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DYNAMICS, CONTROL, STABILITY, DIFFUSION AND
SYNCHRONIZATION OF MODIFIED CHAOTIC COLPITTS
OSCILLATOR WITH TRIANGULAR WAVE NON-LINEARITY

N. KUMAR K. A.}, S. RASAPPAN?*  R. N. DEVI!, §

ABSTRACT. The purpose of this paper is to introduce a new chaotic oscillator. Although
different chaotic systems have been formulated by earlier researchers, only a few chaotic
systems exhibit chaotic behaviour. In this work, a new chaotic system with chaotic
attractor is introduced for triangular wave non-linearity. It is worth noting that this
striking phenomenon rarely occurs in respect of chaotic systems. The system proposed
in this paper has been realized with numerical simulation. The results emanating from
the numerical simulation indicate the feasibility of the proposed chaotic system. More
over, chaos control, stability, diffusion and synchronization of such a system have been
dealt with.

Keywords: Chaos, Colpitts oscillator, Lyapunov exponent, Diffusion, Stability, Synchro-
nization, Triangular Wave Non-linearity.
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1. INTRODUCTION

The study of chaotic dynamical systems is drawing the attention of the researchers in
the recent times. Research on a chaotic system with chaotic attractor is posing several
challenges thereby making the study quite interesting.

A non-linear dynamical system exhibiting complex and unpredictable behavior is called
chaotic system [1]. The parameter values are varying with range and the sensitivity de-
pends on initial conditions. These are the remarkable properties [2] of chaotic systems.
Sometimes, the chaotic systems are deterministic [3, 4] and they have long-term unpre-
dictable behavior [5-6].
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While chaotic systems are highly sensitive, their sensitivity depends on their initial
conditions. The chaotic nature is one of the qualitative [7, 8] properties of a dynamical
system [9, 10].

The controlling of the chaotic systems may be accomplished in three ways such as
stabilization [11, 12] of unstable periodic motion “contained” in the chaotic set, suppression
of chaotic behavior by external forcing like periodic noise, periodic parametric perturbation
and algorithm of various automatic control like feedback [13, 14], backstepping [15], sample
feedback, time delay feedback, etc.

There exist two ways for the application of controls in a chaotic system. The first one is
the change of attractor of the system. The second one is the change in the point position
of the phase space for the system which is a constant value in its parameter.

A continuous, repeated and alternating wave production without any input is an os-
cillator. Converting power supply to an alternating current signal is one of the primary
properties of oscillators. The signal of feedback containing a pair of coils and an inductive
divider in the server is called Colpitts oscillator [16, 17]. Due to some parametric change
and the variation of input, the chaotic nature may occur in Colpitts oscillators.

In this paper, a new chaotic Colpitts oscillator is proposed. It is a modified form of the
earlier version of Colpitts oscillators. In section 2, the modified form of Colpitts oscillator
[18, 19] is presented with the formulation of the mathematical model. In addition, invariant
property, equilibrium point and Lyapunov exponents [20-23] are investigated. In section
3, adaptive backstepping technique [24] is explained for the proposed system. In section
4, a non linear feedback system is established. The control strategy of backstepping is
employed to analyze the non linear feedback system in section 5. Finally, the numerical
simulation [25-28] is upheld for the hypothetical outcomes.

2. THE MATHEMATICAL MODEL OF CHAOTIC COLPITTS OSCILLATOR

The depiction of simplified illustrative diagram for modified Colpitts oscillator is un-
dertaken in Figure 1. In addition to Electronic devices, communication systems also have
wide usage of the Colpitts oscillator. It is a single-transistor implementation of a sinusoidal
oscillator.

The following are the hypotheses for simplifying the extensive simulation of the complete
circuit model.

e The base-emitter(B-E) driving point(V-I) characteristic of the Rg with triangular
wave function is

Ip = f(Vpp) =Is [2: sin”" (Sm (2;(“ i x?’)))}

where Ig is the emitter current (inverse saturation current), a is amplitude and p
is period of the B-E junction.
e The state space is schematically represented in Figure 1.

dV,
RcCh dfl =Vo— Ve, — Ve, + Relp — Ref (Vgg)
dV,
RcCo df — Vo — Ve, — Vo, — Relo + Rel,
dV,
Oy dfﬁ” =1, — (1-a)f (Vsg)
dl
L= = —RyI, — Ve, — Ve, — Vi

dt
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FIGURE 1. The circuit diagram

The following is the proposed new system with Colpitts oscillator:

1 = oi(—z1 —x2) + x4 — yP(x1, 23)

o = eo1(—x1 —x2) + 124 (1)
i3 = ea(wa— (1 — a)yd(a1, z3))

Ty = —T1 — T2 — T3 — 0274

2 2
where ¢(z1,x3) = i1 (sin <7r(a:1 + l‘3)>>
™ p

In system (1), the state variables are assumed as zj, x2, x3 and x4 along with six
positive parameters, o1, 7, €1, €2, 02 and «. The system (1) is an autonomous system to
which a triangular wave expression is associated.

With the modification of coordinates provided by the scheme (z1, x2, 3, x4)
(—x1, —xe, —x3, —x4), the system (1) is found to be invariant.

