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REGULARIZED TRACE ON SEPARABLE BANACH SPACES

E. GUL™, T. L. GILL?, §

ABSTRACT. If H is a separable Hilbert space, Giil (2008) has shown that a regularized
trace formula can be computed on L*(H, [0, 7]) for a second order differential operator
with bounded operator-valued coefficients, where # is a separable Hilbert space. Kuelbs
(1970) has shown that every separable Banach space can be continuously and densely
embedded into a separable Hilbert space, while Gill (2016) has used Kuelbs result to
show that the dual of a Banach space does not have a unique representation. In this
paper, we use the results of Kuelbs and Gill to study the regularized trace formula on
L?(B,[0,7]), where B is an arbitrary separable Banach space.
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1. INTRODUCTION

Let H be a separable Hilbert space and let S1[#] be the trace class operators on H. Let
H1 = L%(H; [0,7]) and define an inner product on H; by:

(f 9w, = /0 " (F(0), g(0) gt

for all f,g € H;y. It is easy to see that, with this inner product H; is a separable Hilbert
space. In [3], we defined operators Ly and L on H; by:,

Lo(y) = —y"(t) and  L(y) = =" () + Q)y(1)
with the same boundary conditions y'(0) = y(w) = 0. We assumed that the operator
valued function @Q(t) has the following properties:

(1) Q(t) has a weak second-order derivative in [0,7] and for ¢ € [0,7], QW (t) (i =
0,1,2) is a self adjoint trace class operator on H.

2) 1R, <1.
(3) Hi has an o.n.b. (orthonormal basis) {¢,}52; such that > 7° | |Qwnlly, < oo.
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(4) HQ"(t)HS1 ] (1 =0,1,2) is a bounded measurable function on [0, 7|.

1.1. Purpose. The purpose of this paper is to study the above problem, with H replaced
by a arbitrary separable Banach space B, under the following conditions:
(1) Q(t) has a weak second-order derivative in [0, 7] and for ¢t € [0,7], QW (t) (i =
0,1,2) is a self adjoint trace class operator on B.

(2) [1Qlly, <1.
(3) Hi has an o.n.b. {p,}o2; such that Y72 [|Qenll4, < 0.

(4) HQZ'(?E)HS1 5] (1 =0,1,2) is a bounded measurable function on [0, 7].

It is clear from (4), that this is a nontrivial problem since, among other things, in the
standard approach, there are a number of possible definitions of S;[B] (see [2] and Pietsch

[8])-

1.2. Preliminaries. Let B be a separable Banach space with dual space B*, let C[B] be
the closed densely defined linear operators and £[B] be the bounded linear operators on B.

In 1965, Gross [1] proved that every separable Banach space contains a separable Hilbert
space as a continuous dense embedding.Then, in 1970, Kuelbs [5] gave an extension of
Gross’ theorem. The following lemma is the important part of this extension due to
Kuelbs [5].

Lemma 1.1. (Kuelbs Lemma) Let B be a separable Banach space. Then, there exist a
separable Hilbert space H such that B C H as continuous dense embedding.

2. OPERATOR THEORY

If T is an operator, we let o(T") denote the spectrum of T" and 0, (T") C o(T") denote the
point spectrum of 7. The following theorem is due to Lax [6].

Theorem 2.1. (Lax’s Theorem) Let B be a separable Banach space that is continuously
and densely embedded in a Hilbert space H, and let T be a bounded linear operator on B
that is symmetric with respect to the inner product of H (i.e., (Tu,v)y = (u,Tv)y for all
u,v € B). Then,

(1) T is bounded with respect to the H norm, and
* 2 2
1T Tl = 1TW3 < KT,

where k is a positive constant.
(2) o(T) relative to H is a subset of o(T") relative to B.
(3) op(T) relative to H is equal to o,(T) relative to B.

Let J be the (conjugate) isometric isomorphism of H — H*, and let Jg = J|g (re-
striction). Since B is a continuous dense embedding in H, Jp is a (conjugate) isometric
isomorphism of B onto Jp(B) C H* as a continuous dense embedding.

