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A MEAN ERGODIC THEOREM VIA WEAK STATISTICAL
CONVERGENCE

M. TEMIZER ERSOY!, §

ABSTRACT. In this article, firstly we introduce weak statistical compactness and then,
we prove a mean ergodic theorem by using this new concept. Since weak convergence
implies weak statistical convergence, our result is a more generalization of Cohen,[3].
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1. INTRODUCTION

Let K be a subset of N, the set of all positive integers. The natural density ¢ of K is
defined by

S(K) = lim 2[{k < n: k € K}
n on

where [{k < n : k € K}| indicate the number of elements of K not exceeding n. For
the details related to the density, we refer [15]. Let X be a Banach space over the field
K = R or C. A sequence (z,,) in X is said to be statistical convergent to an zp € X,
if for every e, 6({n : ||z, — xo|]| > €}) = 0. Then, we can write st-limx,, = xo, [11].
Statistical convergence has many applications. For examples; see [4], [14], [19] and the
others. Note that a convergent sequence is also statistical convergent and a statistical
convergent sequence does not have to be bounded.

Let X’ be the continuous dual of X. A sequence (z,,) in X is said to be weak convergent
to an xg in X if lim f(x,) = f(xg) for every f € X’ and for some zg in X. At that rate,
we can write w — limx, = xg. It is clear that the weak limit of a sequence is alone.
Also; it is shown that a strongly convergent sequence in X is also weak convergent but the
converse is not true in the main, [13, p.260-261]. Weak convergence has many applications
in normed spaces (see [10], [13]). Similar studies have been done by some authors (see
8,9, 16, 17, 7]).

Weak statistical convergence in normed spaces has been defined in [2] as follows:
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Definition 1.1. A sequence (xy,) in X is said to be weak statistical convergent to an xg
in X if stlim, f(z,) = f(xo) for every f € X' and for some xy in X; that is 6({n :
|f(zn) — f(x0)| > €}) =0. Then, we write st,, — limx,, = zp.

Here note that by the definition, it is obvious that a weak convergent sequence is also
weak statistical convergent to the same value. It is shown in [1] that the converse of this
claim is not true.

Theorem A.[13, p.115, Th. 7.10(a)]. Let X be a normed space over field K and
0 # xo € X. Then, there is some f € X’ such that f(zo) = ||zo|| and ||f|| = 1.

Theorem B.[18] Let T : X — X be linear. If the iterates T" of T (T" = TT" ') are
bounded and

1~
Lnx—HET’x, n=12---
1=

is a weakly compact set, then there is an x¢g € X such that Txg = x¢ and lim L,x = xg.

Cohen [3] proved a more generalization of the Theorem B, by taking a regular matrix
A = (ank). Recall that if A = (a,x) is an infinite matrix of real entries a,; and x = (xy)
is a real number sequence, then Az = (Az),, = >, anprxi shows the transformed sequence
of x, where, ), will denote summation from k =1 to occ.

A matrix A = (a,k) is called regular if Az € ¢ and lim Az = limz for all x € ¢, where
c is the space of all convergent sequences. It is well-known that A matrix A = (a,) is
regular (see [5]) if and only if

|All = supz lank| < oo,
n
k

lim a,; = 0 for each k and
n
li7rln Z ang, = 1.
k

Now let us write the theorem of Cohen.
Theorem C.[3] If T" is linear on a Banach space X to X such that | 7"| < N, A = (ank)
is a regular matrix such that
o
hinzk |an j+1 — anj| = 0 uniformly in n,
J:

and
(o]
Ly,x = Z aanjx
j=1

is a weakly compact set, then there is an zg € X such that Txy = x¢ and lim L,z = xg.
For some applications of ergodic theory we refer [6].

In this paper, we firstly introduce a new concept: weak statistical compactness. Finally,
by using this new concept, we prove the statistical version of Theorem C.

2. MAIN RESULT

Definition 2.1. A set E C X is said to be weakly statistically compact if every sequence
i E has a weak statistically convergent subsequence whose st-limit is in E.

In what follows for brevity we will write st,,-compact for weakly statistically compact-
ness.
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Lemma 2.1. Let T and L, (n=1,2,3,--+) be linear on X to X. If
TL, = L,T,
st — li7rln L,(x—Tx) =0,
Sty — liﬁn L,x = x,

then Txg = xg.

