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FUZZY o-yv*-HOMOTOPY AND FUZZY oa-v*-COVERING SPACES
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ABSTRACT. In this paper, the concepts of fuzzy a-¢*-homotopies and fuzzy a-¢*-path
homotopies are introduced. The intend of this article is to study the concepts of a-1*-
fundamental group in a fuzzy topological space and fuzzy a-1*-covering spaces. Many
properties concerning these concepts are provided.
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1. INTRODUCTION

Salleh and Tap [8] defined fuzzy topology on the unit interval. The homotopy
theory in topology and its fundamental group were introduced and developed by Massey
[5]. The concept of fuzzy homotopy theory in fuzzy topological spaces was introduced by
Culvacioglu and Citil [2]. Salleh and Tap [8] introduced the concept of the fundamental
group in fuzzy topological spaces based on the definition of fuzzy topology introduced by
Chang [1]. Homotopy has many applications in engineering, image segmentation in medical
field, Medical data structure and advanced sciences etc. Motivated by the application
of alpha-open sets in medical field the concepts of fuzzy a-v*-homotopy, fuzzy a-¢*-
path homotopy, a-y*-fundamental group in a fuzzy topological spaces are introduced and
their properties are investigated. Defined that the set of all fuzzy a-v*-path homotopy
equivalence classes on the collection of fuzzy a-1*-loops forms a a-y*-fundamental group
and it is shown that there exists a isomorphism between two a-iy*-fundamental groups.
At last, the notion of fuzzy a-y*-covering spaces is introduced and some of its properties
are established via a-y*-fundamental group.

Throughout this paper, FaO(X,7), FaC(X,7) and FP(X) denote the set of all
fuzzy a-open sets in (X, 7), the set of all fuzzy a-closed sets in (X, 7) and the set of all
fuzzy points z; where 0 < t < 1 over X respectively.
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2. PRELIMINARIES
In this section, some basic concepts necessary for this paper are recalled.

Definition 2.1. [9] A function D from X to the unit interval [0,1] is called a fuzzy set
on X. The set {x € X|D(x) > 0} is called the support of D and is denoted by Dy.

Definition 2.2. [9] Let (X,T) be a (usual) topological space. The collection

T ={G | G is a fuzzy set on X and Gy € T}
is a fuzzy topology on X, called the fuzzy topology on X introduced by T. (X, f) is called
the fuzzy topological space introduced by (X,T).

Definition 2.3. [3] Let f,g: (X,7) — (Y,0) be two fuzzy continuous mappings. If there
exists a fuzzy continuous mapping

F:(X,7)x (J,e;) = (Y,0)
such that F(xy,0) = f(zx) and F(xx,1) = g(xy) for every fuzzy point x in (X, T), then
we say that f is fuzzy homotopic to g.

The mapping F' is called a fuzzy homotopy between f and g, and write f ~ g.
Definition 2.4. [4] Let (X,.7), (Y,?) be two fts’s. The mapping f : (X,T) — (Y, V)
18 fuzzy continuous at a point x € X iff for each open fuzzy set V in ¥V containing the
fuzzy point ys = (f(x))s, 0 < § < 1, the inverse image f~[V] is an open fuzzy set in T
containing x, 0 < X < 6.

Definition 2.5. [6] Two paths f and f', mapping the interval I = [0,1] into X, are said
to be path homotopic if they have the same initial point ro and the same final point x4,
and if there is a continuous map F : I x I — X such that
F(s,0) = f(s) and F(s,1) = f'(s),
F(0,t) = zp and F(1,t) = a1,
for each s € I and each t € I. We call F' a path homotopy between f and f'.

Definition 2.6. [3] Let 1x : (X,7) — (X,7) be an identity mapping. If 1x is fuzzy
homotopic to a constant, then (X, T) is called a fuzzy contractible space.

Definition 2.7. [7] Let (X, 7) be a fuzzy topological space. A function
Y*: FaO(X, 1) — I¥

is called a fuzzy operator on FaO(X,T), if for each p € FaO(X,7) with p # Ox,
Fint(u) < 4" () and *(0x) = Ox.

Remark 2.1. [7] It is easy to check that some examples of fuzzy operators on FaO(X, 1)
are the well known fuzzy operators viz. Fint, Fint(Fcl), Fcl(Fint),
Fint(Fcl(Fint)) and Fcl(Fint(Fcl)).