Definition 2.2. Let u € B. We define uj = Jg(u) and B}, = {u} € B* : u € B}, so that
(uyup) = (u,u)y = Hu”% We call B; the canonical Hilbert representation for B in B*.

A proof of the next two results can be found in [2].

Theorem 2.3. If A € C[B]|, then there is a unique operator A* € C[B] that satisfies the
following:

(1) (aA)* = aA*;
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) AR —
) (A+ B) = A"+ B*;

) (AB)* = B*A* on D(A*) ( D(B*);

5) if A€ L]B], then ||A*Alz < M HAHB, for some constant M and it has a bounded
extension to L[H].

(2
(3
(4
(

Theorem 2.4. For every ¢ € B, there ewists a ¢* € B* and a constant cy > 0 depending
on ¢ such that (f, ), = c(;l<f, ©*) g« for all f € B.

Let Soo[B] be the set of compact operators on B. If A = U[A*A]Y/? € S,[B], let
A = U[A*A]'/? be its extension to H. For each compact operator A, an orthonormal
family {¢, |n > 1} exists such that

an U¢n (21)

Here, the s, (A) are the eigenvalues of [A*A]'/2 = ‘A‘ counted by multiplicity and in de-
creasing order (s-numbers). Without loss of generality, we can assume that {¢, [n > 1} C
B. From Theorem 2.4 and the fact that s,(A) = s, (A) by Lax’s theorem, we can write A
as follows:

A= su(A)e e 0 U (2.2)
n=1

If A € Sp[H] (the Schatten class of order p in £[H]), its norm can be represented as follows:
A = {rr[a ) {f} (A*Agy, ¢ )p”}w
P — I
o0 l/p
S}
n=1

Definition 2.5. We define S,[B], the Schatten class of order p in L[B], as follows:

o0

1/p
SplB] = A € Seo[B] - 4] = {Z [$n (A)\p} < 00

n=1
Since s,(A) = s,(A), we have the following:
Corollary 2.6. If A € S,[B], then A € Sy[H] and HAHE = HAHH

Note that more detailed explanations and results on the subject can be found in [4].

3. REGULARIZED TRACE ON B

In this section, we assume that B is a continuous dense embedding in a separable Hilbert
space H and for each f,g € B, (f,9);, = (f,9)4 is the canonical Hilbert functional on B.

Recall that S, [B] is the set of compact operators on B. If A € So.[B] then, by the polar
representation theorem, A*A is a non-negative self-adjoint operator and |A| = [A*A]'/% €
Seo[B] where A* is the adjoint of A. Let s1(A4) > s2(A) > ... > si(A) (1 < k < o0)
be the non-zero eigenvalues of |A| with each eigenvalue is repeated as many times as its
multiplicity (s-numbers). When k£ < oo, we assume that sj(A) =0for j =k+1,k+2,....
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If A€ SyB],1<p< oo, then by Corollary 2.6, A extends to A € S,[H] with HAHf =

H[lHZ{ If A € S;[B], we called it a trace class (or nuclear) operator on 5.
Since S,[H] is a two sided *ideal, it follows that the same is true for Sp[B]. Thus, for
1<p<oo, AeSy[B] and B € L|B] then AB, BA € S,[B] and
IABls, 5 < [IBll £z 1 Alls, 5

I1BAlls, 5 < IBll £z 1 Alls, 5

We can now return to the main problem of interest. Recall that our problem is now
posed on H; = L?(B; [0,7]) and the inner product on H; is defined using our canonical
h-representation of B in B* by:

™
(R, = [ (FO.g(0),a
for all f,g € Hi. Moreover, Ly and L are differential operators satisfying:

Lo(y) =—y"(t) and  L(y) = —y"(t) + Q(t)y(?)
with the same boundary conditions y'(0) = y(7) = 0. Where we assume that Q(t) is an
operator valued function with the following properties:

(1) Q(t) has a weak second-order derivative in [0,7] and for ¢ € [0,n], QW (t) (i =
0,1,2) is a self adjoint trace class operator on B.

