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ABSTRACT. In this paper, we prove some properties of fuzzy semi-essential submodules
and fuzzy semi-closed submodules.
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1. INTRODUCTION

In 1965, Zadeh [14] proposed the concept of a fuzzy set. The notion of a fuzzy set was
introduced in algebra and various other branches of mathematics. In 1971, Rosenfeld [11]
considered fuzzification of algebraic structures and defined a fuzzy subgroupoid. Fuzzy
submodules were studied by Mordeson and Malik [7]. Pan [10] studied fuzzy finitely
generated modules and fuzzy quotient modules. Acar [2] studied fuzzy prime submodules.
Saikia and Kalita [12] defined a fuzzy essential submodule and proved some characteristics
of such submodules. Nimbhorkar and Khubchandani [8] studied fuzzy essential submodules
with respect to an arbitrary fuzzy submodule. Also, Nimbhorkar and Khubchandani [9]
studied fuzzy essential-small submodules and fuzzy small-essential submodules. Ahmed
and Abbas [3] introduced the notion of a semi-essential submodule of a module. Mijbass
and Abdullah [6] studied semi-essential submodules and semi-uniform modules. Abbas
and Al-Aeashi [1] studied fuzzy semi-essential submodules of a fuzzy module.

In this paper, we study the concepts of a fuzzy semi-essential submodule and a fuzzy
semi-closed submodule as a generalization of fuzzy essential submodule and fuzzy closed
submodule respectively and prove some properties.
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2. PRELIMINARIES

Throughout this paper R denotes a commutative ring with identity, M a unitary R-
module with zero element 0. We use the notations “C”and “<”to denote inclusion and
submodule respectively. We recall some definitions and results.

Definition 2.1. [14] Let S be a nonempty set. A mapping w: S — [0,1] is called a fuzzy
subset of S.

Remark 2.1. [14] If w and o are two fuzzy subsets of R, then
(i) w C o if and only if w(z) < o(x);

(ii) w U 0 = max{w(x),o(x)};

(iti) w N o = min{w(x),o(x)}; for all x € R.

Let N < M, then the characteristic function, xn, of NV is defined as,

() 1, ifx e N,
xTr) =
N 0, otherwise.

Definition 2.2. [7] Let X and Y be two nonempty sets and g : X — Y be a mapping.
Let w € [0,1]% and o € [0,1]Y. Then the image g(w) € [0,1]Y and the inverse image
g 1(0) €[0,1]% are defined as follows:

forally ey,

9(@) () = {V{w(x) v € X.g(@) =y}, g7 ) # 0

0, otherwise.
and g~ (o)(z) = o(g(z)), for all z € X.

Definition 2.3. [7] Let M be an R-module. A fuzzy subset w of M is said to be a fuzzy
submodule, if for every x,y € M and r € R the following conditions are satisfied:

(i) w(0) = 1;

(i1) w(z — ) > minfw(z), w(y)};

(iii) w(rx) > w(z).

The set of all fuzzy submodules of M is denoted by F'(M).

The support of a fuzzy set w, denoted by w*, is a subset of M defined by
w*={x € M |w(z) > 0}. We denote by w, the set w, = {z € M |w(z) = 1}.

Definition 2.4. [12] A fuzzy submodule w of M is called an essential fuzzy submodule of
M, denoted by w < M, if for every nonzero fuzzy submodule o of M, wN o # xp.

Definition 2.5. [12] A fuzzy submodule w of M is said to be a closed submodule of M if
w has no non-constant (proper) essential extension.

Theorem 2.1. [12] Let w be a non zero fuzzy submodule of M. Then w < M if and only
ifw* < M.

Definition 2.6. [2, Definition 3.2] Let v be an L-fuzzy submodule of p. Then v is called
an L-fuzzy prime submodule of u if forr, € F(R), x5 € F(M) (r € R,z € Mand s,t € L),
rixs € v implies that either x5 € v or ryu C v.

In particular, taking p = xu, if for e € F(R), s € F(M) we have rixs € v implies
that either xs € v or ryxam C v, then v is called an L-fuzzy prime submodule of M.

Corollary 2.1. [2, Corollary 3.5] Let v be an L-fuzzy prime submodule of M.
Then v, ={x € M | v(z) =v(0n)} is a prime submodule of M.
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Theorem 2.2. [2, Theorem 3.6]
(i) Let N be a prime submodule of M and o a prime element in L. If w is the fuzzy subset

of M defined by
{1, ifz €N,
w(z) =

«, otherwise.

for allx € M, then w is an L-fuzzy prime submodule of M .
(i) Conversely, any L-fuzzy prime submodule can be obtained as in (i).