Definition 2.8. [7] Let (X, 7) be a fuzzy topological space and * be a fuzzy operator on
FaO(X, 7). Then any fuzzy c-open set p € IX is called fuzzy a-p*-open if p < ¥* ().
The complement of a fuzzy a-1y*-open set is said to be a fuzzy a-y*-closed set.

Definition 2.9. [7] Let (X1,71) and (X2, 72) be any two fuzzy topological spaces. Let 1)*

be a fuzzy operator on both FaO(X1,71) and FaO(Xa,m). Any function f: (Xi,71) —

(Xo, ) is said to be a fuzzy a-h*-continuous function if for every p € Fa-*-O(Xa, ), f (1) €
Fa—w*—O(Xl, 7'1).
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3. FUZZY a-¢*-HOMOTOPY

In this section, the concept of fuzzy a-1y*-homotopies is introduced. Then proved
that the fuzzy a-v*-homotopy is an equivalence relation. Some interesting properties of
fuzzy a-1*-homotopies are studied.

Definition 3.1. Let (X, 7) be a topological space. Let V C X and x, be the characteristic
function of V.. Then the fuzzy topology introduced by V is V. = {x, : V € 7} and the pair
(X, V) is said to be a fuzzy topological space introduced by (X, 7).

Notation 3.1. Let I be the unit interval. Let s be an Euclidean topology on I and (I,¢*)
be a fuzzy topological space introduced by the Euclidean space (1,<).

Proposition 3.1. Let (X1,71) and (X2,72) be any two fuzzy topological spaces. Let 1)*
be a fuzzy operator on both FaO(Xy, 1) and FaO(Xa, ). Let Y, Z C Xy and (Y,T,),
(Z,7,) be two fuzzy topological subspaces of (X1,71), where T, and T, are fuzzy subspace
topologies in (Y, 7, ) and (Z,1,) respectively. Let 1x, = (x, V), where x, and x, are
fuzzy a-p* closed sets in (X1, 7). Let ¢1: (Y, 7,) = (X2, m2) and ¢2:(Z,7,) = (X2, 72)
be any two fuzzy a-p*-continuous functions. If ¢1lynz = d2lynz, then ¢ : (X1,11) —
(X2, 72) defined by

o1(x), =z €Y,

p(r) =

po(x), x€Z

18 a fuzzy a-Y*-continuous function.

Definition 3.2. Let (X1,71) and (X2, m2) be any two fuzzy topological spaces. Let (I,s*) be
a fuzzy topological space introduced by (I,<) and ¥* be a fuzzy operator on FaO(Xy, 1),
FaO(Xy,12) and FaO(I,s*). Let ¢, : (X1,71) — (X2,72) be any two fuzzy a-y*-
continuous functions. Then ¢ is said to be fuzzy a-*-homotopic to ¢, if there exists a
fuzzy a-p*-continuous function H : (X1,71) X (I,¢*) — (Xo,m2) such that H(xz,0) = ¢(x4)
and H(z,1) = ¢(z) for each fuzzy point x; € FP(X1). Moreover the function H is said
to be a fuzzy a-yp*-homotopy between ¢ and ¢, denoted by ¢ ~ 5y P

Example 3.1. Let f,g: (X1,71) = (X2, ) be any two fuzzy a-1*-continuous functions.
Let H : (X1,71) x (I,6*) — (Xo,72) be defined as H(xy,t) = (1 —t)f(x) + tg(xy) for
all z € FP(X). Then H(x:,0) = f(x¢) and H(x¢,1) = g(xe). Thus f is fuzzy a-y*-
homotopic to g.

Proposition 3.2. Let (X1,71) and (Xa,72) be any two fuzzy topological spaces. Let
Y* be a fuzzy operator on both FaO(X1, 1) and FaO(Xa,m2). Let H: (X1, 1) % (I,¢*) —
(X2,72) be a fuzzy a-*-continuous function and ¢ N e ¢o. Then “zga_w%”
s an equivalence relation.

Proof. Let (X1,71) and (X2, 72) be any two fuzzy topological spaces. Let (I,¢*) be a fuzzy
topological space introduced by (I,¢) and ¥* be a fuzzy operator on FaO(I,c*).

