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F-INDEX FOR FUZZY GRAPH WITH APPLICATION

SK R. ISLAM!*, M. PAL!, §

ABSTRACT. Different types of topological index of a graph have many applications and
many results are available for crisp graphs. But in many practical applications it is seen
that many situations cannot be modeled using crisp graphs. In these cases, to handle
such a situation, those topological indices are needed to define in a fuzzy graph. In this
article, F-index for fuzzy graphs is introduced and some bounds on F-index are provided
for several fuzzy graphs such as path, cycle, star, complete fuzzy graph, etc. In this
article, the maximal fuzzy graph is calculated with respect to the F-index for a given
vertex set. At the end of this article, a group of researchers are considered and a decision
making method is provided by using F-index for fuzzy graph to find the most influenced
researcher in that group.

Keyword: Fuzzy graph, topological indices, Forgotten Topological Index, Forgotten
Topological Index for fuzzy graph.

AMS Subject Classification: 05C40, 05C62.

1. INTRODUCTION

1.1. Research background. Nowadays, due to various applications of fuzzy graph the-
ory, a huge number of researchers working on topological indices (TIs). The idea of fuzzy
set (F'S) was first introduced by Zadeh [29], in 1965. Motivated by this, in 1975, Rosenfeld
[24] defined the fuzzy graph (FG). In the same time, Yeh et al. [28] also introduced the
FG independently and define some connectivity parameter of a FG and their applications.
Degree of a vertex in a FG is also discussed in [19] and also discussed strong degree,
strong neighbour of a FG. In [14, 15, 16, 19, 20, 25] one can see more details on fuzzy
graph theory.

In the field of mathematical chemistry, molecular topology and chemical graph theory,
TTs are molecular descriptors which are calculated on the molecular graph of a chemical
compound. These TIs are numerical quantity, of a graph which describe its topology. In
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1947 [27], Harold Wiener first introduced wiener index (WI) which is used to calculate
the boiling point of paraffins. Zagreb index (ZI) is degree-based TI and established by
Gutman and Trinajstic in 1972 [8] and used to calculate m-electron energy of a conjugate
system. Followed by this topological index, in 2015, Fortula and Gutman defined another
degree based topological index called forgotten topological index (F-index) [7]. Some
neighbourhood degree-based topological indices are discussed by Mondal et al. [17, 18].
In [5, 6, 9, 23, 26], one can see for different types of TIs. Amin and Nayeem [2] provided
the F-index of subdivision graph and line graph.

1.2. Motivation. Topological indices has an important role in molecular chemistry, chem-
ical graph theory, spectral graph theory, network theory, etc. Zagreb index (ZI) is one
such TIs which is degree-based TT and established by Gutman and Trinajstic in 1972 [8]
and this TIs are used to calculate m-electron energy of a conjugate system. Followed by
this topological index, in 2015, Fortula and Gutman defined another degree based topo-
logical index called forgotten topological index (F-index) [7] and they proved that first
71 and F-index have the almost same entropy, predictive ability and acentric factor and
F-index obtain correlation coefficients greater than 0.95. So this TT is very much useful in
molecular chemistry and used in spectral graph theory, network theory, and several field
of mathematics. Those indices are defined in crisp graph only. Recently, in 2020, Binu et.
al. [3, 4] introduced connectivity index and Wiener index in fuzzy graph and given some
application in illegal immigration. Followed those paper [1, 10, 11, 12, 21, 22] introduced
and studied some topological indices on fuzzy graph also. In this paper, F-index for fuzzy
graph is introduced and provided some interesting results on it. In the end of this article,
an decision making problem is presented and solved by using F-index for fuzzy graph.

1.3. Significance and objective of the article. Different types of topological index of
a graph has many applications and many results are available for crisp graphs. But in
many practical applications it is seen that many situations cannot be modeled using crisp
graphs. In these cases, to handle such a situation, those topological indices are needed to
define in a fuzzy graph. In this paper, F-index for fuzzy graph is defined and given some
bounds for various fuzzy graphs like path, cycle, star, complete fuzzy graph (CFG), etc.
In this article, it is shown that CFG is the maximal FG with respect to F-index for given
vertex set. In the end of this article, an decision making problem is presented and solved
by using F-index for fuzzy graph.

1.4. Framework of the article. Structure of the article is as follows: Section 2 provides
some basic definitions which are essential to develop our main results. In section 3, F-
index of a FG is studied and provided some bounds of it. An application of F-index in
social network has been provided in the Section 4.

