TWMS J. App. and Eng. Math. V.11, N.4, 2021, pp. 1268-1280

ON A FRACTIONAL INTEGRAL OPERATOR CONTAINING
Y-GENERALIZED MITTAG LEFFLER FUNCTION IN ITS KERNEL
AND PROPERTIES

MEENAKSHI SINGHAL!, EKTA MITTAL? §

ABSTRACT. This paper is devoted to the study of ¥-generalized Mittag-Leffler function
associated with i-generalized beta function. We also obtain integral representations and
other useful properties of it for example, Mellin transforms, recurrence relations etc.
Further we develop derivative formulas and some fractional differ-integral properties for
this ¥-generalized Mittag-LefHler function.

Other than this we also establish fractional integral operator containing i-generalized
Mittag-Leffler function as its kernel and obtain some associated properties.

Keywords: 1-beta function,-hypergeometric function, ¥-generalized Mittag-Leffler func-
tion, Mellin transform, generalized fractional integral operator.
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1. INTRODUCTION

The Mittag-Leffler function occurs in the solution of fractional order differential and inte-
gral equations, and also in the investigations of the fractional generalization of the kinetic
equation,Levy flights, random walks,super diffusive transport and in the study of complex
systems etc.

The study of the Mittag-Leffler function and its various generalizations has become
popular because of its applications in the Fractional Calculus.
Mittag-Leffler has introduced a function E,(z)

o0 Zk
E,(z) = kzzo eI (z € C;R(0) > 0), (1)

in the year 1903, known as Mittag-Leffler function.This function is a generalization of the
exponential series.Since for ¢ = 1,we have the exponential function.
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Wiman introduced a generalization of the Mittag-Leffler function(1).
E,,(z) = e S T z,m € C;R(o) > 0). 2
W=D gy (e O >0 2

Afterthat Prabhakar|14] investigated the following generalization of the function Ey ,(z)by

o Ne  2F
B (=5 — Ok = 5 ;
0',77(2) kZ:OF(Jk‘-i-?]) k|7 (ZaT/v aJE C’R(U) > 0)7 (3)
where ()),, denotes the Pocchammer symbol defined (for A € C) by:
\ 1 (n=0) A
A = AA+FD..(A+n—1) (n € N). (4)

Shukla and Prajapati|16] introduced a generalized Mittag Leffler function Eg’ff,(z) by

e _ > (5)/% ZF
Egm(z) = kzo Toktn) i (5)

(z,m,0,0 € C;ymin{R(0),R(n),R(0)} > 0;c € (0,1) UN).

Ozarslan and Yilmaz[13] introduced the following extended Mittag-Leffler function Eg:%(z; D)
by

B0+ k,c—0) () ZF
d,¢ (.. _ P .
Eon(z:p) kzzo B(o,c—08) Dontn) k’ (6)

(2,1,0,0 € C; R(c) > R(d) > 0, R(0) > 0, R(n) > 0),
where B, (x,y)is extended beta function defined by|4]

1 _
@mw:Aﬂ*aqw%m%@ (7)

where Re(z) > 0, Re(y) > 0, Re(p) >0 .
For p = 0 it gives the familiar beta function.

Mittal. et al.[11]| presented a new extended Mittag-Leffler function Eg’,f,’c(z; p) by

o0
piyen - 3 Bl o

’ — B(6,c—96) T(ock+n)

(z,m,0,0 € C;R(c) > R(6) > 0,R(0) >0,R(n) >0,p>0)

where By (z,y)is extended beta function defined by|4].
Many more generalizations of Mittag -LefHler function has been presented and investigated
by many authors [2, 14, 12, 7].
In 2018 Enes Ata [3] introduced the - generalized beta functions as

‘ZTZ(?‘Y”B)(:U) = / w0y (a, B —u— B)du. (9)

0 u

k
z

where a, 8 € C;R(z) > 0,R(a) > 0,R(B) > 1,p > 0, and 1¥;(, 5, 2) is the Wright
function defined by
1 k

> z
1Vi(ao, B,2) = ;Z:OF(O‘]“""B)M
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and
VBB (2, y) = /0 £ =00 (e g ) (10)

(Re(x) > 0, Re(y) > 0, Re(ar) > 0, Re(3) > 1, Re(p) > 0).
It was observe that
For p # 0, @ = 0 and f=1,then (10) gives (7)
For p = 0 and =1 then (10) gives the original beta function.