(i) Reflexive : Let ¢ : (X1,71) — (X2,72) be any fuzzy a-1*-continuous function. As-
sume H : (X1,71) x (I,6*) — (X2, 72) be such that H(xy,7) = ¢(x), for each fuzzy point
x € FP(X1) and r € I. Then His a fuzzy a-1*-continuous function. Also, H(x¢,0) =
o(zy) and H(xg, 1) = @(z¢). Therefore, ¢ S e P
(ii) Symmetric : Suppose that ¢, p : (X1, 71) = (X2, 72) are two fuzzy a-¢*-continuous func-
tions. Let ¢ =~ Fogete P Then there exists a fuzzy «-t¢*-continuous function

H: (Xi,71) x (I,¢*) = (X2,7) such that H(x:,0) = ¢(x) and H(zs, 1) = p(ay) for
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each fuzzy point z; € FP(Xy). Let G : (X1,711) x (I,¢*) — (X2,72) be such that
G(xy,r) = H(zy, 1 — 1), for all r € I. Since H is fuzzy a-¢*-continuous, G is a fuzzy a-1)*-
continuous function. Also, G(x¢,0) = H(z¢, 1) = p(x¢) and G(xy, 1) = H(ze, 0) = (),
for each fuzzy point z; € FP(X1). Therefore, p S e P
(iii) Transitive : Suppose that ¢, p, ¢: (X1,71) = (X2,72) are any three
fuzzy a-1*-continuous functions. Let ¢ ~ e P and p >~ e ¢. Since ¢ ~ e
p, there exists a fuzzy a-1*-continuous function H : (X7, 71) % (I,¢*) — (X2, 72) such that
H(x¢,0) = p(x) and H(zy, 1) = p(xy), for each fuzzy point x; € FP(X1). Similarly, since
P=g ow ¢, there exists a fuzzy a-1*-continuous function G : (X1, 71)x(I,s*) = (X2, 72)
such that G(z¢,0) = p(z¢) and G(x¢, 1) = ¢(x¢), for each fuzzy point xy € FP(X7).

Let P: (X1,7) x (I,6*) = (X2, 72) be defined by

H(xy, 2r), ifo<r<i
P(xy,r) =
G(zy,2r—1), ifi<r<i1
for each fuzzy point x; € FP(X;) and r € I. Since H and G are fuzzy a-1*-continuous func-
tions and by Proposition 3.1, P is a fuzzy «-¢*-continuous function. Fur-

ther P(x¢,0) = H(x¢,0) = ¢(2) and P(xy, 1) = G(x, 1) = ¢(x;). Therefore, ¢ ~

[43

¥ € (;5

~ ” is an equivalence relation. ]

Hence “~ T

Proposition 3.3. Let (X1,71), (X2, 72) and (X3, 73) be any three fuzzy topological spaces.
Let * be a fuzzy operator on FaO(X1,71), FaO(X2,m) and
FaO(X3,73). If ¢ : (X1,11) = (X2,72) and ¢ : (X2,72) — (X3,73) are fuzzy a-y*-
continuous functions, then ¢ o ¢ : (X1,71) — (X3,73) is also a fuzzy a-*-continuous
function.
Proof. Let A\ € Fa-¢*-O(X3,73). As ¢ is a fuzzy «-¢*-continuous function,
¢~ 1(\) € Fa-yp*-O(X2, 7). Since ¢ is a fuzzy a-y*-continuous function and ¢~1()\) €
Fa-*-0(X2, 1), ¢~ (671 (V) € Fa-¢*-O(X1,71). Thus

P eI V) = (9o ) IV
is a fuzzy a-1p*-open set in (X1, 7). Hence ¢ o ¢ is a fuzzy a-1p*-continuous function. 0O
Proposition 3.4. Let (X1,71), (X2,7) and (X3,73) be any three fuzzy topological
spaces. Let 1* be a fuzzy operator on FaO(X1, 1), FaO(Xa, 1) and FaO(Xs,13). If ¢1
and ¢o are the fuzzy a-y*-continuous functions from (X1, 1) to (Xo,72) and that ¢ and
@2 are the fuzzy a-1p*-continuous functions from (Xo, 72) to (X3,73), then, 1o¢1 ~ et
P2 0 P.
Proof. The proof is apparent from the following steps:

(l) Y1001 gga.w*% ©1 0 P2.

(ii) o1 0 @2 Zya-m*” 02 0 3.