2. PRELIMINARIES

In this portion, some basic definitions are provided which are essential to develop our
results are given, most of them one can be found in [19, 20].

Let X be a universal set. A FS S on X is a mapping Q : X — [0, 1]. Here Q is called
the membership function of the FS S. Generally a FS is denoted by S = (x, ().

Definition 2.1. Let X(# ¢) be a given finite set. The FG is a triplet, T' = (T, ¥, Q),
where Y is nonempty finite subset of X with ¥ : ¥ — [0,1] and  : T x T — [0,1]
satisfying Q(z,y) < U(x) A U(y), where A represents the minimum.
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TABLE 1. The list of abbreviation.

Abbreviation Meaning

FS Fuzzy set

FSS Fuzzy subset

FG Fuzzy graph

FSG Fuzzy subgraph

PFSG Partial fuzzy subgraph
CFG Complete fuzzy graph
TI Topological index

71 Zagreb index

F-index Forgotten Topological Index
MV Membership value

The set T is the set of vertices and € := {(z,y) : Q(z,y) > 0} is the set of edge of the
FG. ¥(x) represents the vertex MV of x and (z,y) represents the edge MV of (x,y) (or

simply xy).

Definition 2.2. Let I' = (T, ¥, Q) be a FG. Then H = (X', ¥, ) is called PFSG of the
FGT if Y Cc YT,¥(x) <¥(z), Y (x,y) < QUz,y) for all x,y € Y.

If ¥'(z) = ¥(x) and Q' (z,y) < Q(x,y) for all x,y € Y’ then H is called FSG of the FG
I'. For z € T, we denote I'; is a FSG of the FG I' with ¥(z) = 0 and for zy € £, T'yy
represents the FSG of the FG I" with Q(zy) = 0.

Definition 2.3. Let xg,z1,- - ,x, be distinct vertices of a FG I'. Then the sequence of
vertices P(xoxy - -xy) is called a path in T if Q(z;, xi41) #0 fori=0,1,--- ,;n—1.

The path, P is called cycle if Q(zg,x,) > 0.

Definition 2.4. Let xg,x1,- -,y be the vertices of a FGT. Then T' = (xo;x1,21 - Tp)
is called a star if Q(zg,x;) # 0 and Q(zi,25) =0 fori,j=1,2,--- ,n.

Here zq is called the center and x1,xo,--- ,x, are called the pendent vertices of the
star.

Definition 2.5. For a FG T is called a CFG if for all x,y € T, Q(z,y) = ¥(x) A U(y).

Definition 2.6. Two FGsT'y = (T1,V1,Q1) and 'y = (Yo, Wy, Q9) are called isomorphic
if there exist a bijective map h : Y1 — Yo with any x,y € Y1,¥1(z) = Va(h(x)) and
Qa(h(x), h(y)) = D (z,y).

Definition 2.7. Let v € Y then degree of v is denoted by dr(v) or simply d(v) and defined
as d(v) = >y Qxv).

Let A(T') or A be the maximum degree of I' and defined as A = V,eyd(v) and §(I")
or § be the minimum degree of G and defined as § = Ayeyd(v). The total degree of T is
denoted by T'(T') or simply T, i.e. T'= > yd(v) =23, cc Quv) < 2-m, where m =
no. of edges.

3. F-INDEX OF FUZZY GRAPHS

Gutman et al. [8] introduced the first and second ZI of a crisp graph in 1972.
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Definition 3.1. [8] Let I' = (Y,&) be a crisp graph. Then the first ZI of the graph T is
denoted by My (T') and is defined by:

M(T) =Y d*(v).
veY

Definition 3.2. [8] Let I' = (Y,&) be a crisp graph. Then the second ZI of the T' is
denoted by My(T') and is defined by:

My(T) =) d(u)d(v).
uvel

This two TIs are degree based TIs. Followed by this two topological indices, in 2015,
Fortula and Gutman defined another degree based topological indices called forgotten
topological [7].

Definition 3.3. [7] Suppose I' = (Y, &) be a graph (crisp). F-index of T' is indicated by
F(T') and is defined by:

FT)=>_ d*@v).

veT
In 2019, Kalathian et al. [12] studied first and second ZI for a FG as follows:

Definition 3.4. [12] Suppose I’ = (Y, ¥, Q) be a FG. Then first ZI of the FG T is indicated
by M(I") and is defined by:
M) =Y W(v)d*(v).
veY

Definition 3.5. [12] Suppose I' = (T, ¥, Q) be a FG. Then the second ZI of the FG T is
indicated by ZF»(T") and is defined by:

ZF(T) = U(w)d(u)¥(v)d(v).

uve€
F-index of a FG is defined as:

Definition 3.6. Suppose I' = (Y, U, Q) be a FG. Then F-index of the FG T is indicated
by FF(T') and is defined by:

veY

In the next theorem, an upper bound of F-index is given for any FG.