Proposition 2.1. [5, Proposition 2.6] Let w,v € F(M).
Then (wN V) = wie NV, (WUV)x = wy Uy,
Further if, w and o have finite images, then (w+ o), = wx + Ox.

Definition 2.7. [6] A nonzero R-submodule N of M is called semi-essential if NN P # 0
for each nonzero prime R-submodule P of M.

Proposition 2.2. [3, Proposition 1.3] Let g : M — M’ be an isomorphism. If N <gemi M,
then g(N) <gemi M.
Lemma 2.1. [4, Lemma 3.8] Let ¢ : M — N be an epimorphism. If w € F(M) and
o€ F(N), then

(i) gle). = gle);

(i) g~ (0)s = g~ (0%).

Theorem 2.3. [12] The following conditions are equivalent for a fuzzy submodule 0.
(i) 0 is semisimple;

(ii) 6 has no proper essential submodule;

(iii) Every submodule of ¢ is a direct summand of §.

Proposition 2.3. [6, Proposition 13| Let M and L be R-modules. Suppose that g : M — L
is an R-epimorphism such that ker(g) C rad(M). If N is a semi-essential R-submodule
of L, then g~1(N) is a semi-essential R-submodule of M, where rad(M) = Npespecn P
and Spec(M) = {P : P is a prime R-submodule of M}, if no such prime exists then
rad(M) =M.

3. Fuzzy SEMI-ESSENTIAL SUBMODULES

The concept of a fuzzy semi-essential submodule is introduced by Abbas and Al-Aeashi
[1]. We obtain some properties of such fuzzy submodules.

Definition 3.1. [1] A fuzzy submodule w of an R-module M is called a fuzzy semi-essential
submodule of M if for any nonzero fuzzy prime submodule n of M, wNn # xg and then
we write w Dgems M.

Theorem 3.1. Let w € F(M). Then w <gemi M if and only if we [gemi M.

Proof. Assume that w <gepm; M. Let 1 be a fuzzy prime submodule of M. Then wNn # xg
implies that (wNn). # {0}.
By using Proposition 2.1, we conclude that w, N7, # {6}. (I)
As n is a fuzzy prime submodule of M, it follows by Corollary 2.1, that 7, is prime
submodule of M. Thus by (1), ws Dgemi M.

Conversely, assume that wy <gem; M. Let P be a prime submodule of M. As w, is a
semi-essential submodule of M, w, N P # {6}. (IT)
Define,
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1, ifz e P.
v(z) = .
«, otherwise, where 0 < a < 1.

Then by Theorem 2.2, v is a fuzzy prime submodule of M. Here, v, = P. Now, (1)
becomes wyx N vy # {0}. Hence (w N v), # {0} and thus, w N v # xp.
Hence, w <gepm; M. O

Remark 3.1. Every fuzzy essential submodule is semi-essential.
The following example shows that the converse of Remark 3.1 need not be true.

Example 3.1. Let R =7 and M = Zsyp.
Define w : M — [0, 1] as follows:

() = {1, ifx e (3),

0, otherwise.

We note that w* = (3) is not an essential submodule of M as (10) N (3) = (0).

Hence by Theorem 2.1, w is not a fuzzy essential submodule of M.

It follows from [13, Theorem 10| that the prime submodules of M coincide with the prime
ideals of M (considering M as a ring). The prime ideals of M are (2),(3) and (5) and the
intersection of each of these with (3) is nonzero. Also, here w, = (3). Hence I = (3) is a

semi-essential submodule of M and so by Theorem 8.1, x; = w s a fuzzy semi-essential
submodule of M.

Definition 3.2. A fuzzy submodule w of fuzzy submodule o is called a semi-essential
submodule of o if for any non-zero fuzzy prime submodule 0 of o, wNJd # xg and then we
write w Dgem; 0.

Example 3.2. Let R=7 and M = Zss.
Define o : M — [0, 1] as follows:
1, if « = {0,3,6,9,12,15, 18,21, 24, 27, 30, 33}
o(z) = {0.5, otherwise.
Then o, = {0,3,6,9,12,15,18,21,24,27,30,33} and B = {0,9, 18,27} is a prime submod-

ule of 0.
Define, n: M — [0, 1] as follows:

5(x) 1, if x € B,
xr) =
«, otherwise for allx € oy, where ) < a < 1.

Then by Theorem 2.2, § is a fuzzy prime submodule of o.
Also, define w : M — [0,1] as follows:

1, i = 1
o) = 1 e =1018)
0.4, otherwise.

Here, w C 0 and w, = {0,18}.
Also, wy N6y #{0}. This implies (w N ). # {0} and thus, wNJ # Xo.

