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ON THE SOLUTIONS OF CERTAIN ¢-SHIFT DELAY DIFFERENTIAL
EQUATIONS OVER NON-ARCHIMEDEAN FIELD

S. MAITY!, A. BANERJEE!™, §

ABSTRACT. Inspired by the results of Malmquist [13], in this paper, we have investigated
on the solutions of g-shift delay differential equations over non-Archimedean field. We
also proved Clunie-type result corresponding to certain g-shift delay differential equa-
tions over non-Archimedean field.
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tion.

AMS Subject Classification: Primary 12H25, Secondary 39A13, 30D35.

1. INTRODUCTION AND DEFINITIONS.

The well known Nevanlinna’s [6] value distribution theory is a major part of complex
analysis and it plays an important role in the study of differential equations over C. In this
article, we are motivated to investigate the solutions of some type of non-linear differential
equations over non-Archimedean field. To this end, we recall some basic terminologies
related to value distribution theory over non-Archimedean field.

We consider F be a non-Archimedean algebraically closed field which is complete with
respect to a non trivial non-Archimedean absolute value such that characteristic of F is
zero. Let the collection of all power series with radius of convergence > r is denoted by
Apr(F). We use the notations o (F)( = A[OO(F)) and . (IF) to mean the collections of all
entire functions and meromorphic functions respectively on F. Let us denote F = FU{co}.
The disjoint union of any two set U and V' is written as U U V.

Let f(z) be a non-constant entire function on F. For a constant p € R such that
0 < p < r, the counting function of f(z) is defined as follows

Nira:f)= /r”(t’“;ﬁdt,
p
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where n(t, a; f) denotes the number of solution (counting multiplicity) of f(z) = a in the
disk Dy = {z € F: |z| < t}.
Let us consider a non-constant function f(z) € &7 (F), then f(z) has a power series

o0
expansion i.e., we can write f(z) = Y an2", where a,, € F. For every r > 0, the function
n=0
w(r, f) : @ (F) — RT is defined as
p(r, f) = [f(2)] = maz{[an|r™ : 0 <n < oo},

for all z such that |z| = and f(z) # 0.
Now we consider f(z) € .#(F). Thus f(z) = 28 such that g(z),h(z) € &7 (F) and

having no common zeros. We define u(r, f) = ZE:% Let 2 be a-point (for a € F) of f(z)

(i.e., solution of f(z) —a = 0), then the multiplicity of zp is denoted by p%(z). Notice
that pf = pg 5, #F = iy, N(r,a; f) = N(r,0;g — ah) and N(r,00; f) = N(r,0; h).
The compensation (or proximity) function of f(z) is defined as follows:

1
m(r,00; f) = log* u(r, f) = maz{0,log p(r, f)} and m(r,a; f) = lOngm-

The Nevanlinna’s characteristic function is defined as:
T(r, f) = m(r,00; f) + N(r,00; f).

For the sake of convenience we use m(r, f) and N(r, f) instead of m(r,o0; f) and
N(r,o0; f). For any non-constant meromorphic function f(z) we define S(r, f) = o(T(r, f)).

Definition 1.1. [9] For a € F, the defect of f(z) for the value a is denoted by §(a, f)

and defined by 6(a; f) = 1 — limsup W. Also ©(a; f) is defined as O(a; f) =
 N(raf) |

For some basic results related to Nevanlinna’s theory over F readers can look a glance
at [9].

In 1913, Malmquist [13] first investigated on the existence of solutions of a particular
type of differential equation over C and obtained the following result.

Theorem A. [13] Let

f > a(2)f4(2)
f'(z) = R(f) = 7= a— ,

> bi(2)fH(z)
t=0

where A(f), B(f) are relatively prime polynomial of f with all coefficients are rational
functions. If the equation admits a transcendental meromorphic solution, then no = 0 and
ny < 2.

In [12], for some general non-linear differential equations, Laine proved Clunie-type [2]
theorem. After that in 2004, Korhonen [10] and in 2007, Yang-Ye [17] extended Laine’s
result. In [5], Hulburd-Korhonen found the difference analogue of Clunie’s theorem.

