
TWMS J. App. and Eng. Math. V.13, N.2, 2023, pp. 696-709

APPLICATIONS OF THE OPERATOR rΦs IN q-POLYNOMIALS

H. L. SAAD1∗, H. J. HASSAN1, §

Abstract. We establish rΦs as a general operator for many q-operators. A new poly-
nomials hn(a1, · · · , ar; b1, · · · , bs;x, y; q) are described as an extension of the bivariate
Rogers-Szegö polynomial hn(x, y|q) and the generalized Al-Salam–Carlitz q-polynomials

φ
(a,b)
n (x, y|q). With the use of the operator rΦs, we provide an operator proof of the

generating function and its extension, Mehler’s formula and its extension and Rogers
formula and its extension to the polynomials hn(a1, · · · , ar; b1, · · · , bs;x, y; q). The gen-
erating function and its extension, Mehler’s formula and its extension and Rogers formula

and its extension for hn(x, y|q) and φ
(a,b)
n (x, y|q) are deduced by giving special values to

parameters of a new polynomial hn(a1, · · · , ar; b1, · · · , bs;x, y|q).

Keywords: the q-operators, the bivariate Rogers-Szegö polynomials, the generalized Al-
Salam–Carlitz q-polynomials, generating function, Mehler’s formula, Rogers formula.
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1. Introduction

In this paper, the notations that was used in [9] is followed, and we assume that |q| < 1.
We’re going to mention to a few notations for the q-series that we depend on during this
paper.

Let a ∈ C. The q-shifted factorial is given as follows [9]:

(a; q)0 = 1, (a; q)m =

m−1∏
k=0

(1− aqk), (a; q)∞ =

∞∏
k=0

(1− aqk),

and for the multiple q-shifted factorials by:

(a1, a2, . . . , ar; q)m = (a1; q)m(a2; q)m · · · (ar; q)m,

where m ∈ Z or ∞.
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The basic hypergeometric series rφs is defined as [9]:

rφs

(
a1, . . . , ar
b1, . . . , bs

; q, x

)
=
∞∑

m=0

(a1, . . . , ar; q)m
(q, b1, . . . , bs; q)m

[
(−1)mq(

m
2 )
]1+s−r

xm.

The q-binomial coefficient is presented as follows [9]:[
n

k

]
=


(q; q)n

(q; q)k (q; q)n−k
, if 0 6 k 6 n;

0, otherwise,

where n, k ∈ N. The Cauchy identity is given by:
∞∑

m=0

(a; q)m
(q; q)m

xm =
(ax; q)∞
(x; q)∞

, |x| < 1. (1)

Euler has given special case of Cauchy identity (1) as [9]:
∞∑

m=0

xm

(q; q)m
=

1

(x; q)∞
, |x| < 1. (2)

Definition 1.1. [3, 4, 12]. The Dq operator or the q-derivative is:

Dq {f(a)} =
f(a)− f(aq)

a
.

Theorem 1.1. [3, 12]. For m > 0, we have

Dm
q {f(a)g(a)} =

m∑
k=0

[
m

k

]
qk(k−m)Dk

q {f(a)}Dm−k
q

{
g(aqk)

}
. (3)

The following theorem is easy to demonstrate:

Theorem 1.2. [3]. We have

Dk
q {an} =

(q; q)n
(q; q)n−k

an−k. (4)

Dk
q

{
1

(at; q)∞

}
=

tk

(at; q)∞
, |at| < 1. (5)

Hahn polynomials which were first studied by Hahn [10] and then by Al-Salam and
Carlitz [1] are defined as follows:

φ(a)
n (x) =

n∑
k=0

[
n

k

]
(a; q)k x

k.

Theorem 1.3. [1].

The generating function for φ
(a)
n (x) is:

∞∑
n=0

φ(a)
n (x)

wn

(q; q)n
=

(axw; q)∞
(w, xw; q)∞

, max {|w|, |xw|} < 1. (6)

Mehler’s formula for φ
(a)
n (x) is:

∞∑
n=0

φ(a)
n (x)φ(b)

n (y)
wn

(q; q)n
=

(axw, byw; q)∞
(w, xw, yw; q)∞

3φ2

(
a, b, w

axw, byw
; q, xyw

)
, (7)

where max {|w|, |xw|, |yw|, |xyw|} < 1.
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The Cauchy polynomials are defined by [8] as:

Pn(x, y) =

{
(x− y)(x− qy)(x− q2y) · · · (x− qn−1y), if n > 0;
1, if n = 0.