(iii) Transitivity of (i) and (ii) implies that ¢ 0 ¢1 =~ e P20 02. O
Proposition 3.5. Let (X1,71), (X2,72) and (Xs3,73) be any three fuzzy topological
spaces. Let 1* be a fuzzy operator on FaO(X1,71), FaO(Xa,m) and
FaO(Xs,13). Let ¢, ¢ : (X1,71) — (X2,m) be any two fuzzy a-y*-continuous
functions such that ¢ ~ e P If
0 (X2, m) = (X3,73) is a fuzzy a-yp*-continuous function, then co¢, coyp: (Xi,11) —

(X3,73) are fuzzy a-p*-continuous functions and o o ¢ ~ e TP
o



M. ROWTHRI, B. AMUDHAMBIGAI: FUZZY a-y*-HOMOTOPY AND FUZZY a-*-COVERING ... 1127

Proof. The proof is apparent. O

Proposition 3.6. Let (X1,71), (X2, 72) and (X3,73) be any three fuzzy topological spaces.
Let ¥* be a fuzzy operator on FaO(X1,71), FaO(Xa,12) and FaO(Xs,73). Let ¢, :
(X1,71) = (X2, 72) be any two fuzzy a-1p*-continuous functions such that ¢ ~ e P
Also let o,p: (Xo, ) — (X3,73) be any two fuzzy a-y*-continuous functions such that
PN Then oo ¢,pop: (X1,m) — (X3,73) are fuzzy a-1*-continuous function

and oo~ e POP

Proof. The proof is apparent. U

4. Fuzzy a-¢*-PATH HOMOTOPY

In this section, the concepts of fuzzy a-y*-paths, fuzzy a-v*-loops and fuzzy a-*-
path homotopy in fuzzy topological spaces are introduced and the properties related with
these concepts are discussed. Also, a characterization of fuzzy a-1*-contractible space is
studied.

Definition 4.1. Let (X, 7) be any fuzzy topological space and (I,s*) be a fuzzy topological
space introduced by (I,<). Let v* be a fuzzy operator on both FaO(X, ) and FaO(I,s*).
Let x4y, yr, € FP(X) be any two fuzzy points. A fuzzy a-yp*-path v : (I,¢*) — (X,7)
from xy, to y, is a fuzzy a-y*-continuous function such that v(0) = x¢, and y(1) = yi,,
0 <t; <1,i=1,2. Then the fuzzy points xy, and y., are called the initial and terminal
points of .

1=[0,1]

FIGURE 1. Fuzzy a-y*-path

Definition 4.2. Let (X, 1) be any fuzzy topological space and (1,¢*) be a fuzzy topological
space introduced by (I,<). Let ¢* be a fuzzy operator on both FaO(X,7) and FaO(I,c*).
Let 7 be a fuzzy a-y*-path in (X, T) from x¢, to yi,, where x4, y1, € FP(X). The inverse
of 7 is the fuzzy a-*-path in (X, T) from yg, to x4, defined by v'(t) = v(1 —t) for all
tel.

Proposition 4.1. Let (X, 7) be any fuzzy topological space and ¥* be a fuzzy operator on
FaO(X, 7). Let xy,,yr, € FP(X) be any two fuzzy points and if there is a fuzzy a-y*-
path in (X, ) with initial point and terminal points x, ,yi, respectively, then there exists
a fuzzy a-p*-path in (X, ) with initial and terminal points y,, x, respectively.

Proof. Let (I,¢*) be a fuzzy topological space introduced by (I,<) and ¥* be a fuzzy
operator on FaO(I,s*). Let v be a fuzzy a-1p*-path in (X, 7) with* initial and terminal
points x,, y, respectively where x¢,,y, € FP(X). Then v : (I,¢*) — (X,7) is a fuzzy
a-Y*-continuous function with v(0) = =4, and v(1) = yg,. Let 5 : (I,¢*) — (X, 7) be
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such that B(t) = v(1 —t) for every t € I. Then B(0) = y(1 —0) = (1) = y, and
B(1) = v(1 —1) = v(0) = =z, Since 7 is a fuzzy a-1)*-continuous function, S is also a
fuzzy a-1*-continuous function. Therefore 3 is a fuzzy a-¢*-path in (X, 7) with initial
and terminal points y;,, T4, respectively. ]

Definition 4.3. Let (X, 7) be any fuzzy topological space and (I,<*) be a fuzzy topological
space introduced by (I,<). Let ¥* be a fuzzy operator on both FaO(X, ) and FaO(I,s*).
Let x4, ,Yty, 215 € FP(X) and let v and § be any two fuzzy a-y*-paths in (X, T) from x4,
to yr, and yi, to zi, respectively. Then the product of v and & is the fuzzy a-y*-path v * ¢
in (X,7) from xy, to zy, which is defined by

v(2t), if 0<t<y,

(v *0)(t) =

s(2t—1), if 1<t<1

forallt e 1.