On the other hand, in 2002, Gundersen et al. [4] investigated on the growth of mero-
morphic solutions of similar types of equations as in Theorem A. They considered f(gz)
instead of f/(z) and established some results. For more results related to Malmquist-type
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theorems reader can see Gackstatter-Laine [3], Laine [11], Toda [15], Yosida [18] and He-
Xiao [7]. Notice that all the above mentioned results are in the field of complex numbers.
So far a very few results can be found in this direction over non-Archimedean field. In
this paper one of our aim is to investigate on Clunie-type theorem and solutions of some
non-linear delay differential equations over non-Archimedean field.

Let f(z) be a non-constant meromorphic function on F and g;, ¢; € F\ {0}, |¢;| =1 (for
i=1,2,---,n) with ¢ = 1,¢9 = 0. Consider the operators Q, &1, $o, P3 as follows:

0= Z%H( (giz + ¢) )gi, (1.1)

Ee= =0
e =Y 6] (f(i)(z))m, (1.2)
KEK =0
=S ATl (faz+en) ™, (1.3
AEA 1=0
b= 5 5, 11 (10w + ) (1.4)
neH 1=0

where ag, B, B, By are non-constant meromorphic functions on F and Z, K, A, H are index
sets of non-negative integers with finite cardinality and & = (&, &1, &2, - , &) similar for
K, A, 1. Define

deg(Q ?Gaf{Zg}, I?Gaéi{ii&}, Q) —I?Gazx{i(i—i— 1)5,}.
; po ;

Similarly we can define deg(®;),y(®;) and I'(®;) for i = 1,2, 3. For the sake of convenience
we call Q (or ®3), &1, @3 as ¢-shift, differential and delay differential operator respectively.

The non-Archimedian analogue of Clunie-type result for non-linear differential equation
was first investigated by Yang-Hu [16] in the following manner.

Theorem B. [16] Consider ®; as defined in (1.2). Let f(z) € A4 (F) be a solution of
> as(2)f*(2)
_ s=0
> (=) f' (=)
t=0

where A(f), B(f) are relatively prime polynomials of f(z) with all coefficients are in A (F).
If no > ny then

(7) m(r,®p) < Z m(r, Br) + Z m(r,as) + O (m(r, bi) + Zm(r, bt)>,
2 t=0

rkeEK s=0

(ii) N(r,®1) < > N(r 5H+ZNTaS+O<ZN< ))

reEK

Recently Hu-Luan [8] studied on the solution of non-linear difference equation as follows.
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Theorem C. [8] Let f(z) € #(F) be a admissible non-constant meromorphic solution of
the equation

ni n2

where Q) defined in (1.1) and A(f) = Zas(z)fs(z), B(f) = th(z)ft(z) with as(z), by(2)
s=0 t=0

are meromorphic function on F. Then ny =0 and ny < deg(Q?).

We see that Theorem B is on Clunie-type results for non-linear differential equation and
Theorem C'is on solution of non-linear g-shift equation. In this paper, first we investigate
Clunie-type result for ¢g-shift delay differential equation. In this perspective, we have the
following result.

Theorem 1.1. Consider the non-linear q-shift delay differential equation
A(f)
0= Oy + Dy + P3), L.5

where A(f), B(f) are same as in Theorem C and Q, ®1, Py, D3 are defined as in (1.1)-(1.4).
Let I' = max {I‘(@l),F(@g),I‘(Cbg)}. If ng > ny + T then

ni

(1) m(r,Q) < Zm(r, ag) + Z m(r, Br) + Zm(r, as) + l1m<r, %)

¢e=s re KUALH s=0 n2
no—1

+ Y m(r,b) + O(1),
t=0

where 11 = max{1,deg()};

ni

(i) N(r,Q) <3 N(rae) + ZN(nﬁfHZN(“%)”?ZN(T’blt)’

Ee= TeKUALH s=0 t=0

where lo = max{l, M}.

n2

Corollary 1.1. If all the conditions of Theorem 1.1 are satisfied, then

T(r,Q) <Y T(ra)+ Y T(rp) + > T(r.as) + O(ZT(T, bt)> +O(1).
s=0 t=0

£e= TEKUAUH

Definition 1.2. Let f(z) € .#(F) be a non-constant solution of the equation (1.5) then
f(2) is said to be admissible solution of (1.5) if f(z) satisfies the following condition