(8)

The bivariate Rogers-Szegö polynomials hn(x, y|q) were introduced in 2003 by Chen et
al [2] as:

hn(x, y|q) =

n∑
k=0

[
n

k

]
Pk(x, y),

where Pk(x, y) is defined as in (8).
Theorem 1.4.
The generating function for the polynomials hn(x, y|q) [2]:

∞∑
n=0

hn(x, y|q) tn

(q; q)n
=

(yt; q)∞
(t, xt; q)∞

, max {|t|, |xt|} < 1. (9)

Mehler’s formula for hn(x, y|q) is [6]:

∞∑
n=0

hn(x, y|q)hn(u, v|q) tn

(q; q)n
=

(yt, xvt; q)∞
(t, xt, xut; q)∞

3φ2

(
y, xt, v/u
yt, xvt

; q, ut

)
, (10)

where max {|t|, |xt|, |ut|, |xut|} < 1.

The Rogers formula for hn(x, y|q) is [6]:

∞∑
n=0

∞∑
m=0

hn+m(x, y|q) tn

(q; q)n

sm

(q; q)m
=

(ys; q)∞
(s, xs, xt; q)∞

2φ1

(
y, xs
ys

; q, t

)
, (11)

where max {|t|, |s|, |xt|, |xs|} < 1.

Saad and Sukhi [14], provided a new formula for the bivariate Rogers-Szegö polynomials
hn(x, y|q) in 2010, as follows:

hn(x, y|q) =
n∑

k=0

[
n

k

]
(y; q)k x

n−k.

Notice that

φ(y/x)
n (x) = hn(x, y|q). (12)

φ(y)
n (1/x) = x−nhn(x, y|q). (13)

By using equations (12) and (13), we can find polynomials identities for hn(x, y|q) from

the polynomials identities for φ
(a)
n (x). For example setting a = y, x→ 1/x and w → xt in

the generating function for φ
(a)
n (x) (6), we get the generating function for hn(x, y|q) (9)

and setting a = y, x → 1/x, w → xt, b = v/u, y = u in the Mehler’s formula for φ
(a)
n (x)

(7), we get Mehler’s formula for hn(x, y|q) (10).

The generalized Al-Salam–Carlitz q-polynomials φ
(a,b)
n (x, y) was introduced in 2020 by

Srivastava and Arjika [16] as:

φ(a,b)
n (x, y|q) =

n∑
k=0

[
n

k

]
(a1, a2, . . . , as+1; q)k

(b1, b2, . . . , bs; q)k
xkyn−k.
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Theorem 1.5. [16].

The generating function for φ
(a,b)
n (x, y|q) is:

∞∑
n=0

φ(a,b)
n (x, y|q) tn

(q; q)n
=

1

(yt; q)∞
s+1φs

(
a1, · · · , as+1

b1, · · · , bs
; q, xt

)
, (14)

where max{|xt|, |yt|} < 1.

The Rogers formula for φ
(a,b)
n+m(x, y|q) is:

∞∑
n=0

∞∑
m=0

φ
(a,b)
n+m(x, y|q) tn

(q; q)n

wm

(q; q)m

=
1

(yw, yt; q)∞

∞∑
n=0

(a1, · · · , as+1; q)n
(q, b1, · · · , bs; q)n

(xt)n 2φ0

(
q−n, yt
− ; q, wqn/t

)
, (15)

where max{|yw|, |yt|} < 1.

Our paper is organized as follows: We define a generalized q-operator rΦs in section
2, and then acquire some of its identities that will be used in the next sections. In
section 3, we introduce a new polynomial hn(a1, · · · , ar; b1, · · · , bs;x, y|q) and find its
generating function and its extension, then deduce the generating function and its ex-

tension for hn(x, y|q) and φ
(a,b)
n (x, y|q). In section 4, we derive Mehler’s formula and

its extension for hn(a1, · · · , ar; b1, · · · , bs;x, y|q), then we derive the Mehler formula and

its extension for hn(x, y|q) and φ
(a,b)
n (x, y|q). The Rogers formula and its extension for

hn(a1, · · · , ar; b1, · · · , bs;x, y|q) are obtained in section 5, then we derive the Rogers for-

mula and its extension for hn(x, y|q) and φ
(a,b)
n (x, y|q).

