. |T($nkl)| _
I~ lim My (=) =0, (4)

Let € > 0 and choose § with 0 < § < 1 such that M;(t) < e for 0 <t <.
Put ypp = M2(w) and consider,

lim M — li M li M . 5
im 1(Ynkt) i 1(ynkl)+ynkl>£rg,k7leN 1(Ynkt) (5)

Now, since M; is an Orlicz function so we have M;(Ax) < AM;(x),0 < A < 1.
Therefore we have,

My (Ynr) < M1(2) lim (Ynkt)-

lim i
Ynkt <0, n,k,l€N Ynk1 <0, n,k,leN
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For ypr > 9, we have ypp < Y38 < 14 Y25 Now, since M) is non-decreasing and convex,

it follows that ) )
Mi(ga) < Mi(1+ 28 < SMi(2) + S Mo

Since M; satisfies the Ao- condition we have,

2Unki
1) ):

1y, 1 W
M (ynit) < 5KMM@) DKM (2R

1) 2 1)
1 Ynk 1 Ynki
—KZ—M;(2 —KZ—M;(2
< K5 M2) + S K= M(2)
:K@Ml(z).

This implies that

Mi(yur) < K5 M (2).

Hence,we have

My (yn) < maz{1, K6~ M;(2) (Ynkt) }-

lim lim
Ynk1 >0, n,kIlEN Ynkl >0,n,k,IEN

Therefore from (4) and (5) we have
I— hgll Ml(ynkl) =0.

T (@)

= 1 — lim M, My ) =0.

This implies that x = (z,41) € 384 (M1Ms). Hence X(Ms) C X (M M) for X = 38(.
The other cases can be proved in a similar way.

(b) Let @ = () € 3S{(M1) N 38{(Ms). Let € > 0 be given, then Jp > 0 such
that,

. |T(xnkl)|
I _l — pu—
lim M ( p ) =0, (6)
and T (k)|
. Tnkl
I — lim My(—————=) = 0.
lim My P )=0 (7)
Therefore
| T (1|

T(zy .
I —lim (M, + Mp)( ):I—lili(M)—i-I—hgllMg(i
n P n

nkl
from (6)and(7)

T (k)|

nkl

we get
T = (xnkl) S 33({(M1 + Mg).
Hence we get 355 (My) N 38 (M) C 3SE(My + My).

For X = 387, 3m§, 3m§O the inclusion are similar.
Corollary. X C X(M) for X = 387, 35({, 3m{g and 3m§0.

Theorem 2.3 For an Orlicz function M, the spaces 3S{ (M) and 3m§O(M ) are solid and
monotone.
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Proof. Here we consider 35 (M) and for 3m§O(M) the proof shall be similar.
Let x = z,u € 38[{(]\/[) be an arbitrary element , = dp > 0 such that

T
[ — tim ar(T@ly
nkl P
Let (anr;) be a sequence of scalars with || < 1 for n, k,l € N.

Now, M is an Orlicz function and for € > 0, the results follows from the following inclusion

(|T(ankl$nkz)|) >} C {(n,k,1) € NxNxN : M(|T($nkl)’

{(n,k,1) e NxNxN: M
p p

) 2 €}

This implies that,
I lim M( |T(Oénkl%‘nkz)\) _
nkl
Thus we have (aprTnr) € 3S4(M). Hence 38{(M) is solid. Therefore 3Si(M) is
monotone. Since every solid sequence space is monotone. For 3m§O(M ) the proof shall be
similar.

0.

Theorem 2.4 For an Orlicz function M the space 387(M) and gmL (M) are neither solid
nor monotone in general.

Proof. Here we give counter example for establishment of this result. Let X = 38’ and
3m§. Let us consider I = I and M(z) = 22, for all z = 2,3 € [0,00) and T is an identity
operator on R. Consider,the K-step space X (M) of X (M) defined as follows:

Let © = (zpp) € X (M) and y = (ynu) € Xk (M) be such that

) xpm,  if n+k+1is even,
Ynkl = 0, otherwise.

Consider the sequence (x,1;) defined by (x,x) = 1 for all n, k,l € N.
Then z = (zn1) € 38T(M) and 3mk(M), but K-step space preimage does not belong to
3ST(M) and 3mL(M). Thus 387 (M) and 3mL (M) are not monotone and hence they are
not solid.

Theorem 2.5 For an Orlicz function M and an identity operator T' on R, the spaces
5SS (M) and 38T (M) are sequence algebra.