Hence, w gemi 0.
Theorem 3.2. Letw,o € F(M) such thatw C 0. Then w<sem;io if and only if wy Lsemios.

Proof. Assume that w <gem; 0. Let 6 be a non-zero fuzzy prime submodule of o. Then by
definition 3.2, it follows that w N § # xg.
This implies that (wNd). # {0}. Thus, ws N ds # {6}. (I)
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Also by Corollary 2.1, it follows that d, is a prime submodule of o,.
Thus, by (I) wyx Dsemi O«
Conversely, assume that w, <gemi Ox.
Let A be a prime submodule of o,. Then w, N A # {6}. (1I1)

Define,
1, ifz € A.
v(z) =
a, for x € 0, — A, where 0 < a < 1.

Then by Theorem 2.2, we conclude that v is a fuzzy prime submodule of o and v, = A.
Now (IT) becomes, w, N, # {0#}. Hence (wN 7). # {0} and thus, w Ny # xs.
Hence, w <gem; 0. O

The following result is from [1, Proposition 3.11]

Theorem 3.3. Let w1 and ws be fuzzy submodules of an R-module M. Suppose that wq
18 a fuzzy submodule of wy. If wi is a fuzzy semi-essential submodule of M, then ws is a
fuzzy semi-essential submodule of M.

Remark 3.2. The converse of Theorem 3.3 may not be true.

Example 3.3. Let R=7 and M = Z2.
Define fuzzy submodules w,v : M — [0,1] as follows:

(@) = {1, if o = {0,4,8},

0.7, otherwise.
Then w, = {0,4,8}.

1, ifz=1{0,2,4,6,8,10},

v(z) = ‘
0.9, otherwise.

Then v, = {0,2,4,6,8,10}.

Now we observe that wy is a semi-essential submodule of v, and v, is a semi-essential

submodule of M. It follows from Theorem 8.2 and Theorem 3.1 that, w <gem; V and

v Lgemi M respectively.

Define a fuzzy prime submodule of M as follows:

1. ifp =
5(x) _ ) Zf'r {07 37 67 9}7
0.2, otherwise.
where 0, = {0,3,6,9} is a prime submodule of M.
Here we observe that w, N o, = {0}. Hence w, is not semi-essential submodule of M.
Thus by Theorem 3.1, w is not a fuzzy semi-essential submodule of M.

Remark 3.3. If w; and wy be fuzzy submodules of an R-module M, then wy Nws may not
be a fuzzy semi-essential submodule of M.

Example 3.4. Let R =7 and M = Zss.
Define fuzzy sets w1 and wo on M as follows:
1, ifx = {0,12,24},
0.7, otherwise.
Then wi, = {0,12,24} is semi-essential submodule of Zse.
1, ifx =4{0,18},
0.5, otherwise.
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Then wa, = {0,18} is a semi-essential submodule of Zsg.
Then by Theorem 3.2, we have wi <gemi Zzg and wo Dgemi L3 -
Now,
1, ifx =0,
(w1 Nwa)(z) =< 0.7, ifx =18,
0.5, otherwise.

Then (w1 Nwa)x = {0} which is not a semi-essential submodule of Zszg.
Hence by Theorem 3.2, w1 Nwy is not a fuzzy semi-essential submodule of Zsg.

Proposition 3.1. Let wy and wa be fuzzy submodules of an R-module M. Suppose that
w1 18 fuzzy essential and wo is fuzzy semi-essential. Then wy Nwse is a fuzzy semi-essential

submodule of M.

Proof. Let n be a non-zero fuzzy prime submodule of M. As ws is a fuzzy semi-essential
submodule of M, it follows that ws N7 #£ xg.

Since wy is fuzzy essential we have w; N (w2 Nn) # Xxp. This implies that (w; Nwa) NN # Xe.
Hence wi Nwsy is a fuzzy semi-essential submodule of M. O

Corollary 3.1. Let wi and wa be two fuzzy submodules of an R-module M. If wi Nws is
a fuzzy semi-essential submodule of M, then wi and wo are fuzzy semi-essential.

Proof. Let 1 be a non-zero fuzzy prime submodule of M. As wiNws is fuzzy semi-essential,
it follows that wy Nwy N7 # xg. This implies that w; NN # xg and we NN # xg. Thus, wy
and w9 are semi-essential. O

We give relationships between images and inverse images.

Proposition 3.2. Let M and M’ be R-modules and g be an isomorphism from M to
M. If w is a fuzzy semi-essential submodule of M, then g(w) is a fuzzy semi-essential

submodule of M.

