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APPROXIMATION BY LUPAS-STANCU OPERATORS BASED ON
¢-INTEGER

MOHD QASIM!, ZAHEER ABBAS?, §

ABSTRACT. The purpose of this paper is to introduce a Stancu type generalization of
the Lupas operators based on the g-integers. We investigate the rate of convergence of
operators by mean of modulus of continuity and functions belonging to the Lipschitz
class as well as Peetre’s K-functional.
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1. INTRODUCTION

Approximation theory basically deals with approximation of functions by simpler func-
tions or more easily calculated functions. Broadly it is divided into theoretical and con-
structive approximation. In 1912 S.N. Bernstein [4] was the first to construct sequence of
positive linear operators as follows:

Batrin =3 (Tt (1) 0

=0

to provide a constructive proof of well known Weierstrass approximation theorem [31] us-
ing probabilistic approach. Here C[0, 1] denotes the set of all continuous functions on [0, 1]
which is equipped with sup-norm ||.|[¢[o,1]- He showed that if f € C[0,1], then B, (f;u)
converges to f(u) uniformly on [0,1]. For some recent work on related operators, we refer
to [1, 2, 18, 19, 20, 22, 23, 24, 26, 29).
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Before proceeding further, let us recall some basic definitions and notations of quantum
calculus [9]. For any fixed real number ¢ > 0 satisfying the conditions 0 < ¢ < 1, the
g-integer [l]4, for | € N is defined as,

and the g-factorial by

The ¢-Binomial expansion is

(uw+ )7 = (u+y)(u+qy)(u+qy) - (u+q" 'y,

and the g-binomial coefficients are as follows:

After development of g-calculus, Lupag [15] in 1987 introduced the g-Lupag operator
(rational) as follows:

L e i f([%q) m[ T? qugl) ‘ul (1- u)m—z7 )
1=0 [1{Q —u)+ ¢ u}

J=1

and studied its approximation properties.
Similarly, Phillips [25] in 1996 constructed another g-analogue of Bernstein operators
(polynomials) as follows:

BmAfm>=§f[ZzLuﬁﬁi?r—fo(“b),ue@@] 3

1=0 5=0 [mlq
where B,, 4 : C[0,1] — C[0,1] defined for any m € N and any function f € C|0, 1].

Basis of these operators have been used in computer aided geometric design(CAGD) to
study curves and surfaces. Then onward it became an active area of research in approxi-
mation theory as well as CAGD[10, 11, 12].

In 1968 Stancu [30] showed that the Bernstein-Stancu polynomials

(PO ) (u) = l}; <T> (1 — u)m—g(%)j (4)

converge to continuous function f(u) uniformly in [0,1] for each real 7,0 such that 0 <
v < 6. For more literature on Stancu operator one can refers [3, 5, 17, 21, 27]

A. Lupag [16] introduced the linear positive operators at the International Dortmund
Meeting held in Witten (Germany, March, 1995) as follows:

o0

mu al
Ln(fin) = (1= oy 3 T (L) o, )

m
=0
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with f : [0,00) — R. If we impose Ly, (u) = u, we get a = 1. Thus operators (5) becomes

Lon(fru) =270y (%”f (ﬂi) L u>0, (6)

=0

where (mu); is the rising factorial defined as:

(mu)o =1, (mu); = mu(mu+1)(mu+2)---(mu+1-1), 1 >0.
Recently the g-analogue of Lupas operators (6) is defined in [28] as:

o0

) = 9~ [mlgu ([m]qu); [l w
(g =2 S () w0 @

Motivated by the above mentioned work, we introduce the Stancu type generalization of
Lupag Operators based on g¢-integer are as follows:

Definition 1.1. Let 0 < ¢ < 1, 0 < v < 0 and m € N. For f : [0,00) — R we define
q-Lupas-Stancu operators as

Vs 20\ — o—[mlqu = ([m]qu); [lg +
£33 (Fiu) = 271 ; e f<[m]q+5>, w0, (8)

The operators (8) are linear and positive. For v = ¢ = 0, the operators (8) turn out to
be g-Lupag operators defined in (7). Next, we prove some auxiliary results for (8).
Lemma 1.1. Let t"(u) = u™, (m =0,1,2). The following equalities are true:

() Lig(liw =1,
23 776 . —_ m
(i) Lhg(t;u) = [m}qiéu + [m}z+5’

S 2. N alml; [m]q([2]+27)
(lll) E%’q(t2,u) = ( p 4 U2 + ([371](1-;1-5)27 U+ ([m]z+5)2 .