Proof. Here we consider 35/ (M). Let (znx1), (Ynki) € 3ST(M) be any two arbitrary
elements. = dp1, p2 > 0 such that,

T (wp1)]

=0,
P1 )

I —1im M (
nkl
and -
[ — tim amr((TWmly
nkl P2
Let p = pip2 > 0. Then
|T(xnkl) T(ynkl)’ |T(5anl)| |T(ynkl)’
) = M( )M (
p P1 P2

o T — Tim M( T (znkt) T (Ynst)|
nkl 1%

M(

)

) = 0.
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Therefore we have (ZpkYnki) € 3SOI(M).
Hence 3S{ (M) is sequence algebra.

Theorem 2.6 Let M be an Orlicz function. Then

3SE(M) ¢ 3ST(M) ¢ 38L (M),
Proof. Let M be an Orlicz function. Then, we have to show that

3SE(M) ¢ 38T (M) ¢ 381 (M),
Firstly, 3SJ(M) C 3S81(M) is obvious. Now, let 2 = (z,1) € 357(M) be any arbi-
trary element = dp > 0 such that I — 111}(6111 M(‘T(x"izl)fu) = 0 for some L € C. Now,

n

M(W) < %M(W) + %M(%) Taking supremum over n,k,1 on both sides, we
have z = (zn11) € 381 (M). Thus 3SE(M) C 38T(M) C 38L(M).

Theorem 2.7 The set 3m%5 (M) is closed subspace of 38 (M).

Proof. Let (:U%]f)) be a Cauchy sequence in 3mL(M) such that 2(P7") — 2. We show
that € smL(M). Since, (azfﬁg)) € smL (M) then there exists apq-, and p > 0 such that

) = amrl - o oy

{n,k,1eN:M(
P

We need to show that
(1) (apqr) converges to a.
@) T U = {n k1€ N: M(TEED=00) S ) then U € 1
- Y ) N P — ) *
Since (:ciﬁflr)) is a Cauchy sequence in 3m%(M) then for a given e > 0 there exists kg € N
such that

cup 2 (@) = Tl ) e
nkl p 3
For a given € > (0, we have

for all p,q,r > ko and p',q, 7" > ko.

‘T(x(qu)> _ T(m(p’q’r')) |

Bugryrqns = {n k.1 € Nz M ("0 w2y < 2,
p
T (par)y
Byor = {n, kL€ N : (. (xnk’lp) Opaly h
T (p'q'r") _
Bygr = {nykyl € N: ap( P @i ) = arsly =
Then B;qrp’q/r” B}iqr? B;/q/r/ S I. Let B¢ = B;qrp’q/r’ N ngT‘ N B;/q/r/,

|apqr—a /gl /|

where B = {n,k,l € N: M(=—7=) < ¢}, then B € I. We choose kg € B, then for
each p,q,7,> ko and p',q,r" > ko we have

‘T(xgiqlr)) - apqr‘) €

{n,k,lEN:M(W[M)<e}Q {n,k,l e N: M( P <§}
|T($(pq7")) _ T(x(P’q/T'))‘
nkl nkl

€
N{n,k,leN: M <=
n, ( ; )<}
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el oyl _ <y
p 30
Then (apq-) is a Cauchy sequence in C. So, there exists a scalar a € C such that (apgr) —

a,as p,q,r — 0.
(2) For the next step, let 0 < § < 1 be given. Then, we show that if,

N{n, k.1 €N: M(

T(2"8) — af

U={nkleN:M( ) <0}

then U€ € I. Since xfﬁflr) — x, then there exists pg, go, 79 € N such that,

Tl =TI, _ 3,
p 3

P={nkleN: M

implies P¢ € I. The numbers pg, qo, 79 be so choosen such that we have

ro — )
Q= {n,k,l EN:M(W} < §}
such that Q¢ € I. Since (:L“ﬁqlr)) € smL(M).
We have
(Pogoro)y
(bt e N (T ) = Goanoly gy oy
p
Then we have a subset S of N such that S¢ € I, where
(pogoro)
_ . 5
S = {n,k,l eN:M(' @k p) Tpodo 0') <3}

Let U¢ = P°UQ°U 5S¢ where
T(x) —
U= {n,k,1 EN:M(W) <4}

Therefore, for each n, k,l € U¢ we have

T (@ Po%)) — ()]
p

T'(x) — al

{n,k,l e N: M( ) <d} D |{n,k,leN:M(

o — 5
m{n,k,leN:M(W) < §}

|T(937(1120lq0m)) — Gpoqoro| 0
P ) < 3}].

A{n, k1 € N: M(
Hence the result 3mL (M) C 38 (M) follows.
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