S T(riag)+ > T(rB)+ Y T(rias)+ > T(rby) = S(r, f).
== Te KUAUH s=0 t=0

Notice that if all the coefficient functions of Q, ®;, A(f), B(f) (for i = 1,2,3) are small
functions with respect to f(z) then f(z) must be admissible solution of the equation (1.5).
Inspired by Theorem C, our next result is related to the admissible solution of the equation
(1.5).
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Theorem 1.2. Let f(z) be a non-constant admissible meromorphic solution of (1.5). If
(®1 + ®y + P3) is non-constant with ng > ny + T, then

3 3 3
n < min { Y deg(®:) + (1 - ©(00; ) D (@), Y T(@)}
i=1

i=1

=1
and if (®1 + P2 + P3) is constant, then
ng = 0,11 < deg(9).

In the next section we discuss on some lemmas which will be useful for proving our
main results.

2. LEMMAS

Lemma 2.1. [1] Let f(z) be a non-constant meromorphic function on F and q,c € F,
lgf =1, c#0. Then

(i) m(r, 2429 ) = O(1);

(i) N(r,0; f(gz + ¢)) = N(r,0; f(2)) + O(1);
(i11) N(r, flgz+ C)) = N(r, f(z)) + O(1);
(iv) T(r7 flgz + c)) =T(r, f(2))+0(1).

Lemma 2.2. Let f(z) be a non-constant meromorphic function on F and q,c € F, |q| = 1,
c#0. Then

m(r, W) = O(1).

Proof. Using the lemma of logarithmic derivative and Lemma 2.1 we get

D) (g 4+ ¢ G (gz + ¢ 24 e
m(r, f;q(z;_)) < m(r, ff(ég_:_c))> —i—m(r, f((jc(:;)> = 0(1)'

O
The next lemma is the non-Archimedian analogue of Mokhon’ko [14] lemma which was
proved by Yang-Hu [16].
ni n2
Lemma 2.3. [16] Let R(f) = %, where A(f) = Zas(z)fs(z), B(f) = th(z)ft(z)
5=0 t=0
with as(z), by(z) are any meromorphic function on F. Then

T(r,R) = max{ny,n}T(r, f) + O(ZT(’F, as) + ZT(T, bt)>.

s=0 t=0

Lemma 2.4. Consider the operator ®3 as defined in (1.4). Then

T(r,®3) < Y _ T(r,By) + deg(®3)T(r, ) +¥(®3)N(r, f) + O(1).
neH
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Proof. Using Lemma 2.2 we get

m(r,®3) < maxm( ,BUH(f( qzz+cl)) Z) (2.1)

neH

- (@) (g, ‘
max m(r, ) + 1;71162% [m(r, fz?:om) + ;m m(r, JW)]

neH

IN

n

< Y mr ) +m(r, fymax (3 om) +0(1)

neH =0
< Z m(r, 577) + deg(q)i’))m(T) f) + 0(1)
neH
Now with the help of Lemma 2.1 we deduce

N(r,®3) < ZNrﬁn —i—max{Zm } (2.2)

neH
< ZN 677 +maX|:Z771 W(T,f))]
neH
< ) N(r,By) + deg(®3)N(r, f) +1(D3)N(r, f) + O(1).
neH
Combining (2.1) and (2.2) we get
T(r,®3) < Y T(r,By) + deg(®3)T(r, f) + v(®3)N(r, f) + O(1).

neH

Remark 2.1. From Lemma 2.4 it is easy to verify that
T(r, ) < 37 T(r, ) + [deg(®s) + (1 = O(00; £))2(®3)] T(r, 1) + O(1).
neH
Similar inequalities also hold for ®1 and ®s.
Remark 2.2. We know that deg(®;) < I'(®;), fori=1,2,3. So (2.1) can be written as
m(r,®3) < Y m(r,B,) + T(@3)m(r, ) + O(1). (2.3)
neH

We can also write (2.2) as

N(r,®3) < ZNan —i—maX[an (r, f) +iN(r, f))] (2.4)

< ZN 7, By) +maX{Z(z+ )l]-N(r,f)

neH i=0
< 3T NG By) + T(@5)N(r, f).
neH
Combining (2.3) and (2.4) we obtain
T(r,®3) < Y T(r,B,)+T(®3)T(r, f)+ O(1). (2.5)

neH
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It is easy to see that similar inequalities like (2.5) also holds for ®1 and ®s.