Proof. By using Lemma 1 of [28] and some basic calculations We have

£y =2 ey ﬂg]%h

ﬁ%?q(t;u) —  g9-[mlgu i ([m]qu)l [Z]q +
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(iii)

L0 (1u) = 2—[m}qui([m]qu)l (g +)*

m?q

[l]q!2l [m]q

0
2y 3 o O

after solving we get,

Lr0 (5u) =

Corollary 1.1. Using Lemma 1.1, we get the following central moments.
E}y,;?q(t —uju) =0 .
L8 — w2 ) = pl 2 3 Pty

(ml+)?
= pm(u) (say).

Theorem 1.1. Let f € Cpl0,00) and g, € (0,1), such that g, — 1, as m — oco. Then
for each u € [0,00) we have

2[mlq 2 2 2
([m]q+9)? ut ([m}z+5)2 - [m]q-f5u o [m];y+5u+u

lim £75, (f3u) = f(u).

m

Proof. By Korovkin’s theorem it is enough to show that

lim LrS (t™u) =u™, m=0,1,2.
m m sYm

By Lemma 1.1, it is clear that

lim £7° (1;u) =1

m—0o0

m—oQ
and
2 2
; m 2]gm +27) g
l ’776 t2 — 1 q [ L]m 2 [m]qm([ dm
A L (50) = o | e (il 4017 iy, 107
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Tr}i_r}rloo ﬁqum (t%u) = u?.

This completes the proof. O

2. DIRECT RESULTS

Let Cp[0,00) be the space of real-valued continuous and bounded functions f defined
on the interval [0,00). The norm || - || on the space Cg[0,00) is given by

If Hzosup | fu) |

<u<oo

Let us consider the K-functional as:
Ks(f,p)= inf {[[ f—s|l+pls [},
secW?2

where p > 0 and W? = {s € Cp[0,00) : s',5 € Cp[0,00)}.
Then as in ([6], p. 177, Theorem 2.4), there euists an absolute constant C' > 0 such that

Ks(f,p) < Cwa(f,/p)- (9)

Second order modulus of smoothness of f € Cg[0,0) is as follows

wa(f,v/p)= sup  sup | f(u+2h)—=2f(u+h)+ f(u)]|.
0<h<\/p u€[0,00)

The usual modulus of continuity of f € Cp[0,00) is defined by
w(f,p)= sup  sup | f(u+h)—f(u)].

0<h<p u€(0,00)
Theorem 2.1. Let f € Cpl0,00) and g € (0,1). Then for every u € [0, 00) we have
| L% (frw) = [(w) |< Cwa(f5 pm(w)),

where
— q[m]g [m]q([2]g +27) 7 2[m], 2y
P = Gl 1 o2 (il 102 T @l TR il et Y

Proof. Let s € W?. Then from Taylor’s expansion, we get
t

s(t) = s(u) + ' (u)(t — u) —I—/ (t —u)s"(u)du, t €[0,A4], A> 0.

u

Now by Corollary 1.1, we have

E?,;‘?q(s; u) = s(u) + E%?q (/

t
E;/ﬁ(,sq < / | (t—u)|]s"(u) | du;u

L35 (= u)*u) || 8" ||,

t

(t — w)s" (w)du; u> .