The mathematical system of the Colpitts oscillator mathematical system when equated
to zero gives the equilibrium points of the system as specified below:

o1(—x1 — x2) + 24 — yP(x1,23) = O

e101(—x1 — x2) + €124 =0 2)
e2(z4 — (1 — a)yg(z1,23)) = 0
—X1 — Tg — X3 — 094 =0

Solving the system (2), it is seen that the new chaotic system (2) has a unique equilib-
rium at the origin.
The Jocobian matrix of the system (1) at the equilibrium point E is given by

—o1 — 4ya/p —01 —4~a/p 1
JE _ —&101 —E&101 0 €1 (3)
—e9(1 — a)dya/p 0 —e9(l —a)dvya/p &9
-1 —1 —1 —072

The corresponding characteristic equation of Colpitts oscillator system (1) with respect
to F is given by the relation

AN 4 AoX® + AsA? £ AUA+ A5 =0 (4)

where

A =1

A —4daegya + e101p + 4eoya + 4ya + o1p + o9p
2 p—

p
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—4dac1e9v01a — dacyyora — daeggyora + 4e1e0yo1a + de1yoa
+e10109p + €1p + 4eayora + deayora + eap + dyo2a + 0109p + p

Az =
—4dae1e9v0102a — dac1e9va — daegyor09a + de1e9yo102a
A +4e1e9va + €16201p + de1yor102a + deyya + deayor02a + 301D
4 f—
4 p
A5 _ £1€2701a

Applying Routh-Hurwitz stability criterion [29] to the characteristic equation, we con-
clude that the system is unstable for all values of the parameters at the equilibrium position
E.

From the Jacobian matrix (3), among the states 1, z2, z3 and x4, if 1 and x3 are both
positive or negative or of opposite signs, it implies “Hopf bifurcation”. This phenomenon
is also known as “Poincaré—Andronov—Hopf bifurcation”. This bifurcation leads a local
birth of “chaos” nature in modified Colpitts oscillator (1).

Interestingly, the system (1) is chaotic for the parameters

g1 =1, e2 =20, 01 =149, 09 =0.872, v =38.00, a = 259
256

Lyapunov exponents may be considered as one of the keys to differentiate between
chaotic, hyperchaotic, stable and periodic nature of the systems.

Table 1 gives the details of the chaotic and hyperchaotic nature of the system. For
this calculation, the observation time (7°) is considered as 500 and the sampling time
(At) is taken as 0.5. For various initial conditions, the system (1) exhibits chaotic and
hyperchaotic nature.

By applying Wolf algorithm [30], the Lyapunov exponents corresponding to the new
chaotic system (1) are obtained as follows:

Sl Parameter,a, p Initial condition LEs Sign of Nature
No. the LEs

1 v =2.2001,a =1,p =1 |0.00001,0.00001,0.00001,0.00001 | 0.009914, 0.010189, —5.086796, —8.273187 | [~ 0,+, —, —] | Chaotic

2 v =2.2001,a = 1,p =2 | 0.00001, 0.00001, 0.00001, 0.00001 | 0.009914, 0.010189, —5.086796, —8.273187 | [~ 0,+, —, —| | Chaotic

3 v =2.2001,a = 1,p =3 | 0.00001, 0.00001, 0.00001, 0.00001 | 0.009914, 0.010189, —5.086796, —8.273187 | [~ 0,+, —, —] | Chaotic

4 v =38.000,a = 1,p =1 | 0.00001, 0.00001, 0.00001, 0.00001 | 0.605403, 0.608392, —3.807690, —51.008494 | [+, +, —, — Hyperchaotic
5 ~v =38.000,a = 1,p =2 | 0.00001, 0.00001, 0.00001, 0.00001 | 0.562656, 0.568263, —3.837630, —41.737089 | [+,+, —, — Hyperchaotic
6 v =38.000,a = 1,p = 2 | 1.00000, 1.00000, 1.00000, 1.00000 | 0.562656, 0.568263, —3.837630, —42.690649 | [+, +, —, — Hyperchaotic
7 ~v=38.000,a = 1,p =2 | 1.50000, 1.50000, 1.50000, 1.50000 | 0.562656, 0.568263, —3.837630, —42.774085 | [+, +, —, — Hyperchaotic
8 v =38.000,a = 1,p = 2 | 2.00000, 2.00000, 2.00000, 2.00000 | 0.562656, 0.568263, —3.837630, —42.896532 | [+, +, —, — Hyperchaotic

TABLE 1. LEs of system (1) for observation time (7') = 500, sampling
time (At) = 057 g1 = 1, g9 = 20, o1 = 149, o9 = 0872, o = %7
~v = 2.2001, 38.00 with various sampling and observation times using Wolf

algorithm

From Table 1, the Lyapunov exponential dimension is calculated. The attractor of the
new system is observed to be a strange attractor with fractal dimensions.

Through numerical simulation, the chaotic attractor of the system (1) is obtained as
shown in Figure 3.
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Figure 2 depicts the Lyapunov exponents of the modified Colpitts oscillator and Figure
3 shows the chaotic nature of the modified Colpitts oscillator and Poincaré Map of the

modified Colpitts oscillator.
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FIGURE 3. Portrait of Colpitts

The study of qualitative properties is one of the utilities of this paradigm. The sta-
bility control, limit cycle, periodicity and chaos are some notable qualitative properties.
The following theorems bring out the local stability properties of the modified Colpitts
oscillator.

Theorem 2.1. The interior equilibrium point E s locally asymptotically stable in the
positive octant.

