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ON SOME TRIANGULAR INEQUALITIES AND APPLICATIONS IN

2-FUZZY METRIC SPACES

ELIF GÜNER1∗, HALIS AYGÜN1, §

Abstract. The aim of this paper is to study some level forms of triangular inequality
of 2-fuzzy metric spaces which will be useful for application to fixed point problems. For
this aim, we first define the concept of 2-fuzzy pre-metric spaces that have weaker axioms
than 2-fuzzy metric spaces with the fundamental properties. Then, we investigate the
level form inequalities in 2-fuzzy metric spaces equvalent to the triangular inequalities
of 2-fuzzy metric spaces by also analyzing the conditions under in which these are pro-
vided. Finally, we prove a fixed point theorem for 2-fuzzy metric spaces by considering
the obtained level forms of triangular inequalities.
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1. Introduction

In 1963, Gähler [10] introduced the structure of 2-metric spaces as a nonlinear expansion
of a concept of crisp metric spaces. The value of three distinct points (at least one of these
points is not on the same line) under a 2-metric function is geometrically interpreted as
the value of the area of a triangle formed by these three points as vertices. In many
generalizations of crisp metric space in the literature such as 2-metric space [10], partial
metric space [25], soft metric space [8], G-metric space [28], b-metric space [16] and etc.,
only the concept of 2-metric space isn’t topologically equivalent to a crisp metric space.
So this structure is studied extensively with its different theoretical and applied aspects
by many researchers [1, 7, 9, 10, 11].

As a different generalization of crisp metric space, the structure of fuzzy metric spaces
(KM-fuzzy metric spaces) was given by Kramosil and Michálek [24] in 1975, by applying
the concept of fuzziness to the axioms of crisp metric space. The conditions of this concept
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express the fact that the properties of nonnegativity, identity and symmetry are general-
ized, but are not limited to some fuzziness or uncertainty, only the values of distances are
thought as fuzzy notions. Then, George and Veeramani redefined the notion of KM-fuzzy
metric space (named GV-fuzzy metric space) to induce a Hausdorff topology on a KM-
fuzzy metric space. The study of the fundamental properties of GV-fuzzy metric spaces has
received a lot of attention from researchers. Gregori and Romaguera [14] and Aygünoğlu
et al. [5] investigated some topological properties of GV-fuzzy metric spaces, Gregori et
al. [12, 13] discussed convergence problems and gave a characterization of a class of com-
pletable spaces in this spaces. Different kinds of studies both theoretical and applied in
this spaces and their generalizations can be found in the papers [2, 3, 4, 17, 33, 26, 29, 30].
Then, by considering the 2-metric axioms and KM-fuzzy metric axioms, Sharma [31] gave
the notion of fuzzy 2-metric spaces and obtained some fixed point results in these spaces.

Another different approach to the concept of fuzzy metric spaces (named KS-fuzzy
metric spaces), where the distance between two different points is nonnegative, upper
semi-continuous, convex and normal fuzzy number, was given by Kaleva and Seikkala [23]
in 1984. They also studied the properties of KS-fuzzy metric spaces, some relationships
with the existing structures and proved some fixed point theorems. Kaleva [19] studied
different kinds of convergences and relationships between these convergences in KS-fuzzy
metric spaces. In the papers [20, 21], Kaleva investigated the completions of KS-fuzzy
metric spaces. Many authors [17, 18, 32] considered some nonlinear contractions and
presented several fixed point theorems for these contractions in complete KS-fuzzy metric
spaces.

With a different view to the fuzzy 2-metric space and similar consideration to the KS-
fuzzy metric space, in [15], we investigated the concept of 2-fuzzy metric space which
is an extension of 2-metric space in which the area of the triangular region formed by
three different points is considered as the nonnegative, upper semi-continuous, convex
and normal fuzzy number. Also, we studied some of their topological properties and
presented the relationship of 2-Menger spaces given in [34] with 2-fuzzy metric spaces.
But since the axioms related triangular inequality of the 2-fuzzy metric space is not easy
to apply, we have needed to investigate, as a more useful concept, some level forms of
these equalities. For this reason, in the present paper, we investigate some level forms
of triangular inequality of 2-fuzzy metric spaces which satisfies easier application to fixed
point problems. We first define the concept of 2-fuzzy pre-metric spaces that have weaker
axioms than 2-fuzzy metric spaces. Then we investigate under which conditions triangular
inequalities are equivalent to their levels forms in 2-fuzzy pre-metric spaces. Finally, we
prove a fixed point theorem for 2-fuzzy metric spaces by considering the presented result.

2. Preliminaries

In this section, the notions of fuzzy numbers and 2-fuzzy metric spaces are given to use
in the main section. Throughout this paper, U refers to the universal set.