Definition 4.4. Let (X,7) be any fuzzy topological space and ¥* be a fuzzy operator
on FaO(X, 7). Let Ix : (X,7) — (X,7) be any fuzzy a-y*-continuous function with
Ix(xy) = xy¢ for all zy € FP(X). Lety, € FP(X). If Ix is fuzzy a-y*-homotopic
to a fuzzy a-*-continuous function Cx : (X,7) — (X,7) with Cx(x¢) = y¢ for all
xy € FP(X), then (X, 1) is said to be a fuzzy a-1p*-contractible space.

Example 4.1. Let (X, 7) be any fuzzy topological space, yy € FP(X) and ¥* be a fuzzy
operator on FaO(X, ). Define the functions Ix : (X,7) = (X,7) and Cx : (X,7) —
(X,7) as Ix(x¢) = x4 and Cx(xy) = y¢ for all xy € FP(X). Clearly, Ix and Cx are
fuzzy a-*-continuous functions. Define the function H(xy,t) = (1 —t)Ix(x¢) + tCx (x¢)
for all xy € FP(X). Then H(x¢,0) = Ix(z¢) and H(xt,1) = Cx(x¢). Thus Ix is fuzzy
a-1p*-homotopic to Cx. Hence (X, T) is a fuzzy a-y*-contractible space.

Definition 4.5. Let (X, 7) be a fuzzy topological space (I,s*) be a fuzzy topological space
introduced by (I,5). Let ¢¥* be a fuzzy operator on both FaO(X, 1) and FaO(I,s*). Let
Tty Y, € FP(X). Then (X, 7) is said to be a fuzzy a-y*-path connected space if for each
pair of fuzzy points x4, ,yr, € FP(X), there exists a fuzzy a-y*-path v : (I,¢*) — (X, 1)
such that v(0) = x¢, and (1) = yy,.

Proposition 4.2. Let (X,7) and (Y,0) be any two fuzzy topological spaces. Let ¥* be a
fuzzy operator on both FaO(X, 1) and FaO(Y,0). Let xy, € FP(X). Then (X, 7) is fuzzy
a-y*-contractible if and only if any fuzzy a-*-continuous function f: (Y,o0) — (X, 7)
is fuzzy a-y*-homotopic to a function Cx : (X,7) — (X,7) such that Cx(z:) = xy, for
all zy € FP(X).

Proof. Let (X, 7) be a fuzzy a-¢*-contractible space. Then there exists a fuzzy a-*-
homotopy H: (X,7)x(I,¢*) = (X, 7) between the fuzzy a-1)*-continuous function Iy :
(X,7) — (X,7) and the fuzzy a-1)*-continuous function Cx : (X,7) — (X, 7) such that
Ix(x¢) = xy and Cx(xy) = x4, for all &y € FP(X). Let f: (Y,0) — (X, 7) be a fuzzy
a-Y*-continuous function. By Proposition 3.5, Ix o f is fuzzy a-¢*-homotopic
to Cx o f. Also (Ixo f)(xt) = Ix(f(x¢)) = f(z¢) and Cx o f: (Y,0) — (X,7) is such
that (Cx o f)(xt) = Cx(f(ze)) = x¢, = Cx () for all 2 € FP(X). Thus (Ixo f) = f
and (Cx o f) = Cx. Hence f is fuzzy a-1*-homotopic to a function Cx.