Proof. By divergence criterion theorem, assume

1
9($1,$2,$3,$4)—— T1ToT3Ty (5)
where 0(x;,i=1,2,3,4) > 0if x; > 0,i =1,2,3,4.
Now consider
o= 01(—961 - 96'2) + x4 — ’Y¢(9€1a 303)
p2 = e101(—x1 —x2) + €124 (6)
p3 = ea(wg — (1 — a)yp(w1,23))

Py = —T1 — T2 — T3 — 0274
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2 2
where ¢(x1,x3) = 2 gin~t <sin <7T(x1 + :I:3)>>
™ p

Define 5 5 5 5
V=—(p0)+ =— (p20) + =— (p3f) + — (p40 7
oz, (P10)+ 5~ (p2f) + o7 (psf) + 55— (paf) (7)
We have to determine V given by Equation (7) along with the trajectories provided by
Equations (5) and Equation (6). We obtain

[01 + vda/p| x1202314 + [01(—21 — T2) + T4 — YP(21, 23)] 2324

Voo Aagedad
_ €101T1T2T3%4 + [e101(—21 — 22) + 124|134
wiairir]
[e2(1 — a)yda/plzr@omszs + &2 [14 — (1 — a)yd(21, 23)] T12274
rir3x3a?
0271 X2T3%4 + (—T1 — T2 — Ty — 02T4)T1T273
viziaial

which is less than zero.

From Benedizon-Dulac criterion, it it clear that the first octant does not contain any
limit cycle.

Consequently, the equilibrium provided by E is found to be locally asymptotically stable.

The relation between the limit cycle and closed trajectories exhibits the local asymptotic
stability. The following theorem is concerned with the stability under closed trajectory
using Bendixson’s criteria theorem. ([l

Theorem 2.2. There is no closed trajectory for the interior equilibrium point.

Proof. Define
. Op1 Op4
U(r;,1=1,2,3,4) = — + ...+ — 8
(xlaZ P ) ) al‘1+ +ax4 ()

Find ¥ along with the trajectories associated with Equation (8). It follows that
U =—0; —~v4da/p — 101 —e2(1 — a)yda/p — 02 # 0 9)

Hence, by applying Bendizson’s criteria theorem to Equation (9), it is seen that there
is no closed trajectory surrounding the point E.

Hence, limit cycle does not exist emcompassing FE.

Therefore, the point E is evidential to be locally asymptotically stable.

In oscillator, exhibiting stable periodic orbit and it corresponds to a special type of
solution for a oscillator. The following theorem focuses attention on the nontrivial periodic
solution. 0

Theorem 2.3. The modified Colpitts oscillator given by Equation (1) has a nontrivial
periodic solution.



N. KUMAR K. A, S. RASAPPAN, R. N. DEVI: COLPITTS OSCILLATOR WITH ... 1103

Proof. Define

d = — — —
5 ) + x3

d (a}+ 23 +aF+27\ dxy dxa dxs dzy
dt BT dt at

. . . ) 4 da;
= Z1T1 + Ty + T3T3 + T4y = Z 1‘1%
=1

Find ¢ from Equation (10) along the trajectories Equation (1). We see that

o = 3;‘1[01(—3;‘1 — xg) + 14 — 'ygb(acl,xg)] + 1'2[5101(—1'1 — :Dz) + €1$4]
+aslea(zs — (1 — a)yd(x1, 23))] + T4[~21 — T2 — T3 — 0224]
= —01.22‘% — 01X1X2 -+ T1T4 — 7$1¢($1, .%'3) —£101T1X2 — 61011’% + E1T2%4
+epwsy — e9(1 — @)x3yd(x1, T3) — T4 — ToLy — X3L4 — O]
= —(0123 + 0123 + 0917)
—o1z122(l +e1) — (1 —e1)moxy — (1 — €2)xgxy — YP(x1, x3)[21 + £2(1 — @) 23]
= —(Vi1+Vy)
(11)
where V1 = 0133% + 51013:% + agxi
Vo =o1(1+e1)r1ze + (1 — e1)z2ws + (1 — e2)x374 + yP(21, 23) (71 + €2(1 — @)3)
It is observed that Vi + V3 is positive for 23 + 23 + 23 + 3 < a and negative for 23 +
z3 + 23 + 25 > b, where a,b are positive constants.
4
This implies that any solution z;(¢) of (1) which starts in the annulus a < >~ 27 < b.
i=1

Hence, by Poincaré-Bendizson theorem, there exists atleast one periodic solution x;(t),i =
1,2, 3,4 of Equation (1) lying in this annulus.

Hence, the modified Colpitts oscillator Equation (1) has a nontrivial periodic solution.
O

The study of control refers to the process of influencing the behaviour of an oscillator
to achieve a desired goal, primarily through the use of feedback control. The following
section describes the backstepping control when the parameter values are unknown.

3. ADAPTIVE BACKSTEPPING CONTROL OF THE MODIFIED COLPITTS OSCILLATOR
WITH UNKNOWN PARAMETERS

1 n Ul Cay w1
AT
T2 - Uz ¢ Cay w2
—)“ . parameter .
S Backstepping . chaotic
+ updation e )
3 control u3 as oscillator w3
—Q law
AT . . . .
+ : : : :
0 n
Unp Can

FIGURE 4. Block diagram for adaptive backstepping control
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3.1. Pseudo Algorithm for Adaptive Synchronization of Chaotic Oscillator.
Suppose the chaotic dynamics is defined by

&= Az + f(x) +u, (12)

where x € R" is the state of the system, A is the n X n matrix of the system parameters,
f : R" — R™ is the nonlinear part of the system and u € R” is the controller of the
response system.