2. The Operator rΦs and some of its Operator Identities

In this section, the generalized q-operator rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, cDq

)
is introduced, then

find some of its operator identities.

Definition 2.1. We define the generalized q-operator rΦs as follows:

rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, cDq

)
=

∞∑
n=0

Wn

(q; q)n

[
(−1)nq(

n
2)
]1+s−r

(cDq)
n , (16)

where Wn =
(a1, · · · , ar; q)n
(b1, . . . , bs; q)n

.

Some special values can be given to the generalized q-operator rΦs to obtain several
previously defined operators, for details see [3, 7, 11, 16, 13, 15, 17].

We obtain the following operator identities by using the q-Leibniz formula (3):

Theorem 2.1. We have

rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, cDq

){
1

(at, aw; q)∞

}
=

1

(at, aw; q)∞

∞∑
n=0

(cw)n

(q; q)n

∞∑
k=0

Wn+k

(q; q)k

[
(−1)n+kq(

n+k
2 )
]1+s−r

(aw; q)k (ct)k , (17)

where max{|at|, |aw|} < 1.
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Proof.

rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, cDq

){
1

(at, aw; q)∞

}
=
∞∑
n=0

Wn

(q; q)n

[
(−1)nq(

n
2)
]1+s−r

cnDn
q

{
1

(at, aw; q)∞

}
(by using (16))

=
∞∑
n=0

Wn

(q; q)n

[
(−1)nq(

n
2)
]1+s−r

cn

×
n∑

k=0

[
n

k

]
qk

2−nkDk
q

{
1

(at; q)∞

}
Dn−k

q

{
1

(awqk; q)∞

}
(by using (3))

=
∞∑
k=0

∞∑
n=k

Wn

(q; q)n−k(q; q)k

[
(−1)nq(

n
2)
]1+s−r

cn qk
2−nk tk

(at; q)∞

(wqk)n−k

(awqk; q)∞

=
1

(at, aw; q)∞

∞∑
k=0

∞∑
n=k

Wn

(q; q)n−k(q; q)k

[
(−1)nq(

n
2)
]1+s−r

cn(aw; q)k t
k wn−k

=
1

(at, aw; q)∞

∞∑
n=0

(cw)n

(q; q)n

∞∑
k=0

Wn+k

(q; q)k

[
(−1)n+kq(

n+k
2 )
]1+s−r

(aw; q)k (ct)k .

�

Setting w = 0 in equation (17), we get the following corollary:

Corollary 2.1. We have

rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, cDq

){
1

(at; q)∞

}
=

1

(at; q)∞

∞∑
k=0

Wk

(q; q)k

[
(−1)kq(

k
2)
]1+s−r

(ct)k

=
1

(at; q)∞
rφs

(
a1, · · · , ar
b1, · · · , bs

; q, ct

)
, (18)

where |at| < 1.

Theorem 2.2. We have

rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, yDq

){
xk

(xw, xt; q)∞

}
=

1

(xw, xt; q)∞

∞∑
n=0

(yt)n

(q; q)n

k∑
i=0

Wn+i

[
(−1)n+iq(

n+i
2 )
]1+s−r

[
k

i

]
(xw, xt; q)i y

i xk−i

×
n∑

j=0

[
n

j

]
(xtqi; q)j

(w
t

)j
. (19)



H. L. SAAD, H. J. HASSAN: APPLICATIONS OF THE OPERATOR RΦS IN Q-POLYNOMIALS 701

Proof.

rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, yDq

){
xk

(xw, xt; q)∞

}
=
∞∑
n=0

Wn

(q; q)n

[
(−1)nq(

n
2)
]1+s−r

ynDn
q

{
xk

(xw, xt; q)∞

}

=
∞∑
n=0

Wn

(q; q)n

[
(−1)nq(

n
2)
]1+s−r

yn
n∑

i=0

[
n

i

]
qi(i−n)Di

q

{
xk
}
Dn−i

q

{
1

(xwqi, xtqi; q)∞

}
(by using (3))

=

∞∑
i=0

∞∑
n=i

Wn

(q; q)n−i(q; q)i

[
(−1)nq(

n
2)
]1+s−r

ynqi(i−n)Di
q

{
xk
}
Dn−i

q

{
1

(xwqi, xtqi; q)∞

}

=

∞∑
i=0

∞∑
n=0

Wn+i

(q; q)n(q; q)i

[
(−1)n+iq(

n+i
2 )
]1+s−r

yn+iq−niDi
q

{
xk
}
Dn

q

{
1

(xwqi, xtqi; q)∞

}

=

∞∑
i=0

∞∑
n=0

Wn+i

(q; q)n(q; q)i

[
(−1)n+iq(

n+i
2 )
]1+s−r

yn+iq−niDi
q

{
xk
} n∑

j=0

[
n

j

]
qj(j−n)

