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SUM DIVISOR CORDIAL LABELING IN THE CONTEXT OF
GRAPHS OPERATIONS ON BISTAR

DIVYA G. ADALJA', §

ABSTRACT. A sum divisor cordial labeling of a graph G with vertex set V(G) is a bijec-
tion f: V(GQ) — {1,2,3,...,|V(G)|} such that an edge e = uv is assigned the label 1 if
2|[f (u) + f(v)] and 0 otherwise, then the number of edges labeled with 0 and the number
of edges labeled with 1 differ by at most 1. If a graph admits a sum divisor cordial
labeling, then it is called sum divisor cordial graph. In this paper we prove that bistar
By, n, splitting graph of bistar By, degree splitting graph of bistar B, ,,, shadow graph
of bistar B n, restricted square graph of bistar By, », barycentric subdivision of bistar
By, » and corona product of bistar By, , with K1 admit sum divisor cordial labeling.
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1. INTRODUCTION

Throughout this work, by a graph we mean a simple, finite, undirected graph G =
(V,E) of order p and size q. For terms and notatisons related to graph theory which
are not defined here, we refer to Gross and Yellen[7] and for standard terminology and
notations related to number theory we refer to Burton[2]. This paper includes the results
on sum divisor cordial labeling, which is a particular type of graph labeling. The concept
of graph labeling was introduced by Rosa.

Definition 1.1 ([10]). If the vertices or edges or both of the graph are assigned valued
subject to certain conditions it is known as graph labeling.

For a dynamic survey on various graph labeling problems along with an extensive bib-
liography we refer to Gallian[5].

Cordial labeling was introduced by Cahit as a weaker version of graceful and harmo-
nious labeling of graphs. Combining the concept of divisibility from number theory and
cordial labeling from graph labeling, Varatharajan et al.[12] introduced the concept of
divisor cordial labeling of a graph.
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Definition 1.2 ([12]). A bijection f : V(G) — {1,2,...,p} is said to be divisor cordial
labeling of a graph G if the induced function f*: E(G) — {0,1} defined by
1.

(e = up) = { P S() | () or f0) | f(w)
0; otherwise

satisfies the condition |ef(0) —er(1)| < 1, where ef(0) = number of edges labeled with 0
under f* and ef(0) = number of edges labeled with 1 under f*.

A graph with a divisor cordial labeling is called a divisor cordial graph.

Varatharajan et al.[12] proved that the graphs such as path, cycle, wheel, star, some
complete bipartite graphs, some special classes of graphs such as full binary tree, dragon,
corona, G * K3, and G x K3 ,, are divisor cordial. Ghodasara and Adalja[6] derived divisor
cordial labeling for ringsum of some standard graphs with star graph.

Definition 1.3 ([8]). Let f : V(G) — {1,2,3,...,|V(G)|} be a bijection and let the
induced function f*: E(G) — {0,1} be defined as

1, if 2
ooy = [T 211700+ )

0; otherwise.
Then f is called sum divisor cordial labeling of graph G if |ef(0) —es(1)] < 1.
A graph with a sum divisor cordial labeling is called sum divisor cordial graph.

Lourdusamy et al.[8] introduced the concept of sum divisor cordial labeling of graphs. In
[9] the same authors have proved that shadow graph and splitting graph of K ,, shadow
graph, subdivision graph, splitting graph and degree splitting graph of B, ,, corona of
ladder and triangular ladder with K7, closed helm are sum divisor cordial graphs. In[1]
Adalja and Ghodasara derived sum divisor cordial labeling of cycle, cycle with one chord,
cycle with twin chords, cycle with triangle, wheel, helm, web, shell, flower and double fan.

Definition 1.4 ([5]). Bistar By, is the graph obtained by joining the center(apex) vertices
of Kim and K1, by an edge.

Definition 1.5 ([5]). Splitting graph S’(G) of a graph G is the graph constructed by adding
to each vertexr v, a new vertex v’ such that v' is adjacent to every vertex that is adjacent
tov in G, i.e. N(v) = N(v').

Definition 1.6 (Selvaraju et al.[11]). Let G = (V, E) be a graph with V(G) = S1J S2
USs...S:UT, where each S; is a set of vertices having at least two vertices of the same

t
degree and T =V \ |J Si. The degree splitting graph of G denoted by DS(G) is obtained
i=1

from G by adding vertices wi,wo,ws...w; and joining them to each vertex of S;, for
1 <1<t

Definition 1.7 (Gallian[5]). Shadow graph Dy(G) of a connected graph G is the graph
constructed by taking two copies of G say G' and G" and join each vertex u' in G’ to the
neighbors of the corresponding vertex v’ in G”.