Here, we define i-generalized Mittag-Leffler function such as

P (a,8) _ k
wEn,c a,ﬁ( ) = Z By " (n+k,c—n) (c)k 277 1)
e &~ B(c—n)  T(pk+o)k!
(z,m,p,0,c€ C;R(c) > R(n) > 0,R(c) >0,R(1) >0,p>0,Re(a) >0, Re(S) > 1)

where wl’)’}(,a’ﬁ) (z,y) is 1-generalized beta function defined by(10).
For p # 0 and @ = 0 and =1 in (11) then it reduces to (6).
For p =0 and =1 in (11) then it reduces to (3).

2. PROPERTIES OF THE ¢—GENERALIZED MITTAG-LEFFLER FUNCTION

Theorem 2.1. Let p > 0,and c,pu,o,n,c, 8 € C with R(c) > R(n) > 0 and R(un) >
0, Re(ar) > 0, Re() > 1.Then

1 ! p
¥ e, - - n—1¢q _ ,yc—n—1 . c
By = Borre = /0 e (Y et Y (O u(l_w)EM(uz)du. (12)

Proof. using equation(10) in equation (11), we have

YETCaB () = i { /01 u”+k_1(1—u)6_"_11\111< B u(l— u))d“}g(n(,cc)k_ 1) F(Mkz—ik— o)k!’

k=0

changing order of summation and integration, we obtain

feNeY ' - en- (UZ)k
wEn: 7p,6( ) = /0 w1 — )¢ 11\111(017/3; )ZB (n,c—n) T(uk + o)k! v

after using(3) in the above equation, we get the required result.

Corollary 2.1. Let p > 0,and Re(a) > 0, Re(8) > 1;¢,pu,0,n € C with R(c) > R(n) >
0 and R(p) > 0 Then substituting uw = —*— in Theorem(2.1), we get

14w
1 o gt —p(1 +w)? wz
¥ e, q;( 7>E ( )d . (13
hop (2) = B(n,c—n)/o wr et T\ Ty no\ T30 (19)

Corollary 2.2. Let p > 0,and Re(a) > 0, Re(8) > 1;¢,pu,0,n € C with R(c) > R(n) >
0 and R(u) > 0. Then substituting u = Sin?0 in Theorem(2.1), we get

9 w/2
] / sin?"1710 cos* 2710 |1y ( a, B; 7}0) E; o, (z8im20)d0.
) Jo

v e
(2) = B(n,c— " sin26 cos26
(14)

o,p
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Kurulay and Bayram|8| defined the following identity

. d
B (uz) =0 B 1 q(uz) + peo B i1 (uz). (15)

With the help of this we give the recurrence relation for the newly defined Mittag-Leffler
function.

Corollary 2.3. Let p > 0,and Re(a) > 0, Re(8) > 1;¢,pu,0,n € C with R(c) > R(n) >
0 and R(p) > 0). Then using (15)in (12) we get

d
VEGy () = o VELL ) + e VB (2) (16)

In the next theorem, we apply the Mellin transforms on (11) and obtain the result in
terms of Wright hypergeometric function which is defined as

- (Aomi)ip
pPq(2) = p¥q [( o ,z]

Z (A1 +mn)---T(N, +mpn) 2"
R (17)
D(p1 + Gn) -+ T(pg + Ggn) n!

where the coefficients 7, (r = 1,...,p) and (s(s = 1,...,q) are positive real numbers such

that
q p
1+Z<S_Zn7" > 0.
s=1 r=1

Theorem 2.2. The Mellin transform of the v -generalized Mittag-Leffler function is given
by

(¢,1), (n+w,1)
(o, 1), (¢ + 2w, 1)

M(w)'(c+ w —n)
(B — aw)l(n)l(c—n)

(Re(u) > 0,Re(o) > 0, Re(w) > 0,R(c) > R(n) > 0andp > 0), Re(a) > 0, Re(B) > 1.

where 919 (—) is the Wright generalized hypergeometric function.