Thus, the synchronization error problem is to find a controller u so that

Jim [Je(t)]| = 0. (13)

In the adaptive synchronization of chaotic systems, it is assumed that the parameters of
the master and slave systems are unknown. To fix the notation, suppose that the vector
« represents the parameters of master system and also that the vector [ represents the
parameters of the slave system.

In this case, the synchronizing controller is taken as

u(t) = u(z, &, B), (14)

where &, [ are estimates of the unknown parameters vectors o and (5.

3.1.1. Design of the parameter Update Law. A quadratic Lyapunov function can be used
for the adaptive synchronization method, viz

1
V= 5(ac% ta3tai4 .. +ahteh teh, +.. ey +en ter,+oteg)  (15)

where a = (a1, ag,....ay) and 8 = (B1, B2,....0n)-
Then the Lyapunov function V is differentiated along the trajectories of the error dy-

namics and parameter update law is carefully designed so that V is a negative definite
function.

3.2. Adaptive Backstepping control of the modified Colpitts oscillator. The
modified Colpitts oscillator system is given by the dynamics with controllers
i1 =01 (-1 —22) + T4 — ¢ (21, 73) + w1
T9 = €101 (—xl — :L’Q) + 124 + U2
i3 = ez (w4 — (1 — ) y¢ (w1, 23)) + us
Ty = —T1 — Ty — T3 — 02T4 + Ug

2 2
where ¢ (x1,23) = i1 (sin <;T(:L‘1 + $3)>>
7r

In system (16), z1, 22,23 and z4 are state variables and up, ug, us and uy are adaptive
controllers.
The synchronization error is defined as e; = y; — z;, i = 1,2, 3, 4.
The unknown parameters are updated by
€oy — 01 — 81(t), €oy = 02 — 82(25)
€ey = &1 — é\l(t), €Cey = E2 — é\g(t) (17)

ca=a—alt), e =7-3()
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By differentiating (17) with respect to ‘t’, one obtains
boy = —01(t), égy = —0a(t)
by = —E1(1), oy = —E2(1)
bo=—alt), &y =-A(t)
At this stage, the state of the system is considered as
&1 =01 (=21 — @2) + x4 — VP (21, 23) + wy

where x5 is regarded as virtual controller.
In order to stabilize the system, the suitable Lyapunov function is defined as

Vi(z1) = %x% + %egl + %eg
By differentiating V; with respect to t,
Vi = 2181 + €0, €0y + €464
= x1[01 (=21 — 22) + 24 — Y@ (21, 23) + u1] + €5, (—31) + ey <—3)
where xo is regarded as virtual controller and is defined as
w2 = 1 (z1) and By (z1) = 0.
The controller u; is assumed as
up = —1 + 0171 — T4 + 79 (71, 73)
and the unknown parameters o1 and 4 are updated by
o1 = —l‘% + eqy
¥ = —w1¢(x1,73) + €,
On substitution of (20) and (21) into (19), we get
M=o &

which is found to be a negative definite function.
Hence by Lyapunov stability theory, the system is globally asymptotically stable.
Now define the relation between 31 and xs by

w2 =1z2 — 1
Consider the subsystem (x1,w2). We have
T] = —€5T1 — O1W2 — €7¢ (901,963) — I
We = —€101%1 — €101W2 + €14 + U2

Define V5 by the Lyapunov function as

1 2 1 2
‘/2:‘/1—’—5(4)2"—5661

On differentiating Vo with respect to t, we get
Vo = x1d1 + €oy (-31> +ey (—ﬁ) + egy (—?1) + wows
The controller us is assumed as

ug = o121 + €1 (0121 + 01w — xy4) + T3 — wy

1105

(19)

(20)

(21)
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Let x3 be the virtual controller. It is defined as x5 = 32 (r1,ws2) with the assumption that

B2 (z1,w2) = 0.

The parameter €1 is estimated as &1 = —ws (0121 + o1wa — T4) + €c,

Substituting (23) and (24) into (22), we get
The—ad—c —&—ud— &,

which is a negative definite function.

Hence by Lyapunov stability theory, the system is globally asymptotically stable.

The relation between x3 and s is defined by
w3 = x3 — B2
Consider the subsystem (x1,ws2,ws). We have

&1 = —€q, X1 — O1W2 — ex@ (T1,73) — X1

Wo = —eg, (0121 + o1wo — T4) — wo + 0171 + W3

wg = &2 (x4 — (1 — @)y¢ (w1, 23)) + u3

Now consider the Lyapunov function

1 1 1
The derivative of V3 with respect to ¢ is obtained as

V3 = Vo +w3ws + ec,€:, + €na

where u3 = —wo — w3 + €279 (21, x3) — €27 (1, 23)

(24)

(25)

(26)

Let us denote the virtual controller by z4. It is defined as x4 = B3 (21, w2, ws3) and we

assume that fs (1, ws,ws) = 0.
The parameters are estimated as
52 = —w3Y9 (71, 73) + €,
a = wyea Y (1, 23) + €q
Substitute (26) and (27) into (25). Then we get
Vs = —a? — 2 2 2 2 2

o1 e'y
which is a negative definite function.