Definition 2.1. [6] (1) A fuzzy number is a mapping such that u : R→ [0, 1].
(2) A fuzzy number u is called convex if u(t1) ≥ min(u(t2), u(t3)) when t2 ≤ t1 ≤ t3.
(3) A fuzzy number u is called normal if there exist a t0 ∈ R such that u(t0) = 1.
(4) An α-level set of u is defined by the set {t|u(t) ≥ α} where α ∈ (0, 1] and denoted

by [u]α.
(5) A fuzzy number u is said to be nonnegative if u(t) = 0 for all t < 0.
We will denote the set of all upper semi-continuous, convex and normal fuzzy numbers

by G and the set of all nonnegative elements of G by E.
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Each real number u ∈ R may be handled as a fuzzy number ū as the following way:

ū(t) =

{
0, t 6= u

1, t = u
. (1)

Lemma 2.1. [17] Let [u]0 = {t ∈ R|u(t) > 0} for u ∈ G and α ∈ (0, 1]. Then the following
properties hold for all α ∈ [0, 1]:

(i) [u]α is a closed interval [λα(u), ρα(u)],
(ii) λ0(u) = limα→0λα(u) and ρ0(u) = limα→0ρα(u),
(iii) u(t) is nondecreasing when t < λ1 and nonincreasing when t ≥ ρ1.
The values λα(u) = −∞ and ρα(u) = ∞ are admissible. If λα(u) = −∞, then

[λα(u), ρα(u)] means (−∞, ρα(u)].

Lemma 2.2. [17] A sequence (un) ⊆ G is convergent to u ∈ G if limn→∞ λα(un) = λα(u)
and limn→∞ ρα(un) = ρα(u) for all α ∈ (0, 1] where [u]α = [λα(u), ρα(u)] and [un]α =
[λα(un), ρα(un)]. If (un) ⊆ E and u = 0̄, then the following is satisfied

0 = λα(u) ≤ ρα(u) ≤ λα(un) ≤ ρα(un). (2)

for all α ∈ [0, 1]. Therefore, limn→∞ un = 0̄ if and only if limn→∞ ρα(un) = 0.

Other properties and algebraic operations of fuzzy numbers can be found in [6, 27].

Definition 2.2. [15] Let CL, CR : [0, 1]3 → [0, 1] be two symmetric and nondecreasing
mappings in its variables such that CL(0, 0, 0) = 0 and CR(1, 1, 1) = 1. A mapping
F : U3 → E is said to be a 2-fuzzy metric if the followings are satisfied:

(2FM1) For all pair of distinct points x, u ∈ U , there is a point z ∈ U such that
F(x, u, z) 6= 0̄,

(2FM2) F(x, z, u) = 0̄ when at least two of x, z, u are equal,
(2FM3) F(x, z, u) = F(z, x, u) = F(u, z, x) = F(u, x, z) = F(x, u, z) = F(z, u, x) for all

x, u, z ∈ U ,
(2FM4) For all x, u, z, w ∈ U ,
(i) F(x, z, u)(t1 + t2 + t3) ≥ CL(F(x, z, w)(t1),F(x,w, u)(t2),F(w, z, u)(t3)
whenever t1 ≤ λ1(x, z, w), t2 ≤ λ1(x,w, u), t3 ≤ λ1(w, z, u) and t1 + t2 + t3 ≤ λ1(x, z, u)
(ii) F(x, z, u)(t1 + t2 + t3) ≤ CR(F(x, z, w)(t1),F(x,w, u)(t2),F(w, z, u)(t3)
whenever t1 ≥ λ1(x, z, w), t2 ≥ λ1(x,w, u), t3 ≥ λ1(w, z, u) and t1 + t2 + t3 ≥ λ1(x, z, u)
where

[F(x, z, u)]α = [λα(x, z, u), ρα(x, z, u)]

for all α ∈ [0, 1]. Then the 4-tuple pair (U,F, CL, CR) is said to be a 2-fuzzy metric space.
The number F(x, z, u)(t) may be thought as the possibility that the area of the triangle
which is formed by x, z and u in U (at least one of these points is not on the same line)
as its vertices is t.

Definition 2.3. [15] (xn) be a sequence in a 2-fuzzy metric space (X,F, L,R).
(i) (xn) is called to be convergent to x ∈ X if limn→∞ F(xn, x, z) = 0̄ for all z ∈ X.
(ii) (xn) is called to be a Cauchy sequence if limn→∞ F(xn, xm, z) = 0̄ for all z ∈ X.
(iii) (X,F, L,R) is called to be complete if every Cauchy sequence in X is convergent

to some point x ∈ X.