Theorem 3.1. Suppose I' be n-vertex FG with m edges. Then
(i) FF(T') < n®T3,
(ii) FF(T') < 8n3m?3.

Proof. (i) Using the fact ¥(v) < 1, the following inequality holds:

FE(D) = Y [¥(0)dw)P

veY
<D PR dw)?
veY veY

< n373.
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(ii) Using (i) and the fact T(I') = 2", Q; < 2m, the required inequality follows. O
Now, the first ZI at a vertex of a FG is defined below.

Definition 3.7. Suppose I' = (T, ¥,Q) be a FG and v € Y. Then the first ZI at the
vertez v of the FG T is indezed by ZF)(v;G) or simply ZF,(v) and is defined by

ZF(v) = FF(T) — FF(T,).

U5(0.7)

0.5
v'o

® °
v1(0.9) 0.3 v2(0.5)

Ficure 1. A FG with ZF;(T") = 1.480354.

In the next example, F-index the FG in Fig. 1 is calculated.

Example 3.1. Suppose I' be a FG shown in Fig. 1 with vertex set T = {v1,ve, - ,v5}
such that, ¥(vy) = 0.9,¥(v2) = 0.5, ¥(v3) = 0.4, ¥(v4) = 0.6, ¥(v5) = 0.7, Q(v1,v2) =
0.3,Q2(v1,v4) = 0.5, Q(v2,v3) = 0.4, Q(v3,v4) = 0.4, Q(v3,v5) = 0.3, Q(v4,v5) = 0.6. Then
d(v1) = 0.8,d(v2) = 0.7,d(v3) = 1.1,d(v4) = 1.5,d(vs) = 0.9. Therefore,

veY
=[0.9 x 0.8]* +[0.5 x 0.7)> + [0.4 x 1.1]*> +[0.6 x 1.5]> +[0.7 x 0.9
=1.480354.

The next example shows that the F-index of a FSG is less than the original FG.

Example 3.2. Let H be a FSG of the FG T" shown in Fig. 2 obtained by deletion of the
edge v3vs. Then d(vy) = 0.8,d(v2) = 0.7,d(v3) = 0.7,d(v4) = 1.1,d(vs) = 0.9. Therefore,

veY
=[0.9 x 0.8 +[0.5 x 0.7)> +[0.4 x 0.7]> + [0.6 x 1.1]> + [0.7 x 0.9]3
=0.975618 < ZFy(T).

Note that, from the Examples 3.1 and 3.2, we get FF(H) < FF(I'). In the next
proposition we proved the fact in general.

Proposition 3.1. Let H = (Y, V', Q) be a PFSG of a FGT = (Y,V,Q). Then FF(H) <
FF(D).
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’05(0.7)

n <
i o
[ ®
’01(0.9) 0.3 '02(0.5)

FIGURE 2. A FSG of the FG G in the Fig. 1 with FF(H) < ZF(T).

Proof. As H be a PFSG of T then for any u,v € Y/, ¥/ (u) < ¥(u) and Q' (u,v) < Q(u,v).

S0,

dy(u) = D Y (u,0) <> Qu,v) < Qu,0) = dp(u).

veY’ veY’ veY
Therefore,
FE(H) = Y [V (w)dy(u)]®
ueY’
<> [W(w)dr(u))?
ueY
=z ()
Hence, FF(H) < FF(T). O

Corollary 3.1. Let H = (Y, ¥, Q) be a FSG of a FGT = (Y,¥,Q). Then FF(H) <
FF(I).

Let 0 <p <1,the FGT, = (Y, ¥, Q) is a FSG of the FG T = (T, ¥, Q) and is defined
as Y ={veY:¥(v) <p}and ¥(v) = V(v), Y (uw) = Quw) for (uv) € Q*.

Theorem 3.2. Suppose I' be a FG and let 0 < p; < py < 1. Then FF(I'y,) < FF(I')y,).
Proof. T',, is PFSG of I'j,. Then by Proposition 3.1, the result follows.