3. PROOFS OF THE THEOREM.

Proof of Theorem 1.1. Take z € F such that none of f(z), a¢(2), Bx(2), Br(2), By(2), as(2),
b(z )areequalstoOorooforallfeu,fiEK)\EAn€H0<s<n1,O< < ng. Now

consider
1
ng—t
PB(z) = max (1, 15:(2)] :
o<ttt |\ Tbna 2)]

First we consider |f(z)| > %(z). Then
e (IS () < [y (2)1 277 (2)]f (2)]" < [bwy (2)]1 £ (2)]"2.

Thus
IB(H)| = jmax_|bi(= W = 1bay ()£ (2)]. (3.1)

0<t<n

Note that |f(z)| > #(z) > 1, thus using (3.1) we get

A
B(7)]

max |as
0<s<n1

by | f|(2=m0)

o < ax{|®1|,| @], @3]} (32)

IN

max{|<I>1\, |(I)2‘7 |(I)3‘}

max (|/8m| I1 £0(2) )
deg(®1) L FO(z) ki
| £t ma (|Bn’}_1(:)‘f(z) ‘ :

similar inequalities can be deduce for |®s| and |P3|. Let us assume ¢ = max{deg(®;) : i =
1,2,3}. So from (3.2) we obtain

Now

D4

IN

IN

|as| 1 T1/9()
Q] < max . -max | max |S (3.3
91 < mex s e | A I | )
Q’LZ+CZ - f(z)((hz'f'cl) "
pe a0 |

Recall that |f(2)| > %(z) > 1 and the given condition ng > ny + T > ny + §. From (3.3)

2] < max 2| - max
0<s<n1 |bp, |

max |5 H ]f—\ (3.4)

1

FO (g2 + ;)
f(z)

QZ’Z + CZ
max
AEA

A n
max || H
1=0
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Let us denote

Qg s (2
= ) oot T (4 55 )

)

A n ni
gr\lax,u( B,\)H< (r’f(q}z(;cz))> HlaXM H< ( qz(z)—i_l))> ]

1=0 =0
Next let us consider |f(z)| < %(z), then from (1.1) we get

Q] < 2% (2)max qZZ-i-Cz
< nas

tieg(ﬂ)
bt ng—t
max 1,|— max
0<t<ng—1 bn,y fex
Denote

by d:i;’ = . flgiz + ci) &
Az = max (1, (u(r, @)) max (7, ag) 11 u(r, OIS )

i=0
Hence combining (3.4) and (3.5) we get u(r, Q) < max{A;, As}. Now with the help of
Lemma 2.1,2.2 and lemma of logarithmic derivative we get

q’LZ + C’L

IN

0<s<n1
TeKUAUH
0<t<no—1
{eE

deg(@)m(r,br) + deg(@)m(r,

m(r,Q) < max [m(r, as) + m(r, %) +m(r, Br),

1

™ ) + m(r, ag)} +0(1)

n2
ni

Zm(r, ag) + Z m(r, B:) + Y m(r,as) + llm(r, b;)

£e= Te KUAUH s=

IN

no—1
+Hi Y m(r,by) + O(1),
t=0
where I} = max{1, deg(f)}. Therefore (i) of Theorem 1.1 follows.
Next we will prove (i7). Take a point zp € F such that zp is a pole of f(z). We know
that

ny

1 (20) < mpf(z0) + ) o (=), (3.6)
s=0

HE(p)(#0) = 2 (20) Zubt 20)- (3.7)

Now we have the following two cases:
Case 1: Let us assume MOBO( n > 0. It can be easily establish the following three
inequalities