Remark 2.1. The property limn→∞ F(xn, x, z) = 0̄ for all z ∈ X is equivalent to the
property limn→∞ ρ0(xn, x, z) = 0 for all z ∈ U .
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3. Some inequalities in 2-fuzzy metric spaces

Lemma 3.1. CL(0, 1, 1) = 0 when (U,F, CL, CR) is a 2-fuzzy metric space.

Proof Suppose that CL(0, 1, 1) > 0. Let x, u, w, z ∈ U and x 6= u 6= w 6= z. Take
t1 = λ1(x, z, w), t2 = λ1(z, w, u) and t3 < −t1−t2. We know from here that F(x, z, w)(t1) =
1,F(z, w, u)(t2) = 1 and F(x,w, u)(t3) = 0. So, F(x, z, u)(t1 + t2 + t3) = 0. From the
condition (2FM4)(i), we obtain

F(x, z, u)(t1 + t2 + t3) ≥ CL(F(x, z, w)(t1),F(x,w, u)(t2),F(w, z, u)(t3) = CL(1, 0, 1) > 0

which is a contradiction and it means that CL(0, 1, 1) = 0.

Remark 3.1. If CL is a t-norm, then CL(0, 1, 1) = 0 is obviously satisfied.

Definition 3.1. Let CL, CR : [0, 1]3 → [0, 1] be two symmetric and nondecreasing map-
pings in its variables and F : U3 → E be a mapping. Then the 4-tuple (U,F, CL, CR) is
called a 2-fuzzy pre-metric space provided that CL(0, 1, 1) = 0, CR(1, 1, 1) = 1 and F holds
the conditions (2FM1)-(2FM3).

It is obvious from Lemma 3.1 that a 2-fuzzy metric space is always 2-fuzzy pre-metric
space.

In the next theorem, we prove that the following level form inequality is equivalent to
the triangle inequality (2FM4)(i) for the 2-fuzzy pre-metric space:

Theorem 3.1. If (U,F, CL, CR) is a 2-fuzzy pre-metric space, then the triangle inequality
(2FM4)(i) is hold if and only if

λCL(α,β,γ)(x, z, u) ≤ λα(x, z, y) + λβ(x, y, u) + λγ(y, z, u) (3)

for all α, β, γ ∈ (0, 1] and x, u, y, z ∈ U .

Proof Suppose that the triangle inequality (2FM4)(i) is satisfied. Let us take x, u, y, z ∈
U and α, β, γ ∈ (0, 1]. Let t1 = λα(x, z, y), t2 = λβ(x, y, u) and t3 = λγ(y, z, u). Then,
we have that λα(x, z, y) ≤ λ1(x, z, y), λβ(x, y, u) ≤ λ1, λγ(y, z, u), α ≤ F(x, z, y)(t1), β ≤
F(x, y, u)(t2) and γ ≤ F(y, z, u)(t3). It is obvious that F(x, z, u)(t1 + t2 + t3) ≥ CL(α, β, γ)
whenever t1 + t2 + t3 ≤ λ1(x, u, z). From here, we have that λCL(α,β,γ) ≤ t1 + t2 + t3. If
t1 + t2 + t3 > λ1(x, z, u), then the inequality t1 + t2 + t3 > λCL(α,β,γ)(x, z, u) holds. Hence,
the necessary condition of theorem is proved.

To prove the sufficient condition, suppose that the inequality (3) is satisfied for all
α, β, γ ∈ (0, 1] and x, u, y, z ∈ U . If we take t1 ≤ λ1(x, z, y), t2 ≤ λ1(x, y, u), t3 ≤ λ1(y, z, u)
and let α = F(x, z, y)(t1), β = F(x, y, u)(t2), γ = F(y, z, u)(t3), then we obtain that
λα(x, z, y) ≤ t1, λβ(x, y, u) ≤ t2 and λγ(y, z, u) ≤ t3. Without loss of generality, we
may suppose that α, β, γ > 0. Otherwise triangle inequality (2FM4)(i) is directly satisfied.
From (3), we have λCL(α,β,γ)(x, z, u) ≤ t1+t2+t3. Since t1+t2+t3 ≤ λ1(x, z, u), this implies
that F(x, z, u)(t1 + t2 + t3) ≥ CL(α, β, γ) = CL(F(x, z, y)(t1),F(x, y, u)(t2),F(y, z, u)(t3)).