×Dj
q

{
1

(xwqi; q)∞

}
Dn−j

q

{
1

(xtqi+j ; q)∞

}
=

∞∑
i=0

∞∑
n=0

Wn+i

(q; q)n(q; q)i

[
(−1)n+iq(

n+i
2 )
]1+s−r

yn+iq−ni
(q; q)k

(q; q)k−i
xk−i

n∑
j=0

[
n

j

]
qj(j−n)

× (wqi)j

(xwqi; q)∞

(tqi+j)n−j

(xtqi+j ; q)∞

=
1

(xw, xt; q)∞

∞∑
n=0

(yt)n

(q; q)n

k∑
i=0

Wn+i

[
(−1)n+iq(

n+i
2 )
]1+s−r

[
k

i

]
(xw, xt; q)i y

i xk−i

×
n∑

j=0

[
n

j

]
(xtqi; q)j

(w
t

)j
.

�

If w = 0 in equation (19), we obtain the following corollary:

Corollary 2.2. We have

rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, yDq

){
xk

(xt; q)∞

}
=

1

(xt; q)∞

∞∑
n=0

(yt)n

(q; q)n

k∑
i=0

Wn+i

[
(−1)n+iq(

n+i
2 )
]1+s−r

[
k

i

]
(xt; q)i y

ixk−i, (20)

where |at| < 1.

3. The Generating Function for hn(a1, · · · , ar; b1, · · · , bs;x, y|q)

In this section a polynomials hn(a1, · · · , ar; b1, · · · , bs;x, y|q) are defined. The gen-
erating function and its extension for the polynomials hn(a1, · · · , ar; b1, · · · , bs;x, y|q) is
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obtained by using the operator rΦs

(
a1, . . . , ar
b1, . . . , bs

; q, cDq

)
. We provide some special values

for the parameters in the generating function as well as its extension for the polynomials
hn(a1, · · · , ar; b1, · · · , bs;x, y|q) to obtain the generating function and its extension for

hn(x, y|q) and φ
(a,b)
n (x, y).

Definition 3.1. The polynomials hn(a1, · · · , ar; b1, · · · , bs;x, y|q) are defined as follows:

hn(a1, · · · , ar; b1, · · · , bs;x, y|q) =

n∑
k=0

[
n

k

]
Wk

[
(−1)kq(

k
2)
]1+s−r

xn−kyk, (21)

where Wk =
(a1, · · · , ar; q)k
(b1, · · · , bs; q)k

.

Setting r = 1, s = 0, y = 1 and then a1 = y we get the new form for the bivariate
Rogers-Szegö polynomials hn(x, y|q) given by Saad and Sukhi [15]. Setting r = s+ 1 and

exchanging x and y, we get the generalized Al-Salam-Carlitz q-polynomials φ
(a,b)
n (x, y|q)

defined by Srivastava and Arjika [16].

By using (4), it is easy to prove that

rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, yDq

)
{xn} = hn(a1, · · · , ar; b1, · · · , bs;x, y|q). (22)

The following theorem can be easily demonstrated by using (22) and (18):

Theorem 3.1. (The generating function for hn(a1, · · · , ar; b1, · · · , bs;x, y|q)). We have
∞∑
n=0

hn(a1, · · · , ar; b1, · · · , bs;x, y|q)
tn

(q; q)n
=

1

(xt; q)∞
rφs

(
a1, · · · , ar
b1, · · · , bs

; q, yt

)
, (23)

where |xt| < 1.

• Setting r = 1, s = 0, y = 1 and then a1 = y in equation (23), we recover the
generating function for the bivariate Rogers-Szegö polynomial hn(x, y|q) (9).
• Setting r = s+1 and exchanging x and y in equation (23), we recover the generating

function for the generalized Al-Salam-Carlitz q-polynomials φ
(a,b)
n (x, y|q) (14).