Conversely, suppose that Y = X and ¢ = 7. Assume that f : (X,7) — (X, 7) is such
that f(z;) = z;. Thus f = Ix. Since f is fuzzy a-¢*-homotopic to Cx, Ix is fuzzy
a-*-homotopic to Cx. Hence (X, 7) is fuzzy a-1*-contractible. O
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Definition 4.6. Let (X, 7) be a fuzzy topological space. Let (I,s7) and (I,<5) be any two
fuzzy topological spaces introduced by (I,s1) and (I,<2) respectively. Let 1* be a fuzzy op-
erator on FaO(X,7), FaO(I,sf) and FaO(I,s;). Any two fuzzy a-y*-paths v1 and o
in (X, 7) from xy, to yi,, where x4y, € FP(X) are said to be a fuzzy a-y*-path ho-
motopy (denoted by, y1 >~ e V2 ) if there exists a fuzzy a-p*-continuous func-
tion H: (I,¢7) % (I,55) = (X, T) such that

H(0, s¢) = my, and H(1, s¢) = ys,, for all sy € FP(I) in (I,s5),

H(r, 0) = y1(r) and H(r, 1) = y2(re), for all re € FP(I) in (I,s7).
Proposition 4.3. Let (X,7) be a fuzzy topological space. Let (I,¢}) and (I,¢5) be any
two fuzzy topological spaces introduced by (I,<1) and (I,s2) respectively. Let 1* be a fuzzy
operator on FaO(X,T), FaO(I,sf) and FaO(I,). If y1 and y2 are any two fuzzy a-1* -
paths having same initial point as well as the same terminal point and v ~ e 12

then “ ~ e P ” is an equivalence relation.
-

Proof. Let x4, yt, € FP(X). Let r, € FP(I) in (I,<f) and s, € FP(I) in (I,53).

(i) Reflexive : Let v: (I,¢*) — (X, 7) be any fuzzy a-¢*-path with v(0) = =, v(1) =
Y, Let H @ (I,¢7) x (I,¢5) — (X, 7) be a fuzzy a-1*-continuous function such that
H(r¢, st) = y(r¢). Thus

H(0, s¢) = x4, and H(1, s¢) = y,, for all s, € FP(I) in (I,¢5),
H(r¢, 0) = v(r¢) and H(ry, 1) = y(r¢), for all r, € FP(I) in (I,<7).

Therefore H is a fuzzy a-1y*-path-homotopy from + to itself. Hence the relation is reflexive.
(i) Symmetric : Suppose that, v1,72 : (I,¢*) — (X, 7) are any two fuzzy a-¢*-paths
with v ~ T V2 Then there exists a fuzzy a-¢*-continuous function H : (I,¢]) x
(I,¢5) — (X, 7) such that

H(0, s¢) = x4, and H(1, st) = ys,, for all s, € FP(I) in (I,5;),
H(r¢,0) = y1(r¢) and H(re, 1) = y2(re), for all r, € FP(I) in (I,¢7).
Define a map H' : (1,¢7) x (I,s3) — (X, 7) by H'(r¢, s¢) = H(ry, 1 — s¢).

Then H' is a fuzzy a-1*-continuous function and

H'(0, s¢) = ¢, and H'(1, 8¢) = yt,, for all s, € FP(I) in (I,¢5),
H'(r4,0) = H(r, 1) = y2(r¢) and H'(ry, 1) = H(re, 0) = y1(ry),
for all r, € FP(I) in (I,<}).

Thus 72 ~ e V- Hence the relation is symmetric.
(iii) Transitive : Suppose v1,72,73 : (I,5*) = (X, 7) are any three fuzzy a-1*-paths and
N=g ow V2 and o g e V3 Let

H; - (Iagf) X (I,C;) - (X7T) and H : (Iagf) X (I¢§§) - (X7T)
be two fuzzy a-¢*-homotopies such that

H; (0, s¢) = x¢, and Hy (1, ;) = ys,, for all s, € FP(I) in (I,55),
H; (r4,0) = v1(r¢) and Hy (r¢, 1) = v2(re), for all r, € FP(I) in (I,<7).

and
Hs(0, s¢) = x¢, and Ha(1,s¢) = ys,, for all s; € FP(I) in (I,53),
Ha(r¢, 0) = v2(r¢) and Ha(re, 1) = v3(re), for all r, € FP(I) in (I,7).
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Define a map Hs : (I,<7) x (I,¢5) — (X, 7) by

H (1, 2s¢), ifo<s <4
H3(Tt78t) =
Hy(re, 25; — 1), if L < < 1.

Now,

Hs(0, s¢) = x¢, and H3(1, s) = yy,, for all s, € FP(I) in (I,s3),
H3(r¢,0) = Hi(r¢,0) = y1(r¢) and Hz(r¢, 1) = Ha(r, 0) = v3(re),
for all , € FP(I) in (I,<}).