Proof. Suppose that w is a fuzzy semi-essential submodule of M then by Theorem 3.1,
ws is a semi-essential submodule of M. By Proposition 2.2, it follows that g(w,) is a
semi-essential submodule of M.

Using Lemma 2.1, we conclude that g(w), = g(w«). Thus g(w). is a semi-essential sub-
module of M. Hence by Theorem 3.1, g(w) is a fuzzy semi-essential submodule of M O

Proposition 3.3. Suppose that g is an R-module epimorphism from M to M’ such that
Xkerg © Xradm, where M and M’ are R-modules. If w is a fuzzy semi-essential R-

submodule of M', then g Hw) is a fuzzy semi-essential of R-submodule of M.

Proof. As w is a fuzzy semi-essential R-submodule of M, then by Theorem 3.1 we conclude
that wy is a semi-essential R-submodule of M '

Since Xkerg © XradM, W€ have (Xkerg)* C (Xradm )« and so kerg C rad(M).

As kerg C rad(M) and w, is a semi-essential R-submodule of M, by Proposition 2.3, it
follows that g~!(w,) is an semi-essential of R-submodule of M. By Lemma 2.1, we have
g (w)s = g7 (ws) and so g7 (w), is a semi-essential of R-submodule of M. It follows
from Theorem 3.1, that g~!(w) is a fuzzy semi-essential of R-submodule of M. O

Proposition 3.4. Let wy and ws be fuzzy submodules of an R-module M. Suppose that
w1 s a fuzzy semi-essential submodule of M. If for any fuzzy prime submodule p of M,
wa N p is a fuzzy prime submodule of M, then wy Nwa is a fuzzy semi-essential submodule

of M.
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Proof. Let n be a fuzzy prime submodule of M. By assumption we N7 is a fuzzy prime
submodule of M. As w; is fuzzy semi-essential, it follows that (w; Nwa) N1 # x. Thus,
w1 Nwo is a fuzzy semi-essential submodule of M. O

4. Fuzzy SEMI-CLOSED SUBMODULES

In this section, we introduce the concept of a fuzzy semi-closed submodule and prove
some results.

Definition 4.1. A fuzzy submodule w of an R-module M is called semi-closed if w has no
proper(non-constant) semi-essential extensions in M, i.e. if w Dgemi b < M, then w = p.

Remark 4.1. Every fuzzy semi-closed submodule of an R-module M is a fuzzy closed
submodule in M.

Proof. Let w be a fuzzy semi-closed submodule of M and n be a fuzzy submodule of M
such that w <n < M. We know that if w <7, then w <gepm; . But w is semi-closed in M
and so w = 1. Thus, w is a fuzzy closed submodule in M. (Il

Theorem 4.1. Let wy and we be fuzzy submodules of an R-module M. If wy is semi-
closed in wy and wo is semi-closed in M. Then wy is semi-closed in M, provided that wo
s contained in any semi-essential extension of wy.

Proof. Let n be a fuzzy submodule of M such that wi gepms n < M.

The following two cases arise:

Case (i): n < ws.

As w is semi-closed in w9, we get w; = 7. Hence, wy is semi-essential in M.

Case (ii): If wa <.

As w1 Dgemi 1 < M so by Proposition 3.3, wo Jgemi 1 < M. But wsy is semi-closed in M,
thus, we = 7, that is wy Dgems wa.

Since wy is semi-closed in we, we conclude that wy = ws. Hence, w; is semi-closed in

M. U

Proposition 4.1. Let wy and ws be two fuzzy semi-closed submodules of an R-module M
such that wi < we < M. If wy is semi-closed in M, then wy is semi-closed in ws.

Proof. Let n be a fuzzy submodule of wy such that wi; Jgemi 1 < wsz. Thus wy <np < M.
But w; is semi-closed in M. Therefore, w; = 7. Hence, w; is semi-closed in ws. O

Proposition 4.2. If w; and wo are fuzzy semi-closed submodules of an R-module M.
Then wy and wy are semi-closed in wi + wo.

Proof. As w1 < wi+ w2 < M and wy < w1 +ws < M, then by Proposition 4.1 the result
follows. O]

Theorem 4.2. If every fuzzy submodule of w is semi-closed, then every fuzzy submodule
of w is a direct summand of w.

Proof. Let p be a fuzzy semi-closed submodule of an R-module M w. By Remark 3.1, u
is a fuzzy closed submodule of w, i.e. u has no proper essential extension in w.
By Theorem 2.3, p is a direct summand of w. O

5. CONCLUSION

In this paper, we have studied fuzzy semi-essential submodules and fuzzy semi-closed
submodules. In future we shall introduce the concepts of a fully fuzzy prime submodule
and a fully fuzzy essential submodule.
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