—wy —e;, —wj—e;, —¢e

(27)

Hence by the theory of Lyapunov, it follows that the system provided by Equation (16) is

stable.
Now the relation between x4 and B3 is defined by

wy = T4 — P3
Consider the subsystem (z1, w2, ws,ws) provided by

& = —eq, T1 — O1w2 — ey¢ (T1,23) — X1

Wy = —€g, (lel + o1wo — .%‘4) —wy +ws+ o171

W3 = Eawq — €2, Y (71, 23) + eac27P (21, 73) — wa — w3

Wy = —T] — To — T3 — 0wy + Uy

Now consider the Lyapunov function

1 1
V4:V3+§wi+§e?,2
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The derivative of V; with respect to ¢ is obtained as

V;l = VES + W4L.U4 + eogéog

where uy = —€ow3 + T1 + T2 + T3 + Towy — wy

By working backward, the parameter is estimated as

A 2
02 = €5y — Wy

Substitute (29) and (30) into (28). Then we are led to

2 2 2 2

o 2 2 2 2 2
‘/;l_ 62_6a_w4_602

2
—x] —e; —ey—wy e —wy—e

which is a negative definite function.

1107

By the stability theory due to Lyapunov, it is seen that the Colpitts oscillator provided

by Equation (1) is asymptotically stable.

3.3. Numerical simulation.  For the numerical simulations, the fourth order Runge-

Kutta method is used to solve the system using MATLAB ode45.
The initial value of the drive system (16) are taken as

x1(0) = 1.9124, 25(0) = 1.3942, £3(0) = 1.3125 and x4(0) = 1.9873.
The initial conditions of the parameters are taken as
01(0) = 10.9546, 72(0) = 5.9353,
a(0) = 3.8765, ~(0) = 2.1654,
£1(0) = 7.8762, &2(0) =9.9876
The adaptive backstepping controllers are updated by

uy = —x1 + 0121 — 24 + 7P (71, 73)

U9 = 0121 + €1 (0’1331 + o1wo — JZ4) + x3 — w9

uz = —wp — wy + £279¢ (21, 23) — 2079 (1, 23)

Ug = —E2w3 + X1 + T2 + T3 + Towyg — Wy

The parameter values are updated by

o] = —x% + es,
7= —x16 (T1,73) + €y

€1 = —wa (0121 + o1wa — T4) + €g,

[y

é\ = —w3YP (x17$3) + €qy
a = w3eayd (1, 23) + €q

o~ 2
092 = €gy — W]

Figure 5 depicts the parameter estimation of the modified Colpitts oscillator.

Figure 6 depicts the stability of the modified Colpitts oscillator.
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FIGURE 5. The parameter estimation of the modified Colpitts oscillator
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FicURE 6. The stability of the modified Colpitts oscillator

4. SYNCHRONIZATION OF MODIFIED CHAOTIC COLPITTS OSCILLATOR WTIH
NON-LINEAR CONTROL

The synchronization of a chaotic system is another way of explaining the sensitivity
based on the initial conditions. One has to design master-slave or drive-response coupling
between the two chaotic systems such that the time evolution becomes ideal.

In general, the two dynamic systems involved in the synchronization are called the
master and slave systems, respectively. A well-designed controller will make the trajectory
of the slave system track and trajectory of the master system, that is, the two systems
will be synchronous.

The following sub-section contains the detailed explanation of the synchronization pro-
cess for the modified Colpitts oscillator using non-linear control.
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FiGure 7. Block diagram for non-linear controller

4.1. Pseudo Algorithm for Synchronization of modified chaotic oscillator using
Non-linear Feedback method. In general, the two dynamics in synchronization are
called the master and slave systems respectively. A well designed controller will make the
trajectory of slave system track the trajectory of the slave system track the trajectory of
the master system.

Consider the chaotic system described by the dynamics

i = Az + f(x) (31)

where x € R" is the state of the system, A is the n x n matrix of the system parameters
and f : R™ — R" is the nonlinear part of the system. The system (31) is considered as
the master or drive system.

Consider the slave system with the controller [u1, us, us,...u,]’ described by the dy-
namics

y=DBy+ f(y) +u (32)

where y € R" is the state of the system, B is the n X n matrix of the system parameters
and g : R® — R" is the nonlinear part of the system and u € R™ nonlinear part of the
slave system. If A = B and f = g, then x and y are the states of two identical chaotic
systems. If A # B or f # g, then x and y are the states of two different chaotic systems.
The chaotic systems (31) and (32) depend not only on state variables but also on time ¢
and the parameters.

The synchronization error is defined as

e=y—x. (33)
Then the synchronization error dynamics is obtained as
¢ =By — Az +g(y) — f(x) + . (34)

The synchronization error system control a controlled chaotic system with control input
[ur, ug, ug,...uy|.
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Thus, the global synchronization problem is essentially to find a nonlinear feedback
controller u so as to stabilize the error dynamics (34) for all initial conditions e(0) €
R”,i.e.tli}rgo lle(t)]] = 0 for all initial conditions e(0) € R™.

The nonlinear control design uses Lyapunov function methodology for establishing the
synchronization of master system (31)and (32). By the Lyapunov function methodology,a
candidate Lyapunov function is taken as

V(e) = el Pe (35)

where P is a n X n positive definite matrix.

Note that V' : R — R is a positive definite function by construction. It is assumed that
the parameters of master and slave systems are known that the states of both systems
(31) and (32) are measurable.

If a controller u can be found such that

V(e) = —e'Qe (36)

where Q is a positive definite matrix, then V is a negative definite function. Hence, by

Lyapunov stability theory, the error dynamics (34) is globally exponetially stable and hence

the condition tlim lle(t)|| = 0 will be satisfied for all initial conditions e(0) € R™. Then the
—00

state of the master system (31) and the slave system (32) will be globally exponentially
synchronized.