IN

£330 (s5u) (s50) — s(w)]

)

IN

hence we get

L30 (s;u(s;u) — s(u)|

< s (({nj[m]g [m]q([2]q +27) v 2[mlg 2y u+u2>.
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By Lemma 1.1, we have

) < 27ty Ll

/ ([[”q”) ]gn I

mlg + 6
Thus, we have

Lot ()l < L3 ((f = s)su) = (F = ) () | +1L30(s:w) = s(u)-

After substituting all values, we get

Lot (fiw) = f)] < f =5

q[m]; 2 [m]g([2lg +27) 7 2[mlq 2y 2
+ I L _u® + U+ — u® — u+u” ).
([mlq +6)? ([mlq +6)? ([Imlg +6)*  [mlq+6 [mlq +6
By taking the infimum on the right hand side over all s € W2, we get
L% (fiuw) = f(u)] < CKa (f, phy(w) -
By using the property of K-functional, we have
|1L0:0,(fu) = ()] < Cuwn (£, pm(w).
This completes the proof. O

3. POINTWISE ESTIMATES

Theorem 3.1. Let 0 < a <1 and E be any bounded subset of the interval [0,00). If
f € Cpl0,00), is locally Lip(a), i.e., the condition

If(v) — f(u)| < Ev—ul®, veFEanduel0,00) (10)

holds, then, for each u € [0,00), we have

30, (Fiw) = F@)] < E{pm(w)? +2(d(u, B))*}, u € [0,00)

where L is a constant depending on o and f and d(u; E) is the distance between u and E

defined by

d(u, E) =inf{|t —ul;t € E}and dp(u) = E%’fq((t —u)u).

Proof. Let E be the closure of E in [0,1). Then, there exists a point ¢y € E such that
d(u, ) = |u — to|.
Using the triangle inequality, we have

|f(t) = fw)] <[f() = fQto) + [f(to) — f(u)].
By using (10) we get,

L0, (Fru) = Fw)] < L3 (1F(8) = f o)l u) + L3 (|f(w) = f(to)];w)
< L{E?,;‘fq(]t—to]a;u)—i-(\u—to\a;u)—i-\u—to]a}
< L{Lgqut—u\a;u)+2|u—t0\a}.



MOHD QASIM, ZAHEER ABBAS: APPROXIMATION BY LUPAS-STANCU... 1227

By choosing p = % and ¢ = ﬁ, we get % + % = 1. Then by using Holder’s inequality we
get

L0 (fiu) — f(u)]

IN

L {30, (1t = w3 w)» [£35,(1% )7 + 2(d(u, B))° }

{20, (= w%w) * +2(d(w, B)° )

IN

IN
£
—

S
3
£
wlR
_l_
=
=
£
&
T
H/_/

Hence the proof is completed. ]

Now, we recall local approximation in terms of « order Lipschitz-type maximal function
given by Lenze [14] as

(:)a(f; u) = sup M

, u€[0,00) and a € (0,1]. (11)
t#u,t€(0,00) |t - u’a
Then we get the next result

Theorem 3.2. Let f € Cpl0,00) and o € (0,1]. Then, for all u € [0,00), we have

3 (Fi) = F)] < Bal i) (pula))
where pm(u) is defined in Corollary 1.1.
Proof. We know that
L300 (Fru) = fa)] < L3, (1F() = flu)lsu).
From equation (11), we have

1£38 (fu) = fw)] < Balf3u)L00,(1t —ul*;u).

From Hoélder’s inequality with p = % and g = %, we have
L0, (fFiw) = F)] < @alf5u) (L3 (E = ul*u)) 2,
which proves the desired result. O

4. WEIGHTED APPROXIMATION BY E?,’fq

In this section we shall discuss weighted approximation theorems for the operators E;’fq
on the interval [0, 00).