Using (22) and (20), it is easy to prove the following theorem:

Theorem 3.2. (Extension for generating function for hn(a1, · · · , ar; b1, · · · , bs;x, y|q)).
We have
∞∑
n=0

hn+k(a1, · · · , ar; b1, · · · , bs;x, y|q)
tn

(q; q)n

=
xk

(xt; q)∞

∞∑
n=0

(yt)n

(q; q)n

k∑
i=0

Wn+i

[
(−1)n+iq(

n+i
2 )
]1+s−r

[
k

i

]
(xt; q)i (y/x)i , |xt| < 1. (24)

• Setting r = 1, s = 0, y = 1 and then a1 = y in equation (24), we obtain an exten-
sion to generating function for the bivariate Rogers-Szegö polynomials hn(x, y|q)
as follows:

∞∑
n=0

hn+k(x, y|q) tn

(q; q)n
=

(yt; q)∞
(t, xt; q)∞

k∑
i=0

[
k

i

]
(y, xt; q)i
(yt; q)i

xk−i,

where max{|x|, |xt|} < 1.
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• Setting r = s + 1 and exchanging x and y in equation (24), we obtain an exten-
sion to the generating function for the generalized Al-Salam-Carlitz q-polynomials

φ
(a,b)
n (x, y) as follows:
∞∑
n=0

φ
(a,b)
n+k (x, y|q) tn

(q; q)n

=
1

(yt; q)∞

∞∑
n=0

(xt)n

(q; q)n

k∑
i=0

(a1, · · · , as+1; q)i+j

(b1, · · · , bs; q)i+j

[
k

i

]
(yt; q)i x

iyk−i, |yt| < 1.

4. Mehler’s Formula for hn(a1, · · · , ar; b1, · · · , bs;x, y|q)

In this section, we plan to present an operator approach to Mehler’s formula and its ex-
tension for the generalized polynomials hn(a1, · · · , ar; b1, · · · , bs;x, y|q). By giving special
values for variables in the Mehler’s formula and its extension for
hn(a1, · · · , ar; b1, · · · , bs;x, y|q), the Miller’s formula and its extension for the bivariate
Rogers-Szegö polynomials hn(x, y|q) and the generalized Al-Salam-Carlitz q-polynomials

φ
(a,b)
n (x, y|q) are obtained.

Theorem 4.1. (Mehler’s formula for hn(a1, · · · , ar; b1, · · · , bs;x, y|q)). We have
∞∑
n=0

hn(a1, · · · , ar; b1, · · · , bs;x, y|q)hn(â1, · · · , âr; b̂1, · · · , b̂s; z, c|q)
tn

(q; q)n

=
1

(xzt; q)∞

∞∑
m=0

Ŵm
(xct)m

(q; q)m

[
(−1)mq(

m
2 )
]1+s−r ∞∑

k=0

(yzt)k

(q; q)k

×
m∑
i=0

Wk+i

[
(−1)k+iq(

k+i
2 )
]1+s−r

[
m

i

]
(xzt; q)i (y/x)i , |xzt| < 1. (25)

Proof.
∞∑
n=0

hn(a1, · · · , ar; b1, · · · , bs;x, y|q)hn(â1, · · · , âr; b̂1, · · · , b̂s; z, c|q)
tn

(q; q)n

=

∞∑
n=0

rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, yDq

)
{xn}hn(â1, · · · , âr; b̂1, · · · , b̂s; z, c|q)

tn

(q; q)n

(by using (22))

= rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, yDq

){ ∞∑
n=0

hn(â1, · · · , âr; b̂1, · · · , b̂s; z, c|q)
(xt)n

(q; q)n

}

= rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, yDq

){
1

(xzt; q)∞
rφs

(
â1, · · · , âr
b̂1, · · · , b̂s

; q, xct

)}
(by using (23))

=
∞∑

m=0

Ŵm

[
(−1)mq(

m
2 )
]1+s−r (ct)m

(q; q)m
rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, yDq

){
xm

(xzt; q)∞

}

=
1

(xzt; q)∞

∞∑
m=0

Ŵm

[
(−1)mq(

m
2 )
]1+s−r (xct)m

(q; q)m

∞∑
k=0

(yzt)k

(q; q)k

×
m∑
i=0

Wk+i

[
(−1)k+iq(

k+i
2 )
]1+s−r

[
m

i

]
(xzt; q)i (y/x)i . (by using (20))
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�

Now, we retrieve the Mehler’s formula for hn(x, y|q) (10) by using special values for
variables in the Mehler’s formula for hn(a1, · · · , ar; b1, · · · , bs;x, y|q).