2) 1Qlly, <1
(3) Hi has an o.n.b. {¢,}52 such that Y772 | [|Qwnlly, < oo.

(4) HQ"(if)Hs1 5] (i =0,1,2) is a bounded measurable function on [0, 7].

As in [3], the spectrum of Lo, o(Ly) is the set {(m + 1/2)?}~_; and each A € o(Ly) is an
eigenvalue with infinite multiplicity. The corresponding orthonormal eigenfunctions are of
the form

Yo (t) =V 2/mppcos(m+1/2)t (m=0,1,2,...;n=1,2,...) (3.1)
Let Ro(A) and R(\) be resolvents of Ly and L, respectively.
Lemma 3.1. If A ¢ o(Lg) then QRo()\) € S1[H1]

Proof. Put ji,, = (m + 1/2)2. For the orthonormal basis 12,, of H; we get:

D D NQRN Yl = D0 D I = AT QU e,

m=0n=1 m=0n=1
S T 1/2
=% Yl A 27 [ costn+ /20 1QU o
m=0n=1 0
0o 00 T ) 1/2
-1
<33 o= [ el o
m=0n=1 0
o o
=l = AT Qe < o0
m=0 n=1
Thus, the lemma follows. O

Using this lemma along with conditions (2) and (3) on Q(t), it follows that the spectrum
of L, o(L), is a subset of the union of pairwise disjoint intervals F,, = [1m — [|Qll3, 5 m +
[Qll3,] (m =0,1,2,...). Note, each point of o(L) which is different from j, is an isolated
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eigenvalue of finite multiplicity. However, pu,, itself can be an eigenvalue of L with either
finite or infinite multiplicity. Moreover,

lim App = tim
n—oo
where { A\, }02 are the eigenvalues of L in the interval F,,.

Lemma 3.2. The operator valued function R(X)— Ro(\) is analytic in p(L), the resolvent
set of L, with respect to the S1[H1] norm.

Proof. Clearly, R(A) — Ro(\) = —R(A)QRy()\) and note that p(L) C p(Lo). By the Hilbert
identity R(A) — R(p) = (A — p) R(A)R(p) we have:

D(x, Ax) = TATENCRAL A = RVCRR) g3y 1) — ROVQEZN)

= R(A+ ANQRo(A) (Ro(A + AX) — Ro(N)) + (R(A + AX) — R(A)) QRG()
+(R(A + AX) = R(\))R(\)QRo(N)

and thus
1D, AN s, 3,1 < RO A AN, 1QRo N ls, s | Ro(A+ AX) = Ro(N)l,

FIRO A+ AX) = RO, 1QR0(N s, sy LI R0 g, + IR, ]
Therefore, we conclude that
dim [IDOS AN)lls, 1, = 0
and the proof is done. O

Let {tmn(t)}pr n=1 be orthonormal eigenfunctions corresponding to eigenvalues {Apn }1y =1
of L. Since the spectra of the operators Ly and L only consist of their eigenvalues and
limit points, from [7], it is well known that

RoO) = 30 30 Ry = 30 Y0 (32)

m=0n=1 Hm m=0n=1

where
V’I’SLTL = ('7¢;1n)7'11w$nn; Vinn = (7wmn)7-[1¢mn
In view of Lemma 3.2 and by using the equalities (3.2) it can be seen that for each p (p =
0,1,2,...), the series > (Apn, — f1p) is absolutely convergent. Since R(X) — Ro(\) € S1[H1],
n=1
for every A € p(L):
tr(RO) = Ro(W) = 3 D (5——5 — . —3)-

m=0n=1

If multiply both sides of this last equality by A\?/2mi and integrate over the circle |\ =
b, =pp+p (p=1,2,...) we conclude that for a natural N

p o N
DD Conn = ) =D My; + M (3.3)
m=0n=1 j=1
where
<_1)j / .
= Atr[(QRA(N)]dA 3.4
5= iy Jy, MrI@RE)] (3.4)
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and
(-~
271