Theorem 4.1. [13] Let (T),) be the sequence of linear positive operators from C\2[0,00)
to By,2[0,00) satisfy

lim || Tki — Ki |l2=0, i=0,1,2.
m—0o0

Then for any function f € C7,[0,00)
lm || Tonf — f |lu2=0.
m—0o0
Theorem 4.2. Let g, be a sequence in (0,1), such that ¢, — 1, as m — oo.. Then for
each function f € C*,[0,00), we get
li

L£re f—f llue=0.
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Proof. By Theorem 4.1, it is enough to show
Jim_ | LY ki—hill2 = 0, i=0,1,2. (12)

By Lemma 1.1 (i) and (ii), it is clear that

H ﬁn%,qm(l;u) -1 Hu2 = 0
[mlg y
| 230, () —u e = sup (whis ~1) v+ i
m,qm \"? U ue[O,oo) 1+u2
— 0,as m — oo. (13)

and by Lemma 1.1 (iii), we have

amly 2 [m]g([2lg+27) v?
| £330, () —u? o = sup (s — 1) v + "R + Gy
ot 7 ? u€[0,00) 1+ u?
q[m]g 14 [m]q([2]q +27) i 72 ‘
([m]q +6)? ([mlg+0)> (Imlg +6)?

Last inequality means that (12) holds for i = 2. By Theorem 4.1, the proof is completed.
]

Theorem 4.3. Let g, be a sequence in (0,1), such that g, — 1, as m — oo. Let f €
C*,[0,00), and its modulus of continuity wy1(f;p) be defined on [0,d+1] C [0,00). Then,
we have

L300 (f5u) = F )l cfo, < 6My(1+d*)pm(d) + 2wara (f; Vom(d)),

where pm(d) = L3 ((t—u)?u) = ([i][mi(sy“ + I <}[n(f+:sr)%7)“ + +5)2 -

il +5u+ u?

Proof. From ([8] p. 378), for u € [0,d] and t € [0, 00), we have

() — FQ)] < 6M(1+ d)(t —w)? + (1 I ‘“'>wd+1<f;p>.

Applying L}, both the sides, we have

£ye t—ul;u
’Q(’p | )>wd+1(f§P)-

Applying Cauchy-Schwarz inequality,for u € [0,d] and ¢ > 0, we get

1L30, (fu) = fw)] < L3 (I(F5u) — f(u)];u)
< 6My(1+ dQ)E;’,’L’q((t — u)2;u)

+ way1(f;p) (1 + ;%"fq ((t —u)*u)

130, (Fra) — Fu)] < 6My(1+ )L (¢ — w)Pu) + (1 T

=

)

pm(d))
p
By Choosing p = /pm(d), we get the required result. O

Thus, from Lemma 1.1, for u € [0, d], we get

123 (fru) — <u>\s6Mf<1+d2>pm<d>+wd+1<f;p>(1+
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Now, we prove a theorem to approximate all functions in C7, Such type of results are
given in [7] for locally integrable functions.

Theorem 4.4. Let ¢, be a sequence in (0,1), such that ¢, — 1, as m — oco. Then for
each function f € C*,[0,00), and o > 1

| Lo (f30) = f(w) |

lim sup = 0.
mM=09 4,e[0,00) (1 + u2)a
Proof. Let for any fixed ug > 0,
| L300 (F30) = f(u) | | L300 (F30) = f(u) | | L300 (F10) — f(w) |
< +
B L e A (N

| 230, (1 + 12 u) |
< L% () = 1 Neoawo) 11 llue sup =0

, 14
Since, | f(u) |< Mg(1 + u?) we have,

wp IO L o My My
N e e A R e (R T

Let € > 0, and let us choose ug large then we have

My €
(I +u?o1 =3 (15)
and in view of (1.1), we get,
| L U+ ) | 1+ u?
H f Hu2 W}gn (1 + 'LLZ)O‘ = H f ”u ﬁ
S [l
- (14wu?)et
1S
- 1+ UOQ)O‘_l
< % (16)
By using Theorem 4.3, the first term of inequality (14) becomes
€
” [’m qm(f) - f H[co,uo]< gvas m — O0. (17)
Hence we get the required proof by combining (15)-(17)
sup ‘ m(Im(fﬂ )2 f( )‘<€
u€[0,00) (1 +tu )
O

5. CONCLUSION

Thus it can be concluded that the parameters v, J, and ¢, will provide more modeling
flexibility for approximation of functions and basis of these operators can be used to draw
curves and surfaces in CAGD.
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