Proof. With r = 1, s = 0, y = 1, z = u, c = 1, â1 = v and then a1 = y in equation (25),
we get

∞∑
n=0

hn(x, y|q)hn(u, v|q) tn

(q; q)n

=
1

(xut; q)∞

∞∑
m=0

(v; q)m
(q; q)m

(xt)m
m∑
i=0

[
m

i

]
(xut; q)i (

1

x
)i
∞∑
k=0

(y; q)k+i

(q; q)k
(ut)k

=
(yut; q)∞

(xut, ut; q)∞

∞∑
i=0

(y, xut; q)i
(q, yut; q)i

(
1

x
)i
∞∑

m=0

(v; q)m+i

(q; q)m
(xt)m+i (by using (1))

=
(yut; q)∞

(xut, ut; q)∞

∞∑
i=0

(y, xut, v; q)i
(q, yut; q)i

ti
∞∑

m=0

(vqi; q)m
(q; q)m

(xt)m

=
(yut, xvt; q)∞

(xut, ut, xt; q)∞
3φ2

(
y, xut, v
xvt, yut

; q, t

)
. (by using (1))

Replacing a, b, c, d, e by y, xut, v, xvt, yut, respectively, in transformations of 3φ2 series
[9, Appendix III, equation (III.9)], we get the desired result. �

For r = s+1 and exchanging x and y, z and c in equation (25), we get Mehler’s formula

for the generalized Al-Salam-Carlitz q-polynomials φ
(a,b)
n (x, y|q) as follows:

Corollary 4.1. (Mehler’s formula for φ
(a,b)
n (x, y|q)). We have

∞∑
n=0

φ(a,b)
n (x, y|q)φ(â,b̂)

n (z, c|q) tn

(q; q)n

=
1

(yct; q)∞

∞∑
m=0

(â1, · · · , âs+1; q)m

(b̂1, · · · , b̂s; q)m
(yzt)m

(q; q)m

∞∑
k=0

(xct)k

(q; q)k

×
m∑
i=0

(a1, · · · , as+1; q)k+i

(b1, · · · , bs; q)k+i

[
m

i

]
(yct; q)i (x/y)i , |yct| < 1.

Theorem 4.2. (Extension of Mehler’s formula for hn(a1, · · · , ar; b1, · · · , bs;x, y|q)). We
have

∞∑
n=0

hn(a1, · · · , ar; b1, · · · , bs;x, y|q)hn+k(â1, · · · , âr; b̂1, · · · , b̂s; z, c|q)
tn

(q; q)n

=
1

(xzt; q)∞

∞∑
j=0

(xct)j

(q; q)j

k∑
i=0

[
k

i

]
Ŵi+j

[
(−1)i+jq(

i+j
2 )
]1+s−r

(xzt; q)i y
k−i ci

×
∞∑
n=0

(
yztqi

)n
(q; q)n

j∑
l=0

[
j

l

]
Wn+l

[
(−1)n+lq(

n+l
2 )
]1+s−r

(xztqi; q)l(
y

x
)l, |xzt| < 1. (26)
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Proof.

∞∑
n=0

hn(a1, · · · , ar; b1, · · · , bs;x, y|q)hn+k(â1, · · · , âr; b̂1, · · · , b̂s; z, c|q)
tn

(q; q)n

=

∞∑
n=0

rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, yDq

)
{xn}hn+k(â1, · · · , âr; b̂1, · · · , b̂s; z, c|q)

tn

(q; q)n

(by using (22))

= rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, yDq

){ ∞∑
n=0

hn+k(â1, · · · , âr; b̂1, · · · , b̂s; z, c|q)
(xt)n

(q; q)n

}

= rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, yDq

){
zk

(xzt; q)∞

∞∑
j=0

(xct)j

(q; q)j

k∑
i=0

Ŵi+j

[
(−1)i+jq(

i+j
2 )
]1+s−r

[
k

i

]

× (xzt; q)i(
c

z
)i

}
(by using (24))

=
∞∑
j=0

(ct)j

(q; q)j

k∑
i=0

Ŵi+j

[
(−1)i+jq(

i+j
2 )
]1+s−r

[
k

i

]
zk−ici

× rφs

(
a1, · · · , ar
b1, · · · , bs

; q, yDq

){
xj

(xztqi; q)∞

}
=

1

(xzt; q)∞

∞∑
j=0

(ct)j

(q; q)j

k∑
i=0

Ŵi+j

[
(−1)i+jq(

i+j
2 )
]1+s−r

[
k

i

]
zk−ici

×
∞∑
n=0

(
yztqi

)n
(q; q)n

j∑
l=0

Wn+l

[
(−1)n+lq(

n+l
2 )
]1+s−r

[
j

l

]
(xztqi; q)l y

l xj−l. (by using (20))