4.2. Synchronization of modified chaotic Colpitts oscillator using Non-linear
Feedback method. The synchronization of modified Colpitts oscillator is now taken
up. The drive-response formalism is utilized. The identical synchronization is elaborated
between the modified Colpitts oscillators.
The chaos synchronization basically requires the global asymptotic stability of the error
dynamics
ie., lim |le(t)| = 0.

t—o00

The modified Colpitts oscillator is taken as drive system, which is described by

& = o1 (—x1 — ) + x4 — P (21, x3)

Tg = —€101%1 — €101%2 + €124 (37)
I3 = ¢e9xq — 2 (1 — ) vo (x1,x3)
Ty = —T| — X2 — T3 — 02%4

where x1, x9, z3 and x4 are state variables, o1, 09, €1, €2, 7y, a are positive parameters and

1

2 2
¢ (r1,x3) = P in~! (sin <7r(a:1 + a:3)> .
0 p

The modified Colpitts oscillator is also taken as the response system which is described
by
1 =01(=y1 —y2) +ya — 79 (y1,y3) + w1
Yo = —€101Y1 — €101Y2 + €1Ya + U2
Yz = e2ys — €2 (1 — a) 79 (y1,y3) + us
Ya=—Y1— Y2 — Y3 — 02ys + U4

2a . . 27
where ¢ (y1,y3) = —sin ! <Sln (p(yl + y3)>>.
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The synchronization error occurring in the system is defined by
ei:yi—xi,i:1,2,3,4 (39)
The resulting error dynamics of the system is governed by the set of equations

é1 = —oie; —orez +es — Y9 (y1,y3) + Y0 (21, 23) + wy

€9 = —€101€1 — €101€2 + €164 + U2 (40)
é3 = egeq —e2 (1 — )y (é (y1,y3) — ¢ (21, 23)) +u3
€4 = —e1 — ez —e3 — 02e4 + Uy

where u = (uq, ug, us, U4)T is the non-linear controller to be designed so as to synchronize
the states of identically modified Colpitts oscillator.

Now the objective is to find the control law u;, ¢ = 1,2, 3,4 for stabilizing the error
variable of the system (40) at the origin.

Let the energy source function Lyapunov be chosen as

1
V=3 > e} (41)
i=1
The derivative of (41) with respect to ¢ is provided by
4
i=1

Substituting (39) and (40) into (42) we are led to the relation

V = e1 (—o1e1 — o1ea + e — v¢ (y1,y3) + 79 (21, 23) + u1)
+ eo (—810'161 — E€101€69 + €184 + UQ)
+ ez (e2ea —e2 (1 — ) v (0 (y1,y3) — & (21, 23)) + u3)
+es(—e1 —ea — ez — o2eq + ug)

The controllers are defined by

uy = o1ez —eqg + (¢ (y1,y3) — ¢ (w1, 23))

U2 = £€101€1 — €1€4

ug =2 (1 —a)v (o (y1,y3) — ¢ (x1,23)) — e2e4 — €3
uy =e1 +esteg

Therefore the relation (42) becomes
V= —0'16% — 810’16% — e% — Ugei

which is a negative definite function.

Thus, by Lyapunov stability theory, the error dynamics provided by (40) is found to be
globally asymptotically stable for all initial conditions e(0) € R*.

Thus, the states of the drive and response system synchronize globally and asymptoti-
cally.
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4.3. Numerical simulation.  For the numerical simulations, the fourth order Runge-
Kutta method is used to solve the system using MATLAB ode45.
The initial value of the drive system (37) are taken as

z1(0) = 0.09124, 22(0) = 0.3942, 23(0) = 0.0125 and z4(0) = 0.9823
and inital value of the response system (38) are taken as
y1(0) = 0.9546, y2(0) = 0.9353, y3(0) = 0.8765 and y4(0) = 0.1654.

The non-linear controllers are updated by (43).

(A) T (B) To (C) T3 (D) T4
and y1 and y2 and ys and y4

FIGURE 8. Synchronization of the Modified Colpitts oscillator

FI1GURE 9. Error Dynamics of Chaotic Colspitts oscillator

5. THE SYNCHRONIZATION OF COLPITTS OSCILLATOR VIA BACKSTEPPING CONTROL

The backstepping technique is a cyclic procedure through a suitable Lyapunov function
along with a feedback controller. It leads to the global stability synchronization of the
strict feedback chaotic systems. In this section, the backward backstepping method is
employed for the proposed system.

In general, the two dynamics in synchronization are called the master and slave systems
respectively. A well designed controller will make the trajectory of slave system track the
trajectory of the master system.



N. KUMAR K. A, S. RASAPPAN, R. N. DEVI: COLPITTS OSCILLATOR WITH ... 1113

u:)) (%) U1
Un, _ Wn, . w3 . w2 €1
€p =0p—1 +—---—3 €3 =02 €2 = (1 e1 —_—
First Step

Second Step

Third Step

nt" Step

FiGUure 10. Block diagram for n-step backstepping control

Consider the chaotic system described by the dynamics

rT = Fl(l‘l, .TQ...CL‘n),
3.32 = Fg(l‘l, :Eg...l‘n), (44)
Tn = Fy(x1, x9...70),

where x € R" is the state of the system. The system (44) is considered as the master
System.

The slave system is a chaotic system with the controller u = [uy, ug, ug...u,]? described
by the dynamics

n = Gi(y, Y2---yn) + ui,
v = Ga(yi, y2..Yn) + us,
c ! (45)
Un = Gn(yh y2yn) + Un,

where y € R™ is the state of the slave system and F;, G;(i = 1, 2, 3...n) linear or nonlinear
functions with input from systems (44) and (45).