Definition 1.8 (Clark and Holton[3]). Square G? of a graph G is the graph with same
vertez set as V(G) and two vertices are adjacent in G* if and only if the distance between
them is at most 2 in G.

Definition 1.9 (Gallian[5]). Restricted square of bistar By, is the graph G with vertex
set V(G) = V(Bnn) and edge set E(G) = E (B, n) J{uvi, vu;/1 <i < n}.
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Definition 1.10 (Gross and Yellen[7]). Let G = (V, E) be a graph with p vertices and q
edges. An edge e = uv is said to be subdivided if a new vertex w is added such that w is
adjacent to u and v. i.e. edge e = uv s subdivided into two edges e; = uw and e; = wv.
The barycentric subdivision of given graph G is constructed by subdividing each edge of
given graph G.In other words barycentric subdivision is the graph obtained by inserting a
vertex of degree 2 into every edge of original graph. The barycentric subdivision of any
graph G is denoted by S(G).

Definition 1.11 (Frucht and Harary[4]). Corona G® H of two graphs G and H is defined
as the graph acquired by taking one copy of G (having py vertices) and p1 copies of H and
joining one copy of H at every vertex of G by an edge.

2. MAIN RESULTS
Theorem 2.1. The bistar B, is a sum divisor cordial graph.

Proof. Let G = B,y ,, be the bistar with vertex set V(G) = {ug, vo,us,v; | 1 <i<m,1 <
i < n}, where u; and v; are pendant vertices. We note that |V(G)| = m +n + 2 and
|E(G)| = m +n+ 1. Without loss of generality we can assume that m < n because By, ,,
and B,, ,, are isomorphic graphs.

We define vertex labeling f: V(G) — {1,2,...,m + n + 2} as follows.

fluo) = 1
flvo) = 2
flu)) = 241, 1<i<m;
flo)) = 24+4m+i, 1<i<n.

The following table describes the results of edge labels obtained due to the above labeling
pattern.

Cases of n Edge results
m is odd and n is even er(0) = mintl

(
m is even and n is odd e (
m and n both are odd | ef(1) = [2HHL] e,(0) = |22 |
m and n both are even | ef(0) = | ) =1
Thus |ef(0) —ef(1)] < 1.
Hence, the bistar B, , is a sum divisor cordial graph. ]

Example 2.1. Sum divisor cordial labeling of the graph Byg is shown in the Figure 1.

FIGURE 1. : Sum divisor cordial labeling of By g
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U

FIGURE 2. : Sum divisor cordial labeling of Bs g

Example 2.2. Sum divisor cordial labeling of the graph Bsg is shown in the Figure 2.
Example 2.3. Sum divisor cordial labeling of the graph Bsg is shown in the Figure 5.

N

U U: Us Vv, v, A% Vs Vs Vs \ % Vs

FIGURE 3. : Sum divisor cordial labeling of B3 g

Example 2.4. Sum divisor cordial labeling of the graph Bs s is shown in the Figure 4.

U Vo
ORONORORG ) (o) (o 4y 12
U, U: U; U, Us Vi vV, Vs Vs Vs

FIGURE 4. : Sum divisor cordial labeling of Bs 5

Theorem 2.2. S'(B,,,) is a sum dwisor cordial graph.

Proof. Let By, be the bistar with vertex set V(By, ) = {uo,vo,ui,v; | 1 <i <m,1 <
i < n}, where u; and v; are pendant vertices. Let uy, v(, u; and v} be the newly added
vertices in order to obtain G = S’(By, ), where 1 <i<m and 1 < j <n.

We note that |V(G)| = 2m+2n+4 and |E(G)| = 3m+3n+ 3. Without loss of generality
we can assume that m < n because S’(B,,) and S’(Bj,m) are isomorphic graphs.

We define vertex labeling f : V(G) — {1,2,...,2m + 2n + 4} as follows.
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If m,n are odd:

flug) = 1;
flvo) = 3
flug) = 2
flvg) = 4
flu)) = 4+1, 1<i<m;
fv;)) = 44+ m-+i1, 1<i<n
fw)) = 44+m+n+i, 1<i<m;
f()) = 442m+n+i, 1<i<n
If m is odd and n is even:
flug) = 2
flvo) = 4
flug) = 1
flwg) = 3,
flu;) = 441, 1<i<mg
flvi) = 4+m+i, 1<i<m;
flu)) = 44+m+n+i, 1<i<m
fv)) = 442m+n+i, 1<i<n.