Corollary 3.2. Let " be a FG and let 0 < p; <ps <---<p, <1. Then

FF(Fpn) < FF(Fpnfl) <. < FF(FP2) < FF(FIH)'

Theorem 3.3. Let P(vg,v1,--- ,vp) be a path. Then FF(P) < 2(4n — 3).
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Proof. As P(vg,v1,- - ,v,) be a path, then d(vy) = Q1,d(v,) = Qy, and d(v;) = Q; + Qi1
fori=1,2,--- ,n — 1. Therefore,

n—1
FF(P) = Y303 + Z (i + Qi) + T
=1
n—1
<14 2541
i=1
= 2(4n — 3).
O
Theorem 3.4. Let C(vg, v, -+ ,vy) be a cycle. Then FF(C) < 8(n+1).
The proof is similar to the proof of Theorem 3.3. O

Theorem 3.5. Let S(vo;v1,--- ,v,) be a star. Then FF(S) <n3(n®+1).

Proof. As vy is the center of the star S, each v; is adjacent to v, then d(vy) = >"7" | Q(vov;)
and v; is pendent vertex of the star S for each i = 1,2,--- ,n, so only vg is adjacent to v;,
so, d(v;) = Q(vov;) for i = 1,2, ---  n. Therefore,

veYT

= [Wod(vo)]* + D _[Tid(vy))?
=1
w0+ Y v
=1 =1

< (n®+ 1)[zn: Q)?
=1

<n3(n3+1).
]
v4(0.7) v3(0.5)
v1(0.2) v2(0.4)

FIGURE 3. A CFG with ZF;(T") = 1.0698.

In the next example, F-index of the CFG shown in Figure 3 is calculated below:

Example 3.3. Let I' be a CFG shown in Figure 3 with vertex set T = {vy,va,v3,v4},
and ¥(vy) = 0.2,V (v2) = 0.4, ¥(v3) = 0.5, ¥(vg) = 0.7. As T is a CFG then Q(viva) =
0.2,Q(v1v3) = 0.2, Q(v1v4) = 0.2,Q(vov3) = 0.4, Q(v2v4) = 0.4, Q(v3vs) = 0.5. Then the
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degree of the vertices are d(vi) = 0.6,d(vy) = 1.0,d(vs) = 1.1,d(vs) = 1.1. Therefore,
F-index of the fuzzy graph T is

FE(D) = 3 [U()d(w)]?

veY
=[0.2 x 0.6]> 4+ [0.4 x 1.0> +[0.5 x 1.1]* +[0.7 x 1.1]3
= 0.688636.

F-index of a CFG is studied in the next theorem.
Theorem 3.6. Suppose I' be a CFG with vertex set T = {vy,va, -+ ,v,}. Then
0<n(n—1P305 < FF) <n(n—1)305 <n(n—1)>
where U(v;) = U; and Uy < Uy < -+ <V,

Proof. As I' be a CFG. Then degree of the vertex v; is d(v;) = (n —i)¥; + Zl Lo,
Therefore,

ZR(T) = > [P(v)d(v)]®

veY
=> W n—i)¥;+ > T
=1
n i—1
<Y W=+ Y W)
=1 j=1
=n(n—1)308
Other inequalities follows similarly. O

Let I' = (T, ¥, Q) be a FG. Now we construct the FG C[I'] = (T, ¥, Q¢) with Q¢(uv) =
NP (u),¥(v)} and we called the FG is completion fuzzy graph of the FG T'.

Theorem 3.7. Suppose I' be a FG. Then FF(I') < FF(C[I).
Proof. As for any (u,v) € &, Qu,v) < A{¥(u),¥(v)} = Q°u,v). Therefore, for any

veT,
= Z Qu,v
ueY
< Z Q°(u,v
ueY
= doyr(v)
Now,

veY

< D W ()dopr(v
veY

— FF(CID))
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Corollary 3.3. Among all n-vertex FG with given vertex set, CFG has maximum F-index.
Corollary 3.4. For any n-vertex FG T, FF(T) < n(n —1)3.

In the next theorem, F-index is discussed for isomorphic FGs.
Theorem 3.8. Let 'y and T'y be isomorphic. Then FF(I'y) = FF(I'9).