Definition 3.2. Let (U,F, CL, CR) be a 2-fuzzy pre-metric space. Set

ρα
′(x, z, u) =

{
limµ→α+ρµ(x, z, u), α ∈ [0, 1)

λ1(x, z, u), α = 1

for all x, u, z ∈ U and α ∈ [0, 1]. It is straightforward to see that ρα
′(x, z, u) is nondecreas-

ing for all α ∈ [0, 1] and the condition λ1(x, z, u) ≤ ρµ(x, z, u) ≤ ρα
′(x, z, u) ≤ ρα(x, u, z)

hold for all µ ∈ (α, 1]. It is also easily seen that ρα
′(x, z, u) = limµ→α+ρµ

′(x, z, u). i.e.,
ρα
′(x, z, u) is a right continuous mapping.
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Lemma 3.2. Let (U,F, CL, CR) be a 2-fuzzy pre-metric space. Then the following prop-
erties hold:
(i) F(x, z, u)(ρα

′(x, z, u)) ≥ α.
(ii) If t > ρα

′(x, z, u), then F(x, z, u)(t) ≤ α.
(iii) If α 6= 1 and λ1(x, z, u) ≤ t < ρα

′(x, z, u), then F(x, z, u)(t) < α.

Proof (i) If α = 1, then the conclusion is directly true. Let α < 1. Then, we obtain that
F(x, z, u)(ρα

′(x, z, u)) ≥ F(x, z, u)(ρα(x, z, u)) ≥ α, since F(x, z, u)(t) is a nonincreasing
mapping whenever t > ρ1(x, z, u).
(ii) Similar to the above situation let α < 1. Suppose that F(x, z, u)(t) > α. Then, there
is a µ > α such that F(x, z, u)(t) > µ. So, we have that t ≤ ρµ(x, z, u) ≤ ρ′α(x, z, u) which
contradicts to the hypothesis.
(iii) Let λ1(x, z, u) ≤ t < ρ′α(x, z, u). Then, there exist a µ > α such that λ1(x, z, u) ≤ t <
ρµ(x, z, u), Hence, we obtain that F(x, z, u)(t) ≥ µ > α.

Remark 3.2. ρ′α(x, z, u) is the right endpoint of the α-level set {t|F(x, z, u)(t) > α}
whenever α ∈ [0, 1).

Lemma 3.3. Let (U,F, CL, CR) be a 2-fuzzy pre-metric space. If triangle inequality
(2FM4)(ii) is hold, then

ρ′CR(α,β,γ)(x, z, u) ≤ ρ′α(x, z, y) + ρ′β(x, y, u) + ρ′γ(y, z, u) (4)

for all x, u, y, z ∈ U and α, β, γ ∈ [0, 1] with CR(α, β, γ) 6= 1.

Proof Let x, u, y, z ∈ U and α, β, γ ∈ [0, 1] with CR(α, β, γ) 6= 1. Suppose that
ρ′α(x, z, y) < ∞, ρ′β(x, y, u) < ∞ and ρ′γ(y, z, u) < ∞. Otherwise (4) is trivially hold.

By Lemma (3.2)(ii), we have F(x, z, y)(t1) ≤ α, F(x, y, u)(t2) ≤ β and F(y, z, u)(t3) ≤ γ
for any t1, t2, t3 with ρalpha

′(x, z, y) < t1, ρ
′
β(x, y, u) < t2 and ρ′γ(y, z, u) < t3. Now,

we show that t1 + t2 + t3 ≥ λ1(x, z, u). Suppose that t1,+t2 + t3 < λ1(x, z, u). Take
t′1, t

′
2, t
′
3 satisfying t′1 ≥ t1 > λ1(x, z, y), t′2 ≥ t2 > λ1(x, y, u), t′3 ≥ t3 > λ1(y, z, u) and

t′1 + t′2 + t′3 = λ1(x, z, u). Then by the triangle inequality (2FM4)(ii), we obtain

1 = F(x, z, u)(λ1(x, z, u)) ≤ CR(F(x, z, u)(t′1),F(x, y, u)(t′2),F(y, z, u)(t′3))

≤ CR(α, β, γ) < 1

which is a contradiction. Hence, we get λ1(x, z, u) ≤ t1,+t2+t3. Since t1 > λ1(x, z, y), t2 >
λ1(x, y, u), t3 > λ1(y, z, u) and t1 + t2 + t3 ≥ λ1(x, z, u), we obtain from triangle inequality
(2FM4)(ii)

F(x, z, u)(t1,+t2 + t3) ≤ CR(F(x, z, y)(t1),F(x, y, u)(t2),F(y, z, u)(t3))

≤ CR(α, β, γ)

which means that ρ′CR(α,β,γ)(x, z, u) ≤ t1,+t2 + t3. Therefore inequality (4) is satisfied

since t1, t2, t3 are chosen arbitrarily.
In the following, we show that the triangle inequality (2FM4)(ii) is equivalent to the

level form (4) described by ρ′α(x, z, u) for the 2-fuzzy pre-metric spaces when CR is a right
continuous mapping.