Then Hj is fuzzy a a-¢*-continuous function by Proposition 3.1, Thus v ~ Foe 2 V3
Hence the relation is transitive.

Therefore “ ~ T PH ” is an equivalence relation. ]
Definition 4.7. Let (X, 7) be any fuzzy topological space and (I1,<*) be a fuzzy topological
space introduced by (I,<). Let ¢* be a fuzzy operator on both FaO(X, ) and FaO(I,<*).
Let v : (I,¢*) = (X, 7) be a fuzzy a-y*-path and xy € FP(X). If the initial point and
the terminal point of v are equal, that is v(0) = zy = (1), then the fuzzy a-yp*-path v is
called as the fuzzy a-y*-loop based on xy. The collection of all fuzzy a-y*-loops associated
with xy in (X, 1) is denoted by Y((X, 1), x¢).

Definition 4.8. Let (X,7) be a fuzzy topological space. Let (I,¢7) and (I,¢5) be any
two fuzzy topological spaces introduced by (I,s1) and (I,c2) respectively. Let 1* be a fuzzy
operator on FaO(X, 1), FaO(I,sf) and FaO(1,s;). Let xy € FP(X). Any two fuzzy
a-*-loops 1y andly in (X, 7) at x; are said to be fuzzy a-y*-loop homotopic at xy (denoted
by, T >~ o lo) if there exists a fuzzy a-1p*-continuous function G : (I1,¢7) % (I,¢5) —
(X, 7) such that
G(0,pr) =9 (1,pr) = a, for all py € FP(I) in (I,c3),
G (st,0) =11(st) and G (s¢,1) =la(st), for all sy € FP(I) in (I,s7).

Proposition 4.4. Let (X,7) be a fuzzy topological space. Let (I,¢}) and (I,¢5) be any
two fuzzy topological spaces introduced by (I,¢1) and (I,<2). Let ¥* be a fuzzy oper-
ator on FaO(X,7), FaO(l,sf) and FaO(l,¢). Let ~i,v : (I,¢f) — (X, 1) be
any two fuzzy a-y*-paths. If H : (I,<f) x (I,65) — (X, 7) is fuzzy a-y*-loop homotopy

between 1 and 7o, that is 1 = gy V25 then ‘{:906*10*“2‘%0 ” is an equivalence relation
on Y((X,7),z¢).
Proof. The proof is obvious by taking z;, = y, in the Proposition 4.3. O

Notation 4.1. Let (X, 7) be any fuzzy topological space and (I,5*) be a fuzzy topological
space introduced by (I,<). Let ¥* be a fuzzy operator on both FaO(X,T) and FaO(I,s*).
If vy € Y((X,7),x¢), then ] denotes the fuzzy a-1b*-path homotopy equivalence class that
contains vy and m ((X,7),2z¢) denotes the set of all fuzzy a-y*-path homotopy equivalence
classes on

Y((X,7),2), that is,

(X, 7),x¢) = {[7] : v is a fuzzy a-*-loop in X based on x;}.
Definition 4.9. An operation “o” is defined on w1 ((X, ), x¢) by

[l e [ya] = [ * 2]
where [y1], [v2] € m (X, 7),2¢) and v1 * ¥2 is defined as in Definition 4.3.
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Definition 4.10. Let (X, 7) be any fuzzy topological space and (I,<*) be a fuzzy topological
space introduced by (I,<). Let v* be a fuzzy operator on both FaO(X, ) and FaO(I,s*).
Let .7 : (I1,¢*) — (X, 1) be the fuzzy a-1p*-loop defined by 7 (s¢) = xy for each sy € FP(I)
in (I,¢*) and x, € FP(X). Then m1((X,7),x¢) is said to be a-y*-fundamental group of
(X, 7) at z¢ if the following conditions are satisfied:

(i) Identity : If (7], [7] € m (X, 7),21), then [F]o[y] = [y o [Z] = [];

(i) Inverse : If [7]),[7'] € m((X,7), @), then [7] o [v'] = [y'] o [y] = [#];
(iii) Associative : If [y1], [v2], [73] e m((X,7),x¢), then

(In] e [e]) o sl = [mle (2 o [vs))-

Definition 4.11. Let (X1,71) and (X2,72) be any two fuzzy topological spaces. Let
Y* be a fuzzy operator on both FaO(X1,7) and FaO(Xa, ). Let xy, € FP(X1),
Yt, € FP(X2). Let mi((X1,71),2t,) and m1((X2,72),Yt,) be any two a-p*-fundamental
groups of (X1,11) at xy, and (X2, 72) at ys, respectively. Any function f : w1 (X1, 71), 24,)
— m((X2,72),yt,) is said to be a fuzzy a-yp*-homomorphism if f([y1] o [y2]) = f([1]) o
f(el), for all [n], [y2] € m((X1,71), 24,).