Proof. As T'y and I's are isomorphic FGs, there exist a isomorphism ¢ between I'; and I,
ie. ¢ : Y1 — Yo is a bijection and for all u,v € Y1,¥;(v) = ¥a(p(v)) and Q4 (u,v) =
Q2(6(u), 6(v)). Then

dr,(v) = > D (u,0)

ueY
= 3 2(6(u). 6(v))
ueYq
= Y (o) 6))
P(u)€T2
= dr,(¢(v))
Therefore,
FFI1) = > [ (v)dr, (v)]*
vET
= 3 [Wa(6(0))dr, (9(v)]?
veTy
= > [a(6(0))dry (6]
P(v)E€T2
= FF(I'y).
Hence the result. =

In the next theorem, bounds for F-index is provided.

Theorem 3.9. 7;”—5; < FF(T) < nA3.
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TABLE 2. Calculation of vertex membership value

Number of re- Vertex  memm.
Name of the researcher | Vertex name search publica- .
. bership value
tion
Dr. S Samanta SS 90 0.21
Dr. S Sahoo SSA 21 0.05
Dr. G Ghorai GG 52 0.12
Dr. M Pal MP 439 1.00

Proof. Now for v € T,6 < d(v) < m¥(v). Therefore, ¥(v) > 2. Now,

g
el

<> [T(w)AP

veYT
< nA3.

Again, FF(T) = > [¥(v)d(v)]?
veYT

> 6% [T(0)?

veY

"6
> 3273
=) 1(m)
ndb

m3’

This completes the proof. ]

4. APPLICATION OF F-INDEX IN SOCIAL NETWORK

There are many real life problems which we can describe by FGs. In this section, a
decision making problem is presented and solved by F-index. In [13] Mahapatra et al.
predicted the link in a social network by using RSM index. In this article, a group of
researchers are chosen and calculated the best influenced researcher in that group. Here
every researcher is consider as a vertex and there is a edge between any two researchers
if they have co-authored at least one research article. The vertex membership value of a
researcher is calculated by the formula:

Number of research publication

Vertex MV of a researcher = - — .
Maximum research publication among the researchers

All the data are collected from ResearchGate dated 11th January, 2021. The score and
membership values of each vertex is given in the Table 2. The score of a edge is the number
of collaborated research article of the researchers. The score of each edges is listed in the
Table 3. The membership value of a edges is score of the edge divided by maximum
research publication among the researchers. MV of each edge is calculated in the Table
4. Then the source graph is shown in Figure 4 and corresponding fuzzy graph is shown
in Figure 5. From Table 4 degree of each vertices are calculated in the Table 5 by the
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TABLE 3. Score of edges

SS SSA | GG MP

SS 0 11 63
SSA |0 6 21
GG 11 6 36

MP 63 21 36

TABLE 4. Calculation of edge membership value

SS SSA | GG MP

SS 0 0.03 ]0.14
SSA |0 0.01 0.05
GG 0.03 |0.01 0.08

MP 0.14 0.05 0.08

90 439

52 21

FIGURE 4. Source graph, data taken from ResearchGate (11th January 2021).

TABLE 5. Degree of vertex

Vertex| SS SSA | GG MP
Degree| 0.17 0.06 0.12 0.27

formula
d(v) =) Q(uw).
ueY
Therefore F-index of this group is

FP(T) = [U(v)d(v)]® = 0.0197315.
veY
Similarly one can calculate F-index of I'ysp is FF(I'yrp) = 0.0000003608. Now score of Dr.

M Pal is defined as: S(MP) = %&:)@W = 0.9999817. Score of each vertex is given

in the Table 6. Note that, score of a researcher is directly related to number of publication
for the researcher as well as number of collaboration with other researchers in that group
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0.21 1.00

0.12 0.05

FIGURE 5. Fuzzy graph of the source graph.

TABLE 6. Score of the researcher (correct upto 2 decimal places)

Researcher | Dr. S Samanta | Dr. S Sahoo | Dr. G Ghorai | Dr. M Pal
Score 0.88 0.45 0.65 1.00

and if one of those parameter is increased then score is also increased. So, Higher score
implies the more influenced researcher in that research group. From Table 6, it is seen
that Dr. M Pal has highest score. Hence, Dr. M Pal is most influenced researcher in that
research group.

5. CONCLUSION

TIs has an important role in spectral graph theory, chemical graph theory, biochemistry,
etc. In this article, F-index for FG is defined and provided some upper bound of F-index
for path, cycle, star, CFG etc. In this article, it is shown that CFG is the maximal FG
with respect to F-index for given vertex set. In the end of this article, an decision making
problem is presented and solved by using F-index for fuzzy graph. Also there are so many
topological indices in crisp graph which are not studied in fuzzy graph. In future, one can
study those topological indices for fuzzy graphs also.
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