M{wEnfO‘vﬁ( )7w} = 2\:[/2 i (18)

Proof. By applying Mellin transform of the -generalized Mittag- Leffler function then we
get

M{PEDSH (o) w) = / WY e () dp, (19)

applying (12) in (19), we obtain

MBS @) = o [ [ (o))
x B}, ;(uz)dudp,

interchanging the order of integration

1
MP B G} = g [ {1 - ()

* w—1 —-D
v ;———— ) dpd
X/()\ b 1 1(aaﬁa u(l—u)) pau,



1272 TWMS J. APP. ENG. MATH. V.11, N.4, 2021

on solving inner integral by substituting v =

u(lp_u) in it, we get
(o] o0
/ pwilllpl( )ﬁ) )dp / /Uw ! w(l_u) 1@1(0&,,8, —’U)d’U
0 ( u) 0
o
=u¥(1- u)w/ v W (a, B, —v)dv
0
using the integral representation of 1 ¥ (v, 3, —v)[4]

/Ooopw—llllh (Oz, B; ﬁ)dp =u” (1 —u)? /0

changing the order of integration

o0

2me J_

Put vu™® = ¢ then v %dv = dt

w—1 1 0 —B ju—vu~ ¢
v x[ u e du}dv

oo 0 00
w—1 . —p LW (1 W 1 —(B—aw) ju / w—1_—t
/0 P 1\111(04,57 u<1_u>>dp—u (1—w) 9 /_Oou e { ; A dt]du

0
=u"(1-— u)“T(w)L / u~Bawlet gy,

2 J_
_ (1 —u)"T(w)
I'(f—aw)
hence
I'(w > c 2kt _ w—m—

MOBLE ) = 55 2 ey 2 ] A

B I'(w) i () if(n—%k%—w)f‘(c%—w /)

- T(B—aw)B(n,c—n) — I(pwk+o)k! I(c+ k+2w)

_ Tw)T(c+w—n) = T(c+k)T(n+k+w) i

C T(B—aw)(n) T(c—mn) OF(,uk:—i-U) I(c+ k+2w) k!

_ Pw L(c+w—n) LT (e, 1), (n+w,1) .

TG —aw)Tm) Tle—m"" 2| (0, 1), (e + 20,1)

which is the required result.

Corollary 2.4. put w =1 in the Theorem (2.2), we get

r 1-—
/ YELGSY (2)dp = e 1=m) oW
0

pop (8- a)l'(n)T(c—n) (0,p), (c+2,1)

(¢,1),(n+1,1) 'Z].
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Corollary 2.5. After applying inverse mellin transform of the equation (18), we get the
following integral representation

v Eneas 1 oo D(w)T (e 4w — 1)
B35 = e . TG a0

y (¢; 1), (n+w,1)
272 (o, ), (c+ 2w, 1)

sw|pYdw,  (12)

where w > 0, Re(p) > 0.

Theorem 2.3. The following derivative formula holds for the 1-generalized Mittag-Leffler
function,

d’n
g UVERS  ()) = (@ VB @), (13)

where (Re(c) > 0, Re(n) > 0, Re(u) > 0, Re(B) > 1, R(a) >0 and p >,0 0,¢,u,n € C).