The following table describes the results of edge labels obtained due to the above labeling
pattern.

Cases of n Edge results
m is odd and n is even er(0) = 3mEINES — ¢ (1)
m and n both are odd | e;(0) = [F1E31E3] ¢ (1) = [SmEInE3 |

Thus |ef(0) —ef(1)] < 1.
Hence, S’(Bm,») is a sum divisor cordial graph. O

Example 2.5. Sum divisor cordial labeling of the graph S'(Bsy) is shown in the Figure
5.

FIGURE 5. : Sum divisor cordial labeling of S’(B37)
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Example 2.6. Sum divisor cordial labeling of the graph S'(Big) is shown in the Figure
6.

FIGURE 6. : Sum divisor cordial labeling of S’(B g)

Example 2.7. Sum divisor cordial labeling of the graph S'(Bss) is shown in the Figure
7.

FIGURE 7. : Sum divisor cordial labeling of S’(Bs55)

Theorem 2.3. The bistar DS(By, ) is a sum divisor cordial graph.

Proof. Let B,,, be the bistar with vertex set V(B n) = {uo,vo,us,v; | 1 < @ <
m,1 < i < n}, where u; and v; are pendant vertices. Here V(By,,) = VilJ V2, where
Vi={us,v; [1<i<m,1<i<n}and Vo = {ug,vo}.

Without loss of generality we can assume that m < n because DS(By, ) and DS(By, )
are isomorphic graphs.

Now in order to obtain G = DS(By, ;) from B,, , n, we consider following two cases.
Case 1: m =n.

We add wy, ws corresponding to Vi, Vo. Then |V (G)| = 2n+4 and E(G) = E(Bm,n) U{uows
, vows, ujwy, viwy | 1 <i<mn}. So, |[E(G)| =4n+ 3.
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We define vertex labeling f : V(G) — {1,2,...,2n + 4} as follows.

fluwo) = 3

flw) = 1;

flw) = 2

flwz) = 2n+4;

flui)) = 2i+2, 1<i<m
flvi) = 2i+3, 1<i<n.

The following table describes the results of edge labels obtained due to the above labeling
pattern. Thus |ef(0) —er(1)] < 1.

Case 2: m < n.

We add w; corresponding to Vi. Then [V(G)| = m+4n+3 and E(G) = E(Bpn) U{uiwi, vjw: |
1 <i<ml <i<mn}. So |[E(G) = 2m+ 2n + 1. We define vertex labeling
f:V(G) = {1,2,...,m+n+ 3} as follows.

flug) = m+n+3;

floo) = 1

flw) = 2

flwa) = m+n+2;

flu)) = 2i+2, 1<i<mg
flo)) = 2i+1, 1<i<my
flo;)) = 2m+2+4+4,1<i<n.

The following table describes the results of edge labels obtained due to the above labeling
pattern. Thus |ef(0) —ey(1)| < 1.
Hence, DS(By, ) is a sum divisor cordial graph. O

Example 2.8. Sum divisor cordial labeling of the graph DS(By4) is shown in the Figure
8.

FIGURE 8. : Sum divisor cordial labeling of DS(By.4)

Example 2.9. Sum divisor cordial labeling of the graph DS(Bsg) is shown in the Figure
9.
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FIGURE 9. : Sum divisor cordial labeling of DS(Bs3)

Theorem 2.4. The bistar Do(By, ) is a sum divisor cordial graph.

Proof. Let G' and G" be two copies of bistar By, Let V(G') = {ug, v, u, v} | 1 < i <
m,1 <i<n}and V(G") = {ug,v(’)/,u;’,v}’ |1<i<m,1<i<n}

Let G = D3(Bp). We note that |V(G)| = 2m + 2n + 4 and |E(G)| = 4m + 4n + 4.
Without loss of generality we can assume that m < n because Da(By, ) and D2 (B m)
are isomorphic graphs.

We define vertex labeling f: V(G) — {1,2,...,2m + 2n + 4} as follows.

flug) = 1
fo) = 3
flug) = 2
fg) = 4
fu)) = 441, 1<i<m;
fu) = 442m+i, 1<i<m
fw)) = 4+m+i, 1<i<m;
f) = 442m+n+i1<i<n.

The following table describes the results of edge labels obtained due to the above labeling
pattern. Thus |e;(0) —ey(1)] < 1.
Hence, the bistar Dy(By, ) is a sum divisor cordial graph. O

Example 2.10. Sum divisor cordial labeling of the graph Da(Byg) is shown in the Figure
10.