Theorem 3.2. Let (U,F, CL, CR) be a 2-fuzzy pre-metric space such that CR is right
continuous. Then the following conditions are equivalent:

(i) The triangle inequality (2FM4)(ii) is satisfied.
(ii) (4) is hold for all x, u, y, z ∈ U and α, β, γ ∈ [0, 1] with CR(α, β, γ) 6= 1.
(iii) (4) is hold for all x, u, y, z ∈ U and α, β, γ ∈ (0, 1] with CR(α, β, γ) 6= 1.
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Proof The implication (i) ⇒ (iii) is satisfied directly from Lemma 3.3. Now, we
show that (iii) implies (ii). If there exist α, β > 0 with CR(α, β, 0) 6= 1, then we can
find a sequence (γn) such that γn → 0+, CR(α, β, γn) 6= 1 and ρ′CR(α,β,γn)

(x, z, u) ≤
ρ′α(x, z, y) + ρ′β(x, y, u) + ρ′γn(y, z, u) from the right continuity of CR. Again by the right

continuity of CR and ρ′γn(y, z, u)→ ρ′0(y, z, u), we have

ρ′CR(α,β,0)(x, z, u) ≤ ρ′α(x, z, y) + ρ′β(x, y, u) + ρ′0(y, z, u)

as n→∞. If there exist α > 0 with CR(α, 0, 0) 6= 1 or if CR(0, 0, 0) 6= 1, it can be shown
similar to the above situation that ρ′CR(α,0,0)(x, z, u) ≤ ρ′α(x, z, y) + ρ′0(x, y, u) + ρ′0(y, z, u)

and ρ′CR(0,0,0)(x, z, u) ≤ ρ′0(x, z, y) + ρ′0(x, y, u) + ρ′0(y, z, u), respectively.

Now, suppose that (4) is hold for all x, u, y, z ∈ U and α, β, γ ∈ [0, 1] with CR(α, β, γ) 6= 1.
Take t1 ≥ λ1(x, z, y), t2 ≥ λ1(x, y, u) and t3 ≥ λ1(y, z, u) with t1 + t2 + t3 ≥ λ1(x, z, u).
Let α0 = F(x, z, y)(t1), β0 = F(x, y, u)(t2) and γ0 = F(y, z, u)(t3). If CR(α0, β0, γ0) = 1,
then the triangle inequality (4) is obviously hold. If CR(α0, β0, γ0) 6= 1, then from (ii) and
Lemma 3.2(iii), we have

t1 ≥ ρ′α0
(x, z, y), t2 ≥ ρ′β0(x, y, u), t3 ≥ ργ0(y, z, u)

and t1 + t2 + t3 ≥ ρ′CR(α0,β0,γ0)
(x, z, u) (5)

.
Consider the following three cases:
Case I: If F(x, z, u)(ρ′CR(α0,β0,γ0)

(x, z, u)) = CR(α0, β0, γ0), then we have

F(x, z, u)(t1 + t2 + t3) ≤ F(x, z, u)(ρ′CR(α0,β0,γ0)
(x, z, u)) = CR(α0, β0, γ0).

Case II: If F(x, z, y)(ρ′α0
(x, z, y)) > α0 or F(x, y, u)(ρ′β0(x, y, u)) > β0 or F(y, z, u)(ρ′γ0(y, z, u)) >

γ0, then by (refe3) t1 > ρ′α0
(x, z, y) or t2 > ρ′β0(x, y, u) or t3 > ρ′γ0(y, z, u). Thus, we have

ρ′CR(α0,β0,γ0)
(x, z, u) ≤ ρ′α0

(x, z, y) + ρ′β0(x, y, u) + ρ′γ0(y, z, u) < t1 + t2 + t3

From Lemma 3.2(ii), we obtain that F(x, z, u)(t1 + t2 + t3) ≤ CR(α0, β0, γ0).
Case III: If neither of the above situations hold, then by Lemma 3.2(i), the followings

obtained:

F(x, z, u)(ρ′CR(α0,β0,γ0)
(x, z, u)) > CR(α0, β0, γ0) (6)

F(x, z, y)(ρ′α0
(x, z, y)) = α0 (7)

F(x, y, u)(ρ′β0(x, y, u)) = β0 (8)

F(y, z, u)(ρ′γ0(y, z, u)) = γ0. (9)

If we consider the right continuity of CR in (6), there are α1 > α0, β1 > β0 and γ1 > γ0
such that CR(α1, β1, γ1) < 1 and F(x, z, u)(ρ′CR(α0,β0,γ0)

(x, z, u)) > CR(α1, β1, γ1). By

Lemma 3.2(ii), we obtain

ρ′CR(α0,β0,γ0)
(x, z, u) ≤ ρ′CR(α1,β1,γ1)

(x, z, u).