Proof. We take the derivative w.r.t. z of equation (12) and apply Leibnitz rule in right
hand side then we have

{w rosh(2)) = B(ﬁai—ﬁ) /01 {Un*l(l u) 11‘1’1(04 B; PG fu)>

a C
X aEW,(uz)}du

1
- B(n,i—n)/o G (1510)
> (C) wk k-1
X;r(uki(;)k k! }du

1
:B(n’i_n)/o {uﬂ-i-k(liu)c—n—ll\IIl( , 35 (1_u))}du

C)k+1 <
szor (ki + pi+ o) kI

1
_ ¢ (n+1)+k—179 _ , Ne—n—1
s |, e
c+1 2k
XZ T(uk+ p+o) &

by applying(12) in right hand side of above, we get

d 1,c+1,
SUEBLSS ()} = VB ). (14)

again differenciating both side of equation (23) with respect to z , we have

c,a 2,c+2,a,
dZQ{w ros ()} = ele+ 1) VEI S5 (2). (15)

continuing this process n times, we obtain the required result.
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Theorem 2.4. The following derivative formula also holds for the 1 -generalized Mittag-
Leffler function

dk
ﬁ{z‘jfl zZ’EZ:g’z”B()\z“)} = okl d’EZ:Z’f}fp()\z“), (16)

(o,\, ¢, u,m € C and Re(c) > 0, Re(n) > 0, Re(u) > 0,p > 0, Re(B) > 1, R(a) > 0).
Proof. Using equation (11), we have
A SUB g +ke—n) A () a it
—~  Blmc—n  Tpk+o) K
UBE 4 ke —m) A (o) db [arRto
‘ B(n,c—mn) T(pk+o)dF k!
B i 1/18]()0475) (n+k,c—n) 2K (©) i kto—1-k
&= Blpe-n)  Tlpkt+o-k) K

_k_l " 9.
kg ()

dk
T VLGS )} =

Il
Mo &

i

3. FRACTIONAL CALCULUS OF THE %-GENERALISED MITTAG-LEFFLER FUNCTION

Fractional calculus is very useful in designing models of real-world problem. Many
researchers investigated in this field and presented its importance in various areas of en-
gineering, science and finance[l, 18] The fractional derivative and integrals are important
aspects of fractional calculus. The left- and right-sided Riemann -Liouville fractional inte-
gral operator I, and Ij_ are defined by

(17, f)(x) = F(lT) /I(x 0 f(o)dv, (7€ C,Re(r) > 0). (17)
and
T 1 b T—1
(_f)(z) = F(T)/ (x —v)" " f(v)dv, (1 € C,Re(r) > 0). (18)

Also the left- and right-sided Riemann -Liouville fractional derivative operator is as
follows:

(D 1)) = () k1) @), (19)
and
(D)) = (— ) (k= ). (20)

Hilfer[5, 6] has established the generalization of the RL fractional derivative operator
Dgi‘withorder0<7'<1andog)\glby

(D)) = (7 (0 ) ), (21)

Mathai and Haubold [9] has given the following result on right-sided fractional integral
operator I, as

(I (0= a) () = o

m(x —a)THo L, (1,0 € C,Re(1) > 0, Re(o) > 0). (22)
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Also Srivastava and Tomovski|17] has established the following result

(DZ’_?[(U — a)“*l](x) = F(z(’UJ)T)(x _ a),ufol’ (23)

where 7,4 € C,Re(1) > 0,Re(p) >0and 0 <7< 1,0 <A< 1.

Theorem 3.1. If x > a such that (a € RT = [0,00]) and «,8,7,1,0,6 € C,R(n) >
0, R(c) > 0, R(1) > 0, R(6) > 0 and R(a) > 0, R(8) > 1. then

I l(v = )" PERESP(5(v — a))](2) = (z — ) T VERGE (5@ — a)),  (24)

D [(v—a) M YERGS (50 — a)!)](@) = (x = a)7 T VELGS] (3(x — a)), (25

posp W, —T,p
and
D;j‘[(v —a)’! wEZZ?%’%(v —a)"))(z) = (x —a)” 7! wEZ:gafp((S(x —a)").  (26)
Proof.
T o- c 1 (% (v—a) L YEIS2P (50— a)m
Il =) YELSS (0l — ))]@) = 5oy / = (@ _”;)ﬁ_f W=,
_ 1 OB (0 + ke — ) (0)u(6)F
L'(r)B(n,c—n) T(uk + o)k!