FIGURE 10. : Sum divisor cordial labeling of Da(By g)
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Theorem 2.5. Restricted B?mn s a sum divisor cordial graph.

Proof. Let By, be the bistar with vertex set V (B, n) = {uo,vo,ui,vj | 1 <i <m,1 <
i < n}, where u; and v; are pendant vertices. Let G be the resricted Bfmn graph with
V(G) = V(Bmn) and E(G) = E(Bpn) U{vous, uov; | 1 <i <m,1 <i<n}.

We note that |V (G)| = m+n+2 and |E(G)| = 2m+2n+1. Without loss of generality we
can assume that m < n because resricted Bfn’n and resricted Bim are isomorphic graphs.
We define vertex labeling f: V(G) — {1,2,...,m + n + 2} as follows.

fluo) = 2
flvo) = 1
flu;)) = 241, 1<i<m;
floi)) = 24+m+i, 1<i<n.

The following table describes the results of edge labels obtained due to the above labeling
pattern. Thus |ef(0) —ey(1)| < 1.
Hence, the bistar Bﬁw is a sum divisor cordial graph. O

Example 2.11. Sum divisor cordial labeling of the graph B%,(s 18 shown in the Figure 11.

FIGURE 11. : Sum divisor cordial labeling of Bgﬁ

Example 2.12. Sum divisor cordial labeling of the graph Big 18 shown in the Figure 12.

FIGURE 12. : Sum divisor cordial labeling of Big
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Theorem 2.6. The barycentric subdivision S(Bymn) of the bistar By, , is a sum divisor
cordial graph.

Proof. Let By, be the bistar with vertex set V (B, n) = {uo,vo,ui,vj [ 1 <i <m,1 <
i < n}, where u; and v; are pendant vertices and edge set E (B, ) = {uovo, uoui, vov; |
1 <i<m1<i<n} Letwy,w,ws,..., Wy,w,w],w,...,w, be the newly added
vertices to obtain G = S(By, ). where wy is added between ug and vy, w; is added
between ug and u; for 1 <7 <m and w; is added between vy and v; for 1 < j < n.

We note that |V(G)| = 2m + 2n + 3 and |E(G)| = 2m + 2n + 2.

We define vertex labeling f: V(G) — {1,2,...,2m + 2n + 3} as follows.

flw) = 2
flvo) = 1
flwo) =3
flu)) = 2i+2, 1<i<m
flw;)) = 2043, 1<i<m
fvi) = 2m+2i+2, 1<i<n;
fw) = 2m+3+2i, 1<i<n

The following table describes the results of edge labels obtained due to the above labeling
pattern. Thus |e;(0) —ey(1)] < 1.
Hence, the bistar S(By, ;) is a sum divisor cordial graph. O

Example 2.13. Sum divisor cordial labeling of the graph S(Bs) is shown in the Figure
15.

FIGURE 13. : Sum divisor cordial labeling ofS(Bs 7)

Theorem 2.7. B, , ® K1 is a sum divisor cordial graph.

Proof. Let By, be the bistar with vertex set V(By, n) = {uo,vo,ui,vj | 1 <i <m,1 <
i < n}, where u; and v; are pendant vertices. Let wug, vj, u},ul, ..., up,, v}, v5,. .., v, be
the newly added vertices to obtain G = By, , ©® Kj.

We note that V(G) = V(Bpn) U{ug,vo,uj,u) | 1 < i <m,1 <i < n}and B(G) =
E(Bm.n) U{uoug,uiug,vﬂ; |1<i<m,1<i<n}

Hence |V(G)| =2m +2n+4 and |E(G)| = 2m + 2n + 3.
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We define vertex labeling f: V(G) — {1,2,...,2m + 2n + 4} as follows.

fluwo) = 2

flvo) = 1

flug) = 2m+2n+4;

fg) = 3

f(ul) = 2142, 1< <my
flvi)) = 2m+2i+3, 1<i<m
flul) = 2i+3, 1<i<m;
f) = 2m+2i+2, 1<i<n

The following table describes the results of edge labels obtained due to the above labeling
pattern. Thus |e;(0) —es(1)] < 1.
Hence, the bistar B,,, , ® K1 is a sum divisor cordial graph. O

Example 2.14. Sum divisor cordial labeling of the graph Bs7® K1 is shown in the Figure
14.

FIGURE 14. : Sum divisor cordial labeling of B57 ® K

3. CONCLUDING REMARKS

Here, we have investigated some new results related to the graph operation duplication
of graph for sum divisor cordial labeling technique. To explore some new sum divisor
cordial graphs in the context of other graph operations is an open area of research.
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