If F; = G; for all i, then the system (44) and (45) are called identical and otherwise the
are non-identical chaotic systems.

The synchronization error is defined as

e; =y — i, i=1, 2, 3..n. (46)

Then the synchronization error dynamics is obtained as,

é1 = Gi(y1, y2.-.yn) — Fi(z1, @) + uy,
és = Ga(yi, y2.-yn) — Fo(z1, x2...2p) + uo,
2 = Gl )= Fu " .
én = Gn(y1, y2...yn) — Fru(x1, x2...20) + up

The chaos synchronization problem basically requires the global asymptotically stability
of the error dynamics (47), i.e.
lim ||e(t)]| = 0 (48)

t—o00
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for all initial conditions e(0) € R™.

Backstepping design procedure is recursive and guarantee global stability performance
of strict-feedback chaotic systems. By using the backstepping design, at the i** step, the
1" order subsystem is stabilized with respect to a Lyapunov function V;, by the virtual
control o; and a control input function u;.

Consider the global asymptotic stability of the system

é1 = Gl(yl; ygyn) — Fl(l‘l, xgl‘n) + uq, (49)

where u; is control input, which is the function of the error vector e;, and the state
variables z(t) € R™, y(t) € R™. As long as this feedback stabilizes, the system (49) will
converge to zero as t — oo, where es = av1(eq) is regarded as a virtual controller.
For the design of aj(ey) to stabilize the subsystem (49), we consider the Lyapunov
function defined by
Vi(e) = el Prey, (50)

where Pj is a positive definite matrix.
Suppose the derivative of V7 is
Vi = —ef Qen, (51)

where Q1 is a positive definite matrix.
Then V; is a negative definite function.
Thus by a Lyapunov stability theory, the error dynamics(49) is globally asymptotically
stable.
The function «;(e;) is an estimative function when eg is considered as a controller.
The error between es and «q(ey) is

W9 = €2 — (1 (61) (52)
Considering (e1, wy) subsystem given by

ér = Gi(yr, Y2.-.yn) — Fi(z1, z2..2n) +un, (53)
wy = Ga(y1, Y2--Yn) — Fa(21, 22...20) — cr(e1) + ua.
Let e as a virtual controller in system (53), assume that when
€3 — 042(61, ’wg). (54)

The system (53) is made globally asymptotically stable.
Consider the Lyapunov function defined by

V2(€2, wg) = Vl(el) + w2TP2w2 (55)

where Ps is a positive definite matrix.
Suppose the derivative of Va(e1, we) is

Vo = —elQrer — wh Qaws, (56)

where )1, ()2 are a positive definite matrix.

Then Va(ey, wy) is a negative definite function.

Thus by a Lyapunov stability theory, the error dynamics (53) is globally asymptotically
stable. The virtual controller e3 = ag(e1, wa) and the state feedback input us makes the
system (53) asymptotically stable.

For the n'" state of the error dynamics, define the error variable w, as

Wy, = € — ap—1(e1, wa, W3...Wp_1) (57)
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Considering the (e1, ws, ws....w,) subsystem given by

ée1 = Gy, y2--yn) — Fi(x1, v2..2,) + vy,
Wy = Gz(yl, ygyn) — F2($1, le‘n) — dl(el) =+ uo (58)
Wy, = Gn(yl, yg...yn) — Fn(ml, $2~75n> — dn_l(el, w2, ...wn_l) =+ uo
Consider the Lyapunov function defined by
Vi(ea, wa, ..wy) = Vo_1(e1, wa...wp—1) + w;‘anwn (59)

where P, is a positive definite matrices.
Suppose the derivative of V,,(e1, we, ws....wy,) is

Vi(er, wo, ..aw,) = —el Qre; —wd Quws... — wlQuuw, (60)

where 1, Q2...Q),, are a positive definite matrix.

Then Vg(el, we, ws....wy) is a negative definite function on R™.

Thus by a Lyapunov stability theory, the error dynamics (58) is globally asymptotically
stable. The virtual controller

Cn = an_l(el, wa, ...wn_l), (61)

and the state feedback input u,, makes the system (58) asymptotically stable.
Hence the state of the master and slave systems are globally and asymptotically syn-
chronized.

5.1. The synchronization of Colpitts oscillator via Backstepping Control. = The
error dynamics system is taken as

€4 = —€] — ey —e3 — 0284+ U
é3 = ¢coeq — 2 (1 — ) v (9 (y1,y3) — & (z1,73)) + u2 (62)
€9 = —e101€e] —€101€9 + €164 + ug

é1 = —o1e1 —orez +eq — v (P (y1,43) — ¢ (v1,23)) + ug

Now the objective is to find the control laws w;(i = 1,2,3,4) for stabilizing the error
variables of the system (62) at the origin.
First consider the stability of the system

€4 = —e] —eg — ez — 02e4 + Uy (63)
where eg is considered as virtual controller provided by
€3 — ,81 (64) and 51 (64) =0

The Lyapunov function is defined as

Vi= (64)
The derivative of V4 with respect to ¢ is obtained as
Vi = eséy (65)
If 81 =0 and u; = eq + e, then we obtain
Vi = —09el (66)

which is a negative definite function.
Hence the system (63) is globally asymptotically stable.
The function 5 (e4) is an estimator when e3 is considered as virtual controller.
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The relation between es and (1 is defined by
wg =e3—fP1=e3
Consider the subsystem (e4,w2) given by
€4 = —Wo — 09€4
wy = ezeq — &2 (1 — )y (& (y1,y3) — & (21, 23)) + uz

Let ez be a virtual controller in system (67).