Proof. Let f € X'. Then by the definition of weak statistical convergence, we have

st — liTan f(Lnz — ) = 0.
Since T is linear, this implies that
st — li};n f(TLyx — Txg) = 0.
On the other hand (2) and the continuity of f implies that
st — lign f(Lpxz — L,Tx) = 0.
Now, let us write
f(xo —Txo) = f(xo — Lpnz + Lpx — L,Tx + L,Tx — Txy).
Since f is linear the following equality is satisfied
flxo — Txo) = f(xo — Lpzx) + f(Lpx — L,Tx) + f(LyTx — Txo).
Then, since (1) implies that L,Tz = T L,x, we can write the following equality:
flxog —Txo) = f(xo — Lnx) + f(Lpx — LyTx) + f(T Lz — Txp).
In this equality, (3) implies that
st —lim f(xg — Lyx) = 0,
(6) implies that
st —lim f(Lyx — LyTz) =0
and (5) implies that
st —lim f(T Lz — Txp) = 0.
So, we can get from (7) that
st —lim f(xg — Tzp) = 0.

Since f is arbitrary in X', this means that Tz = .
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0

Now, we are going to give our main result. Firstly, recall that if A = (a,) is an infinite
matrix of real entries and x = (z1) is a bounded sequence of real numbers such that st —
lim Az = lim z, then the matrix A is said to be st-regular and written A € (¢, st N log)reg,
where st Nl is the space of all real valued bounded and statistical convergent sequences.

It is proved in [12] that A is st-regular if and only if

1Al = sup 3 Jane] < o0,
"ok
st —limay, =0 for each k =1,2,---,
n

st — limZank =1.
k
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Theorem 2.1. If

IT"| < C, n=1,2,---, (7)
A is st- reqular and st — limz lan k+1 — ank| =0, (8)
"%
[o¢]
L,z = Z aneTFz is a sty,-compact set, (9)

k=1
then there exists an xg € X such that Txg = xg and st-lim L,z = xg.

Proof. Firstly note that as it is shown in [3], by the condition (8), L,, are well defined on
X. Also, since for any z € X

ILnzll < Cllzl Y lan]
k

Cllz[l.[[A]

the same condition implies that ||L,| < co. On the other hand, since T is linear, T'L,z =
L,Tz. Now, for any z € X, we get

{n:||Ln(z = T2)|| > ¢} {n Nlan, Tz + Z(an 1 — Qg ) T 2| > 8}

IN

c {n:cl: ||(\am|+2|an bt = @il + 3 o ki1 — anel) > 2
k=1 k>N
N
c {n: |z||(\am|+§j|ank+l—ank|)>s}u{n S lan k1 — anel > <}
k=1 k=1
[e.o]
c {n: C’||z||<|an1|—|—2|an v —anl) > epUfn D lan kir - aml > e
k=1 k=1

Then, by using the condition (8), we have
N

o({n Ln(z=T2) >} < 6({n: Cllzl (lan | + Y lan 11— aml) > })

k=1
+(5<{n : i |y k41 — Qnk| > 5})

k=1

Thus, st —lim L,(z —Tz) =0 .

On the other hand, from (9), there exists an xy € X such that st,, — lim; L,z = xo.
So, T and L,,, satisfy the conditions of Lemma 2.1 and hence Txg = .

Since Tz = xg, TFzo = x¢, k =1,2,--- and

Ly,xg = Zankax

- (Sau)o

from (8), st —lim L, x9 = z9. Now, by writing x = z¢+ (x —x¢), we get that st —lim L,z =
xo + st — lim Ly, (z — x0).
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To complete the proof, we are going to show that st — lim L, (x — 29) = 0. Suppose
that this is false. Then, by Theorem A, we can find an fo € X’ such that fo(z —z¢) = 1
and fo(y — Ty) = 0,y € X. Then, since (T*x — T**lz) € X, k = 1,2,---, we have
fo(TFx — foT*1x) = 0. Also, since (z — T'z) € X and

folex = TFz) = fo(z — T 'a) + fo(T" 'tz — TFx) (10)
= f()(.%' - Tkilx)a

we have fo(x) = fo(T*2), k=1,2,---.
By the linearity of fp, from (8) and (10), we get that

fO(LnJ:) = Z anka(Tk$)
k

= (Z%k)fo(if)-
k

So, the condition (8) implies that

st —lim fo(Lypz) = fo(2).
Now, since L,z is st,-compact, there exists a subsequence L,, and an o € X such that
L,z st-weakly converges to zg. Thus, we have

0 = st—lim fo(zo — Ln,x)
= fo(wo) = (st — lim Ly, x)
= Jfo(zo) — fo(x)

which is a contradiction to fo(x — x¢) = 1. This completes the proof. O

Note that the classical Cesaro matrix (C, 1) of the first type gratify the conditions of the
Theorem C. Now we will give an example which compensate the conditions of our theorem
but do not gratify the conditions of the Theorem C. Let us define a matrix A = (a,x) by

_ 0o , n = k2
Unk = I/n , n#k*>and1<k<n.

Then, A = (ayy) is st-regular and st —lim, >, |an k41 — ank| = 0. But, since lim,, Y . ang
does not exist, A = (ayx) is not regular.
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