k=0
X / (v —a)° Yz — )T Ldy

_ 1 Bt ke m)(w0)
Blr.c— ) 2~ Tk + o)

% (In;[(v = a)” 1)) (2),

using result of equation (31) in right hand side of above equation we have

s (a,8) k
T o—1 ,CyQ, 1 YB (77 +k,c— n)(C)k((S)
sl =) B 0 = ) = B X T Mk r ok
—0
1 D(uk+o0)
_ No+T+puk—1
x (@ —a) I'(pk +o0+71)

=(z - a)a+771 i 7/)51()&,6) (n+k,c—n) (S)k
e~  Bc-n  T(k+o+7)

= (v —a) VB (3(x — a)").

which is the required result.
Now for next result we have

(Di[(w—a)” ' VBl  (6(v—a))])(2) = (

N U L (- a) ),

11,0 =T,p
by using equation (33), we have

(D7 [0—a) P BLS ((o—a))(x) = (=

pes ) a5 a))

/,L,O'*T+k‘,p
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by the use of (25), we reach at the desired result

Df, (v — a) ™ PERSSA (8(v — a))] = (@ — )77 VRS, (5 — a)t)

Next to prove equation (35), we have

. Bk ke—n) (@ (0!
) v—a)’ 1 ¢ n,c,a,B v — a)t ) = T, D ;
(D20 o B 00 0 Dw) = (P2 30 =50 T )

x (v — a)“kJ”’_l] ) (z)

B Pt ke—n)  (r (O
B(n,c—mn) L(pk +o0) k!

k=0
< (D7 = ay ™)) (@),
using equation (32)in the right hand side in above equation , we get the desired result

> VBt ke—n) (Qp(6)*  T(uk+ o)

D = a)" ™ PERGSP (6(v - a)))(w) = > Bl w Tkt Rk 1o 7)

% (U . a)uk—i—a—T—l

a3 B ke =) (o

—  Bmc—n  T(pk+o-7)

[6(z — a)#]*
k!

= (x—a)" "V (3(x — a)")

X

4. AN INTEGRAL OPERATOR CONTAINING THE TZJ—GENERALISED MITTAG LEFFLER
FUNCTION

In this section we introduce fractional integral operator of the w-generalised Mittag-
LefHer function.
Definition 1: Let §,n, pu,c,0,a,8 € C,R(u) > 0,R(0) > 0,R(6) > 0,R(c) > 0, R(n) >
0, R(ar) > 0, R(B) > 1 then

4,m,¢,a, v o— e,
(5a17u7a§2 )(z) = /a (x —v)7! wEZﬂ,p B(8(x — v)") f(v)dv. (27)
For a = 0,5 = 1 we obtain an integral operator given by Rahman et al.[15] as
o,m,c v o— c
(ot hop)() = / (x —v)7! Ee o (0(x —v)H) f(v)do. (28)

For o = 0,8 = 1, p = 0 we obtain an integral operator given by Srivastava and Tomovski[17|
as

(o] o f) (@) = /90(5C — )77 B 5(8(x — v)) f(v)dv. (29)

when § = 0 then the integral operator reduces to the classical R-L fractional integral
operator.
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Theorem 4.1. Let 6,1, pu,c,0,a, € C,R(u) > 0,R(0) > 0,R(\) > 0,R(5) > 0,R(c) >
0,R(n) > 0, R(a) > 0, R(B) > 1, then

L5000 DE) = (0 - )M TN B B - a)). (30)

Proof. by the use of equation (36), we have

(0ol (0 — a)* ) (@) = / (z =) v —a)* T VERSY (3(2 — 0)")dv

X VB 4 ke—n)  (Or  (O)F
—  Blmc—n)  T(uk+o) K

X </ax(v —a)M Yz - v)"+“k_1dv)

C — C k
n? c+ —kn) s (u(k‘)—i o) ((7?! sl =]