�

Using r = 1, s = 0, y = 1, z = u, c = 1, â1 = v and then a1 = y in equation (26), we
get an extension of Mehler’s formula for bivariate Rogers-Szegö polynomials hn(x, y|q) as
follows:

Corollary 4.2 (Extension of Mehler’s Formula for hn(x, y|q)). We have

∞∑
n=0

hn(x, y|q)hn+k(u, v|q) tn

(q; q)n
=

1

(xut; q)∞

∞∑
j=0

(xt)j

(q; q)j

k∑
i=0

[
k

i

]
(v; q)i+ju

k−i(xut; q)i

×
∞∑

m=0

(
utqi

)m
(q; q)m

j∑
l=0

[
j

l

]
(y; q)m+l(xutq

i; q)l(
1

x
)l,

where |xut| < 1.

With r = s + 1 and exchanging x and y, z and c in equation (26), we get Mehler’s

formula for the generalized Al-Salam-Carlitz q-polynomials φ
(a,b)
n (x, y|q) as follows:
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Corollary 4.3. (Extension of Mehler’s formula for φ
(a,b)
n (x, y|q)). We have

∞∑
n=0

φ(a,b)
n (x, y|q)φ(â,b̂)

n+k (z, c|q) tn

(q; q)n

=
1

(yct; q)∞

∞∑
j=0

(yzt)j

(q; q)j

k∑
i=0

[
k

i

]
(â1, · · · , âs+1; q)i+j

(b̂1, · · · , b̂s; q)i+j

(yct; q)i x
k−i zi

×
∞∑
n=0

(
xctqi

)n
(q; q)n

j∑
l=0

[
j

l

]
(a1, · · · , as+1; q)n+l

(b1, · · · , bs; q)n+l
(yctqi; q)l, |yct| < 1.

5. Rogers Formula for hn(a1, · · · , ar; b1, · · · , bs;x, y|q)

In this section, we intend to present an operator approach to Rogers formula and its
extension for the generalized polynomials hn(a1, · · · , ar; b1, · · · , bs;x, y|q). The Rogers for-
mula and its extension for the bivariate Rogers-Szegö polynomials hn(x, y|q) and the gen-

eralized Al-Salam-Carlitz q-polynomials φ
(a,b)
n (x, y|q) are obtained by including special val-

ues for variables in the Rogers formula and its expansion for hn(a1, · · · , ar; b1, · · · , bs;x, y; q).

Theorem 5.1. (Roger’s Formula for hn(a1, · · · , ar; b1, · · · , bs;x, y|q)). We have

∞∑
n=0

∞∑
m=0

hn+m(a1, · · · , ar; b1, · · · , bs;x, y|q)
tn

(q; q)n

wm

(q; q)m
=

1

(xw, xt; q)∞

×
∞∑
k=0

(yw)n

(q; q)n

∞∑
n=0

Wn+k

(q; q)k

[
(−1)n+kq(

n+k
2 )
]1+s−r

(yt)k (xw; q)k, (27)

where max{|xw|, |xt|} < 1.

Proof.
∞∑
n=0

∞∑
m=0

hn+m(a1, · · · , ar; b1, · · · , bs;x, y|q)
tn

(q; q)n

wm

(q; q)m

=
∞∑
n=0

∞∑
m=0

rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, yDq

){
xn+m

} tn

(q; q)n

wm

(q; q)m
(by using (22))

= rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, yDq

){
1

(xt, xw; q)∞

}
(by using (2))

=
1

(xt, xw; q)∞

∞∑
k=0

(yw)n

(q; q)n

∞∑
n=0

Wn+k

(q; q)k

[
(−1)n+kq(

n+k
2 )
]1+s−r

(yt)k (xw; q)k.

(by using (17))

�

Now, we recover the Rogers formula for hn(x, y|q) and φ
(a,b)
n (x, y|q) by using unique

values for the variables in the Rogers formula for hn(a1, · · · , ar; b1, · · · , bs;x, y|q).

With r = 1, s = 0, y = 1 and then a1 = y and w = s in equation (27), we recover
Rogers formula for hn(x, y|q) (11).