On the other hand, it is obviously seen that ρ′CR(α0,β0,γ0)
(x, z, u) ≥ ρ′CR(α1,β1,γ1)

(x, z, u)

since CR(α1, β1, γ1) ≥ CR(α0, β0, γ0). Therefore, it follows that CR(α1, β1, γ1) = CR(α0, β0, γ0).
By (7)-(9) and Lemma 3.2(i), we get ρ′α0

(x, z, y) > ρ′α1
(x, z, y), ρ′β0(x, y, u) > ρ′β1(x, y, u)

and ρ′γ0(y, z, u) > ρ′γ1(y, z, u). Since CR(α1, β1, γ1) < 1, we also have ρ′CR(α1,β1,γ1)
(x, z, u) ≤

ρ′α1
(x, z, y) + ρ′β1(x, y, u) + ρ′γ1(y, z, u) by (4). Considering all cases, we obtain

ρ′CR(α0,β0,γ0)
(x, z, u) < ρ′α0

(x, z, y) + ρ′β0(x, y, u) + ρ′γ0(y, z, u) ≤ t1 + t2 + t3.
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Again from Lemma 3.2(ii), this implies the following inequality

F(x, z, u)(t1 + t2 + t3) ≤ CR(α0, β0, γ0)

= CR(F(x, z, y)(t1),F(x, y, u)(t2),F(y, z, u)(t3)).

In the following definition, we consider the set {t|F(x, z, u)(t) ≥ α} which is another
form of the α-level set.

Definition 3.3. Let (U,F, CL, CR) be a 2-fuzzy pre-metric space. Define

ρ∗α(x, z, u) =

{
ρα(x, z, u), α ∈ [0, 1)

λ1(x, z, u), α = 1

for all x, z, u ∈ U and α ∈ [0, 1].

Lemma 3.4. Let (U,F, CL, CR) be a 2-fuzzy pre-metric space, x, u, z ∈ U and α ∈ [0, 1].
Then the following properties hold:
(i) If α = 0 or α = 1, then ρ∗α(x, z, u) = ρ′α(x, z, u).
(ii) If α ∈ (0, 1), then ρ∗α(x, z, u) = limµ→α−ρ

′
µ(x, z, u) and ρ′α(x, z, u) = limµ→α+ρ∗µ(x, z, u).

Proof (i) It is clear from the Definition 3.2 and Definition 3.3.
(ii) Since ρα(x, z, u) ≤ ρ′µ(x, z, u) ≤ ρµ(x, z, u) when µ < α, we have

ρ∗α(x, z, u) = ρα(x, z, u) = limµ→α−ρµ(x, z, u) = limµ→α−ρ
′
µ(x, z, u)

ρ′α(x, z, u) = limµ→α+ρµ(x, z, u) = limµ→α+ρ∗µ(x, z, u).

Let C denote the set of all mappings CR : [0, 1] × [0, 1] × [0, 1] → [0, 1] satisfying the
following conditions for all α, β, γ ∈ [0, 1] with CR(0, 0, 0) < CR(α, β, γ) < 1:
(i) If α, β, γ < 1, then CR(α′, β′, γ′) < CR(α, β, γ) for all α′ ∈ [0, α), β′ ∈ [0, β) and
γ′ ∈ [0, γ).
(ii) If α = 1, then CR(α, β′, γ′) < CR(α, β, γ) for all β′ ∈ [0, β) and γ′ ∈ [0, γ).
(ii) If α = 1 and β = 1, then CR(α, β, γ′) < CR(α, β, γ) for all γ′ ∈ [0, γ).

Theorem 3.3. Let (U,F, CL, CR) be a 2-fuzzy pre-metric space. If CR is continuous and
CR ∈ C, then the triangle inequality (2FM4)(ii) is hold if and only if

ρ∗CR(α,β,γ)(x, z, u) ≤ ρ∗α(x, z, y) + ρ∗β(x, y, u) + ρ∗γ(y, z, u) (10)

for all x, u, y, z ∈ U and α, β, γ ∈ [0, 1] with CR(0, 0, 0) < CR(α, β, γ) < 1.

Proof We may assume that CR(0, 0, 0) 6= 1. Respect to the Theorem 3.2, it is sufficient
to show that (4) is hold for all x, y, z, u ∈ U and α, β, γ ∈ (0, 1] with CR(α, β, γ) 6= 1 if and
only if (10) is hold for all x, y, z, u ∈ U and α, β, γ ∈ (0, 1] with CR(0, 0, 0) < CR(α, β, γ) <
1.