\ME%

viret [ =B it ke =) (r  [6(z —a)F
=@y B(n,c—n)  T(uk+o) k!

k=0
5 LM (uk + o) }
I(pk 40+ X)

= (z = a)” P IT ) EPSSY (0(z — a)t)

which completes the proof. ]

Theorem 4.2. Let ¢ be the function in the space of Lebesque measurable functions L(a,d)
on a finite interval [a,d](d > a) of the real line R given by

d
L(a,d>:{f:|\f||1=/ |f<x>|dx<oo}. (31)

If n,p,0,6,c € C,R(p) > 0,R(0) > 0,R(6) > 0,R(n) > 0,R(c) > 0,R(r) >0, R(B) > 1
then

[(edmeeB gl < Bl|g]], (32)
where
e ’ILI (avﬁ) _ _ ,u,k)
B=(d- a0y B (n+k,c—n) ()] Sd—apt

= B(n,c—n) T(uk + o) (R(0) + R(n)k) k!
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Proof.

l(eatsaiolh = / / )7 ETCB (5(2 — v)")(v)dv|dz

z — p)Ble- ¥ ”’Ca”g x — v)")|dx v)|dv
s/a /U< YRE=D) ¥ e (5( >>|d]|¢<>|d

Put (x —v) = w, we have

d[ pd—v
:/a /o (w) ™Y wEZ:?z’ﬁw(w)“)wzu] [¢(w)]dv

[ ke oy ok ((w)R +R<ﬂ>k>d‘“]

B(n,c—n) T(uk + o) k! \ R(o) + R(p)k

L k=0
d

0

VB (ke — ) EP 6(d — a)r |k
< {(d—a)R( )ZB(U,C— T (uk + o) (R(o) + R(p)k) k!

Hence
6 9 9
[(Edn eyl < Bllg|l,

Theorem 4.3. If 7,n,p,0,6,c € C,R(u) > 0,R(0) > 0,R(n) > 0,R(0) > 0,R(c) >
0, R(a) > 0,R(S) > 1 and x > a then for any function f € L(u, o)

T 1,6, 4,m,¢,Q, o,m,c,,
(I e esn (@) = (22550, ) (@) = (el bl f) (). (34)
Proof. From (26) and (36) we have

(I, 50550 1) () = F(l) / C(@ = ) (20 ) o) dv

_ F(lT)/:(x—v)T_l x

change the order of integration and use the Dirichlet’s formula, we get

(I (07558 f]) () = / ' [F(l) / (- o) ) Y ETSSS (5 0 - w)ﬂ)dv] f(w)duw,

/U(v —w) ! d’EZ:g’z’B(é(v — w)“)f(w)dw] dv,

w

Using (26) we get

(I el () = / ) (Fo4l0 = w) ™ PEReSA (3(0 — w))dvf (w)du] ) (2)
By (33) we obtain

(I [E2758 1) () = / (2 — w) oL VETES (5(a — w)) f(w)duw
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Hence
67 bt} b 57 " b
(T leotnen (@) = (ol p ) (@).

Now for the second part of the equation (43) using equations (26) and (36), we have

(el il I ) (@) = / (2 — ) B 0z — o)) [ 17| (v)dv

= /x(:n - U)U_leZf,’;’B((F(:B —v)H) Fl ] /v ( f(w)l_wa dv,

(1 v —w)

change the order of integration and use the Dirichlet’s formula|10] we get

stz )@ = [ [ [ @=0r e -0 B A6 — v s,

Now we follow the above similar process by using equations (26) and (33), we get

67 y &y 0y T 67 H Gy Xy
(Tl Ir, (@) = (exooly N (@).

5. CONCLUSIONS

In this investigation,we developed some results like integral transforms, derivative for-
mulas and fractional differ-integral properties of 1-generalized mittag-leffler function by
using ¥-generalized beta function.

Other than this we also evaluated some properties for fractional integral operator contain-
ing 1-generalized mittag-lefller function in its kernel. The result shown in this paper are
general in nature but can be extended to establish other properties of special functions.
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