N
M) =

/ A tr[ROV(QRY (V)] d. (3.5)
|>\‘:bp

Now, note that for j = 1 we have:

271'2 Z Z QRO wmm d}mn) (3.6)

IAl= bpm(]nl

Lemma 3.3. The assumptions of the existence of the o.n.b. {pn}>2, in Hi and the
integrability of the function |Q(¢) s,z on [0, 7] imply that

+1
My = pT t Q(t)dt + — Z Z/ t)Pn, Pn);, cos(2m + 1)tdt

0 mOnl

Proof. Easily, we observe that

T 1/2
QRN )ras| < Vi — Al [ / ||Q<t>sonuidt}
= A [ Qnll

This means that the series
oo

Z am(N) 5 am(A) =Y (QRo(N) s Ui ),
n=1
is absolutely and unlformly convergent with respect to A on the circle |\| = b,. So, by
(3.6) we get:

1 X
ZZ QRO wmnawmn)?{l 27”/)\| b _

5 A
m=0n=1 —vp Hm
or

My = >3 (QRo(N) s Csnn ),
2 o [T 9
== Z 2/0 (Q(t)n, ¢n)y, cos”™(m + 1/2)tdt

1 & ox [T
= Z Z/o (Q(t)en, n)y, (1 + cos(2m + 1))tdt

If we consider the equality

Z/ £)Pns ©n) dt:/oﬂtrQ(t)dt

then we obtain desired result for M, O

By considering the equalities

QRo(fy, = L
and
(QRO( )) wmn = (Hm Z Z(MT - )\)—I(qu%n? w:q)Hl Q¢:q

r=0 g=1
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we can easily get:

p o0 [ee) 00
MPQ = Z Z Z Z(Mm B 'u’r)il ‘(defnn?w?q)ﬂlf'

m=0n=1r=p+1 q=1

or
[ee) o0 9
| Mpa| < Z (r — Mp)_l Z HQ@bquyl
r=p+1 q=1
By the fact

00 ) 00 - 00
S lQutl, <3 [ Qe dt =Y Qe < const.
q=1 q=1"0 g=1

and observation

> (=)t < 2p7 2
r=p+1
it follows that
plggo My =0. (3.7)
Similar calculations show that
plggo Mp; =0(j =3,4,..) (3.8)
and
lim MY =0 (N >4). (3.9)
pP—00

All computations above give rise us an explicit formula called the regularized trace formula
for operator L on B as follow.

Theorem 3.4. The regularized trace formula for operator L on B with the conditions on
operator function Q(t) is given by

[Z o= b = [0 dt] 1@, el — Y- (@CNons o]
m=0 Ln=1 0 n=1 n=1

Proof. By considering the relation (3.3) with Lemma 3.4, and the equations (3.7), (3.8)
and (3.9), we conclude:

i [i()\mn — fm) — 71r/0 trQ(t) ] Z Z/ t)Pn, Pn)ncos(2m + 1)tdt

m=0 Ln=1 m 0n=1

The right part of this equality easily can be written in terms that are the values at the
points 0 and 7 of the Fourier series of the Hilbert functional (Q()¢n, ¥n)n, which have
continuous derivative of second order, with respect to {cosmt}>>_; in [0,7]. And hence
we obtain the required formula given in the hypothesis of the theorem. O
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4. CONCLUSIONS

Now, we have known that the continuous dense embedding of a separable Banach space
into a Hilbert space is a powerful tool for studying the structure of operators on Banach
spaces. This approach also offers some new insights into the structure of Banach spaces
themselves. This embedding shows that the representation of the dual of a Banach space
is not unique and also every closed densely defined linear operator A on B has a unique
adjoint A* defined on B. Moreover, knowing that L£[B], the bounded linear operators
on B, are continuously embedded in L£[H]. This result allowed us to define the Schatten
classes for L[B] as the restriction of a subset of the ones in L[#H]|. In this paper, we
have applied these results to the development of a regularized trace formula for a second
order differential operator on a separable Banach space, with a bounded operator valued
coefficient given on a finite interval, extending the work in [3].
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