For r = s+ 1 , and exchanging x and y in equation (27), we recover Rogers formula for

φ
(a,b)
n (x, y|q) (15).
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Theorem 5.2. (Extension of Roger’s formula for hn(a1, · · · , ar; b1, · · · , bs;x, y|q)). Let
hn(a1, · · · , ar; b1, · · · , bs;x, y|q) be defined as in (21), then

∞∑
n=0

∞∑
m=0

hn+m+k(a1, · · · , ar; b1, · · · , bs;x, y|q)
tn

(q; q)n

wm

(q; q)m

=
1

(xw, xt; q)∞

∞∑
n=0

Wn+i

(q; q)n
(yt)n

[
(−1)n+iq(

n+i
2 )
]1+s−r

×
k∑

i=0

[
k

i

]
(xw, xt; q)i x

k−i
n∑

j=0

[
n

j

]
(xtqi; q)j

(w
t

)j
, (28)

where max{|xw|, |xt|} < 1.

Proof.

∞∑
n=0

∞∑
m=0

hn+m+k(a1, · · · , ar; b1, · · · , bs;x, y|q)
tn

(q; q)n

wm

(q; q)m

=
∞∑
n=0

∞∑
m=0

rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, yDq

){
xn+m+k

} tn

(q; q)n

wm

(q; q)m
(by using (22)).

= rΦs

(
a1, · · · , ar
b1, · · · , bs

; q, yDq

){
xk

(xw, xt; q)∞

}
(by using (2))

=
1

(xw, xt; q)∞

∞∑
n=0

(yt)n

(q; q)n

k∑
i=0

Wn+i

[
(−1)n+iq(

n+i
2 )
]1+s−r

[
k

i

]
(xw, xt; q)i y

i xk−i

×
n∑

j=0

[
n

j

]
(xtqi; q)j

(w
t

)j
. (by using (19))

�

Now, we get an extension of the Rogers formula for hn(x, y|q) and φ
(a,b)
n (x, y|q) by using

specific values for variables in the extension of the Rogers formula for
hn(a1, · · · , ar; b1, · · · , bs;x, y|q).

When r = 1, s = 0, y = 1 and then a1 = y and w = s in equation (28), we get
an extension of Roger’s formula for the bivariate Rogers-Szegö polynomials hn(x, y|q) as
follows:

Corollary 5.1 (Extension of Roger’s Formula for hn(x, y|q)). We have

∞∑
n=0

∞∑
m=0

hn+m+k(x, y|q) tn

(q; q)n

sm

(q; q)m

=
1

(xs, xt; q)∞

∞∑
n=0

tn

(q; q)n

k∑
i=0

(y; q)n+i

[
k

i

]
(xs, xt; q)i x

k−i
n∑

j=0

[
n

j

]
(xtqi; q)j

(s
t

)j
,

where max{|xs|, |xt|} < 1.

With r = s+1 and exchanging x and y in equation (28), we get an extension of Roger’s

formula for generalized Al-Salam-Carlitz q-polynomials φ
(a,b)
n (x, y|q) as follows:
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Corollary 5.2 (Extension of Roger’s Formula for φ
(a,b)
n (x, y|q)). We have

∞∑
n=0

∞∑
m=0

φ
(a,b)
n+m+k(x, y|q) tn

(q; q)n

wm

(q; q)m
=

1

(yw, yt; q)∞

∞∑
n=0

(a1, · · · , as+1; q)n
(q, b1, · · · , bs; q)n

(xt)n

×
k∑

i=0

[
k

i

]
(yw, yt; q)ix

i yk−i
n∑

j=0

[
n

j

]
(ytqi; q)j

(w
t

)j
,

where max{|yw|, |yt|} < 1.

6. Conclusions

(1) Many operators can be obtained by assigning some special values to the generalized
q-operator rΦs.

(2) The bivariate Rogers-Szegö polynomials hn(x, y|q) and the the generalized Al-

Salam-Carlitz q-polynomials φ
(a,b)
n (x, y|q) are special cases of the polynomials

hn(a1, · · · , ar; b1, · · · , bs;x, y; q).
(3) The polynomials identities for hn(a1, · · · , ar; b1, · · · , bs;x, y; q) are an extension of

the polynomials identities for the bivariate Rogers-Szegö polynomial hn(x, y|q) and

the generalized Al-Salam–Carlitz q-polynomials φ
(a,b)
n (x, y|q).
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