Assume that when ey = 3 (e4,w2), the system (67) is rendered globally asymptotically
stable.

Consider the Lyapunov function defined by

(67)

1
Vo= Vi+ jw;
The derivative of V5 with respect to t is
Vo = eqéy + woldo
If Bo =0 and ug = —(e9 — 1)eq + e2(1 — @)y (¢ (y1,y3) — ¢ (z1,23)) + e2 — wa, then we
obtain
V2 = —(726421 — w%

which is a negative definite function.
Hence by Lyapunov stability theory, the system is stable.
Let us consider the relation between es and (B2 defined by

W3:€2fﬁ2:€2

Now the subsystem (e4, w2, ws) is considered as

€4 = —Wwy — 02€4
w2 = €4 + w3 — w2 (68)
w3 = —€101€1 — €101wW3 + €1€e4 + u3

Consider the function V3 due to Lyapunov function defined by
V=V + %w%
On differentiating V3 with respect to t, we get
Vs = e4éy + wowy + wais
If 83 =0 and ug = —wy — €164, then we obtain
Vi = —0ge% — w3 — £101W3

which is a negative definite function.
Now the relation between e; and (3 is defined as
wy=e1—fz=e

Let us consider the subsystem (ey,ws,ws,ws) provided by
€4 = —wg — 0264
wo =e4+ w3 —wy

. (69)

W3 = —€101W4 — €101W3 — W9

Wy = —o1wy — o1w3 +eq — ¥ (0 (y1,y3) — ¢ (T1,23)) + s
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Consider the Lyapunov function
Vi=Vs+ %wﬁ
The derivative of V; with respect to t is
Vi = e4éq + wala + Wi 4 wady
If B4 =0 and ugy = e101w3 + o1ws —eq + v (P (y1,y3) — ¢ (1, x3)), then we obtain
Vi = —09e] — w3 — e101w3 — 0w

which is a negative definite function.
Hence by Lyapunov stability theory, the system is stable.

5.2. Numerical simulation.  For the numerical simulations, the fourth order Runge-
Kutta method is used to solve the system using MATLAB ode45.
The initial value of the drive system (37) are taken as

x1(0) = 0.09124, 22(0) = 0.3942, 23(0) = 0.0125 and z4(0) = 0.9823
and inital value of the response system (38) are taken as
y1(0) = 0.9546, y2(0) = 0.9353, y3(0) = 0.8765 and y4(0) = 0.1654.
The backstepping controllers of (62) are updated by

up =e1+ e
ug = —(e2 — 1)eg +e2(1 — )y (¢ (y1,43) — ¢ (21, 73)) + €2 — w2
U3 = —Wz — €164

and uy = e101w3 + 01wz —es + v (P (y1,y3) — ¢ (21, 23))

Figure 11 portrays the chaos synchronization of identical drive and response systems
provided by Equations (37) and (38), respectively.
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(a) = (B) @2 (c) xs (D) @4
and y1 and y2 and ys3 and ya4

0 2 4 6 8 10

(E) Error Dynamics of
modified Colpitts oscillator

FIGURE 11 Synchronization of identical modified Colpitts oscillator,
error plot for identical modified Colpitts oscillator

6. CIRCUIT IMPLEMENTATION

In order to verify the dynamical properties of the modified Colpitts oscillator, an
operational amplifier circuit is designed in accordance with the equation (1). The cir-
cuit is designed by linear resistance and linear capacitors. The allowable voltage range of
operational amplifiers leads to the appropriate variables proportional compression trans-
formation to the state variables of the system. According to the circuit diagrams, the
corresponding oscillation circuit equation is described as follows

1 = o1(—21 —x2) + 24 — YP(71,73)
.’i‘g = 5101(—1}1 —1‘2) +61$4

i3 = eawa— (1— a)yd(a1,23))

Ty = —T1 — X2 — XT3 — 0204

2 2
where ¢(x1,x3) = 2 gin~t <sin <7T(x1 + x3)>> and the parameter values are
™ p

o — Ra (R5 + Rg) __ Rse (Rg1 + Ryp) oy = ReqR76 R7g
RsR1C1R3 (Rs + R7)  R3rRsi (Rss+ Rss)’ Rs3C4ResRys Ryr’
= Rog R3y oy = Ry2 Ry
Ro7CyRo9R36”’ Ry1C3R43Rys’
RaRyo  Rsg o - a6 — Rus

7= R1C1R3R17  Rss’ Ry
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F1GURE 12. Op Amp Circuit diagram of chaotic variable x;

Ry

R

Rss

F1cure 13. Op Amp Circuit diagram of chaotic variable xg
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1'%

I_ Ry

FiGure 14. Op Amp Circuit diagram of chaotic variable x3

Ree

Ry

Rzg

FiGURE 15. Op Amp Circuit diagram of chaotic variable x4

7. CONCLUSIONS

In this paper, the Colpitts oscillator with triangular wave non-linearity is analyzed.
The qualitative properties of the modified Colpitts oscillator is analyzed in this study.
It exhibits the chaotic and hyperchaotic nature for some specified initial conditions and
parameters. By Wolf method, the Lyapunov exponent’s is calculated. For some initial
conditions, it exhibits the dissipative nature. The adaptive backstepping control technique
is used to control the system. Synchronization, the non-linear and backstepping control

are utilized. Numerical simulations support the results. MATLAB is used for numerical
simulation.
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