Assume that (4) is hold for all x, y, z, u ∈ U and α, β, γ ∈ (0, 1] with CR(α, β, γ) 6= 1.
Let CR(0, 0, 0) < CR(α, β, γ) < 1 for all α, β, γ ∈ (0, 1]. It is clear that α, β, γ) 6= (1, 1, 1).
Since CR ∈ C, there are nondecreasing sequence (αn) ⊂ (0, α], (βn) ⊂ (0, β], (γn) ⊂ (0, γ]
such that αn → α, βn → β, γn → γ and CR(αn, βn, γn) < CR(α, β, γ). Then by (4), it
follows that ρ′CR(αn,βn,γn)

(x, z, u) ≤ ρ′αn
(x, z, y)+ρ′βn(x, y, u)+ρ′γn(y, z, u). By Lemma 3.4,

we have that ρ∗CR(α,β,γ)(x, z, u) ≤ ρ∗α(x, z, y) + ρ∗β(x, y, u) + ρ∗γ(y, z, u) as n→∞.

Now, suppose that (10) is hold for all x, y, z, u ∈ U and α, β, γ ∈ (0, 1] with CR(0, 0, 0) <
CR(α, β, γ) < 1. We must show the following cases:

Case I: Let CR(α, β, γ) 6= CR(0, 0, 0). Since CR(α, β, γ) 6= 1, we have (α, β, γ) 6= (1, 1, 1).
By continuity of CR, there are nondecreasing sequence (αn) ⊂ [α, 1], (βn) ⊂ [β, 1], (γn) ⊂
[γ, 1] such that αn → α, βn → β, γn → γ and CR(0, 0, 0) < CR(αn, βn, γn) < 1. From (10),
we get ρ∗CR(αn,βn,γn)

(x, z, u) ≤ ρ∗αn
(x, z, y) + ρ∗βn(x, y, u) + ρ∗γn(y, z, u).
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If CR(α, β, γ) < CR(αn, βn, γn) for all n ∈ N, then from Lemma 3.4, we obtain that
ρ′CR(α,β,γ)(x, u, z) ≤ ρ

′
α(x, u, y) + ρ′β(x, y, z) + ρ′γ(y, u, z).

If there is a n0 ∈ N satisfying CR(αn, βn, γn) = CR(α, β, γ) for all n > n0, then from
Lemma 3.4, we have that ρ′CR(α,β,γ)(x, z, u) ≤ ρ′α(x, z, y) + ρ′β(x, y, u) + ρ′γ(y, z, u).

Case II: Let CR(α, β, γ) = CR(0, 0, 0). Choose

α1 = sup{ξ ∈ [α, 1]|CR(ξ, β, γ) = CR(0, 0, 0)}
β1 = sup{ν ∈ [β, 1]|CR(α, ν, γ) = CR(0, 0, 0)}
γ1 = sup{η ∈ [γ, 1]|CR(α, β, η) = CR(0, 0, 0)}.

Then CR(α1, β1, γ1) = CR(0, 0, 0) from continuity of CR. So, CR(0, 0, 0) < CR(ξ′, ν ′, η′)
for all (ξ′, ν ′, η′) ∈ [α1, 1]× [β1, 1]× [γ1, 1]\{(α1, β1, γ1)}. Also, there is (ξ′, ν ′, η′) such that
CR(0, 0, 0) < CR(ξ′′, ν ′′, η′′) < 1 from continuity of CR. It is obvious that (ξ′′, ν ′′, η′′) 6=
(α, β, γ). Hence CR(0, 0, 0) < CR(ξ′, ν ′, η′) < 1 for all (ξ′, ν ′, η′) ∈ [α1, ξ

′′] × [β1, ν
′′] ×

[γ1, η
′′] \ {(α1, β1, γ1)}. From the above case, we also have that ρ′CR(α′′,β′′,γ′′)(x, u, z) ≤

ρ′α′′(x, u, y) + ρ′β′′(x, y, z) + ρ′γ′′(y, u, z). If we let ξ′′ → α1, ν
′′ → β1 and η′′ → γ1, then we

obtain

ρ′CR(α,β,γ)(x, z, u) = ρ′CR(α1,β1,γ1)
(x, z, u)

≤ ρ′α1
(x, z, y) + ρ′β1(x, y, u) + ρ′γ1(y, z, u)

≤ ρ′α(x, z, y) + ρ′β(x, y, u) + ρ′γ(y, z, u).

Remark 3.3. If we let CR = max, then CR ∈ C. From Theorem 3.3, we deduce that
triangle inequality (2FM4)(ii) is hold if and only if

ρα(x, z, u) ≤ ρα(x, z, y) + ρα(x, y, u) + ρα(y, z, u)

for all x, y, z, u ∈ U and α ∈ [0, 1].

4. An application to fixed point theory

In this section, we assume that (U,F, CL, CR) is a 2-fuzzy metric space satisfying
ρα(x, y, z) <∞ and CR(0, 0, 0) = 0.