1, (20) < T(@1)pF (20) + Z 1z, (20),
reEK
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1a, (20) < deg(®2)puF (20) + Y 5 (20) < T (B2 (20) + D 135 (20),
AEA AEA

pa, (20) < T(@3)u7(20) + Y 13 (20)-
neH

Let us assume I' = max{I'(®;),'(®2),['(P3)}. Thus

max {u%’l (20), 1@, (20), Ky (ZO)}

<T-pPz0) + > uE(20) + > w3 (20) + > 1 (20)
rEK A€A neH

=T pf(z0) + 3 03 (0).
TeKUAUH

Using (3.6), (3.7) and the given condition ny > nj +I' we get

ey (20) < By (20) — 1) (20) + max {ug, (20), u%‘;(Zo) u%‘l,(Zo)} (3-8)

< (m+ T =n2)uf(20) ZMﬂT (20 +Z/‘as (20 +Z/‘bt 20)
reKUAUH

< D> uR(z +Zua5 20 +Zubt 20).

TEKUAUH

Case 2: Let us assume 35 ;) < 0. So from (3.7) we get

nap (20) Zubt 20)

n2

=:WW§;Z@W. (3.9)
t=0

In the view of (3.9) from (1.1) we deduce

py (20) < deg(QuF (20) + > ey (20) (3.10)
(e=
deg
< Zlu’bt ZO +Zua§ ZO
£e=

From Case 1 and Case 2, combining (3.8) and (3.10) we obtain

deg()\
udy (z0) < Z“ﬁ 20 +Zua 20) —Hnax{l eg(2 )}Zﬂgt(zo)—FZHZZ(zo).
=0

reKUAUH ¢e=

Thus

N(r,Q) <> N(riag)+ > N(rB;) Z (r,as)HQZN(r,blt),

tex reKUAUH s=0 t=0

where [y = max {1, defli(f)}. This completes the proof of (ii) in Theorem 1.1. O
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Proof of Theorem 1.2. Let us assume f(z) be non-constant admissible meromorphic solu-
tion of (1.5). Now we have following two cases:

Case 1: Let (@1 + ®9 + P3) is non-constant. So from Corollary 1.1 and Definition 1.1 we
get

T(r,Q) = S(r, f). (3.11)
Notice that (1.5) can be written as

QAW
>S90, B()

From the given condition it is obvious that ng > n;. Using Lemma 2.3 and the fact f(z)
is admissible solution then we deduce

Q A
T(“ X @) = (7 o
= HQT(T7 f) + O< 1 T(Tv CLS) + 22: T(T7 bt))
s=0 t=0

= nZT(va) + S(va)

With the help of (3.11) we obtain

Q 3
T<T’ i @) < T+ T<T’ ; ‘I’i) +0(1) (3.13)
3
< ) T(r, @)+ S(r, f).

i=1

As f(z) is admissible so from Remark 2.1, 2.2 we get the following two inequalities

3
ZT(r,CI)Z-) < {Zdeg O(o0; f)) Z’y } (3.14)
i=1

+ > T(r.B:) +5(r. f)

TEKUAUH
3 3
= [ D deg(®:) + (1 - O(o0; £) Y0 (®)| Tl ) + 505, ),
i=1 i=1
3 3
S Tr®) < (YoT@))T6.)+ YT +Sr)  (3.15)

TeKUAUH

i=1
— (23: F(@i))T(r, f)+8(r, f).

=1
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Thus from (3.13), (3.14), (3.15) we deduce

Q
f\n Z?:l P;
3 3 3
< min{ D" deg(@:) + (1 - O(o0i ) Y (@:), Y T(@) } - T(r.f)  (3.16)
=1 =1 =1
+S(r, f).
Therefore from (3.12) and (3.16) we get
3 3 3
ny < min{ D deg(®;) + (1 - 6003 £) D 7(®@:), > T(@.) }.
=1 =1 =1

Case 2: Let (®1 + @ + P3) is constant. Then proceeding as similar method used in the
proof of Theorem 1.3 in [8], we can get no = 0,n1 < deg(f2). Therefore this completes the
proof of Theorem 1.2. O

4. CONCLUSION

Solutions of delay differential equations have lots of applications in various areas of
mathematics as well as in physics. In this article, we consider a class of non-linear g-shift
delay-differential equations and investigate the existence of admissible solutions.
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