Theorem 4.1. Let f be a mapping of a complete 2-fuzzy metric space (U,F, CL, CR) from
itself such that there exists a real number k with 0 < k < 1 satisfying

ρ0(f(x), f(y), z) ≤ kρ0(x, y, z)
for all x, y, z ∈ U . Then f has a unique fixed point in U .

Proof Let x0 ∈ U and define the sequences of iterates (xn) with xn = fn(x0). For all
n ∈ (N) and z ∈ U ,

ρ0(f
n+1(x0), f

n(x0), z) ≤ kρ0(fn(x0), f
n−1(x0), z) < ρ0(f

n(x0), f
n−1(x0), z).

It follows that an(z) = ρ0(f
n(x0), f

n−1(x0), z) is both strictly decreasing and bounded
below for all z ∈ U . So, (an(z)) converges to some function of z, let a(z) denote this
function. Since a(z) ≤ ka(z) < a(z) for all z ∈ U , we have a(z) = 0. Now, we claim
that (xn) is a Cauchy sequence in U . To show this assertion suppose (xn) is not a Cauchy
sequence in U . Then there exist ε > 0, u ∈ U and strictly increasing sequences (mk), (nk)
of positive integers such that

ρ0(f
nk(x0), f

mk(x0), u) ≥ ε and ρ0(f
nk−1(x0), f

mk(x0), u) < ε
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for all k ∈ N whenever mk > nk ≥ k. Since R(0, 0, 0) = 0 and ρ′0(x, y, z) = ρ0(x, y, z), we
obtain

ρ0(f
nk(x0), f

mk(x0), u)− ρ0(fnk−1(x0), f
mk(x0), u)

≤ ρ0(fmk(x0), f
mk−1(x0), u) + ρ0(f

mk(x0), f
mk−1(x0), f

nk(x0))

≤ ρ0(fmk(x0), f
mk−1(x0), u) + kρ0(f

mk−1(x0), f
mk−1(x0), f

nk−1(x0))

= ρ0(f
mk(x0), f

mk−1(x0), u)

by Lemma 3.3. Since (ρ0(f
nk(x0), f

mk(x0), u) − ε) and ε − ρ0(fnk−1(x0), f
mk(x0), u) are

sequences of nonnegative real numbers and an(u)→ 0 as n→∞, from the above inequality
it follow that

limk→∞ ρ0(f
nk(x0), f

mk(x0), u) = ε

and

limk→∞ ρ0(f
nk−1(x0), f

mk(x0), u) = ε.

Since the following inequality satisfies for all x, y, a, b ∈ U
|ρ0(x, y, a)− ρ0(x, y, b)| ≤ ρ0(a, b, x) + ρ0(a, b, y),

we have

|ρ0(fmk−1(x0), u, f
nk−1(x0))− ρ0(fmk−1(x0), u, f

nk(x0))|
≤ ρ0(fnk−1(x0), f

nk(x0), f
mk−1(x0)) + ρ0(f

nk−1(x0), f
nk(x0), u)

< ρ0(f
nk(x0), f

nk−1(x0), u).

It follows from taking limits of this inequality that limk→∞ ρ0(f
mk−1(x0), f

nk−1(x0), u) =
ε. But now, from the following

ρ0(f
mk(x0), f

nk(x0), u) ≤ kρ0(fmk−1(x0), f
nk−1(x0), u)

we have ε ≤ kε < ε which contradicts ε > 0. Thus, (xn) is a Cauchy sequence in U and
convergent to a point x ∈ U . i.e., ρ0(f

n(x0), x, z)→ 0 as n→∞ for all z ∈ U . Since

|ρ0(f(x), z, fn(x0))− ρ0(f(x), z, x)| ≤ ρ0(fn(x0), x, f(x)) + ρ0(f
n(x0), x, z)

≤ kρ0(fn−1(x0), x, x) + ρ0(f
n(x0), x, z) = ρ0(f

n(x0), x, z),

by taking limits we obtain limk→∞ ρ0(f
n(x0), f(x), z) = ρ0(f(x), x, z) = 0 for all z ∈ U

and thus f(x) = x.

5. Conclusions

In this paper, we study some level forms of triangular inequality of 2-fuzzy metric spaces
and solve a fixed point problem of self-mappings in 2-fuzzy metric spaces by using these
level forms. For future work, we aim to study topological properties of 2-fuzzy metric
spaces such as completeness, compactness and countability and etc. by using these level
forms. Also, we plan to carry some well-known fixed point theorems to 2-fuzzy metric
spaces.
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[4] Aydoğdu, E., Aygünoğlu, A. and Aygün, H., (2020), The space of continuous function between fuzzy
metric spaces, Erzincan University Journal of Science and Technology, 13(3), pp. 1132-1137.
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