Moreover, the fuzzy a-y*-homomorphism is said to be a fuzzy a-y*-isomorphism if it
1s bijective.
Proposition 4.5. Let (X, 1) be a fuzzy a-1)*-path connected space where ¥* is a fuzzy
operator on FaO(X, 7). Let x¢,,y, € FP(X) be any two fuzzy points and w1 (X, T), x¢,)
and ™ ((X,7T),yt,) are two a-1p*-fundamental groups of (X, 7) at x4, and yi, respectively.
Then there exists a fuzzy a-1p*-isomorphism from m ((X,7), ) onto w1 (X, 7), yt, ).

Proof. Let v be a fuzzy a-i*-path from x;, to y, in (X, 7) and 7% be the inverse fuzzy
a-yp*-path of v such that ~i(t) = y(1 —t). Let 7o : m((X,7),24,) — m((X,7), yz,)
be defined by 7 ([o]) = [¥]] o [o] o [y] for each [0] € 71 ((X,7), 7, ). Now for all [o],[p] €
7['1((X, T)vxh)v

Yo([o] o [p]) = o[ * p], as in Definition 4.9

7 %o %y %~ % px~], as in Definition 4.9

=[']oloxplol]
= [y' * o % p* 1], as in Definition 4.9
= [y %o % pxr]
= [y" o] o [p* 7], as in Definition 4.9
= [y'xo]o[FL]o[pxy], by (i) of Definition 4.10
=[x o]0 I xpx]
= [y xolo[yx'xpxn]
=
=

Y x oy xpx]

=[x oxrloy xpxa]

= Yo([o]) o 70 ([p])-
Thus vs([o] o [p]) = Y6([o]) 0 v6([p]). Hence, v, is a fuzzy a-1p*-homomorphism. Similarly,
if % m(X,7),y1,) — 7r1((X, 7),xy, ) is defined by ~.([e]) = [y] o [0] o [y"] for each

[U] € Wl((X’T)thl)a then ’Y<Z> : Wl((XaT)ath) - Wl((XvT)zxtl) is also a fUZZy O"d}*'
homomorphism.
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Now for each [o] € m1((X,T),x¢,),
(7% © %) ([0]) = 5 (3 ([0]))
=7l xo ]
=[y* (v x0 x7)*7]
=[(y*~") o *(y*~%)], by (iii) of Definition 4.10
=[F x0 x.F], by (i) of Definition 4.10
= [o].
Thus (7}> 07.)([o]) = [o]. Hence 7};0% is an identity function on 71 ((X, 7),x¢, ). Similarly,
(Yo ©72)([0]) = [0]. Hence 7y, 04", is also an identity function on 71 ((X,7),x¢,). There-

fore, v, is a fuzzy a-y*-isomorphism. Hence -+, is a fuzzy a-¢*-isomorphism between
Trl((XaT)a:Eh) and Wl((X,T),th)- O

5. FUZZY a-¢y*-COVERING SPACES

In this section, the concepts of fuzzy a-y*-open functions, fuzzy a-1*-homeomorphisms
and fuzzy a-y*-covering spaces are introduced and some interesting properties are dis-
cussed.

Definition 5.1. Let (X,7) and (Y,0) be any two fuzzy topological spaces. Let *
be a fuzzy operator on both FaO(X,7) and FaO(Y,0). Any function f: (X, 7) —
(Y,0) is said to be a fuzzy a-1p*-open function if for each X € Fa-y*-O(X,T) the image
f(A) € Fa-p*-O(Y,0).

Definition 5.2. Let (X, 7) and (Y, o) be any two fuzzy topological spaces. Let 1* be a fuzzy
operator on both FaO(X,T) and FaO(Y, o). If the bijective function f: (X,7) — (Y, 0)
and its inverse function are fuzzy a-y*-continuous functions, then the function f is said

to be a fuzzy a-y*-homeomorphism. Moreover, (X,7) and (Y,0) are said to be fuzzy
a-p*-homeomorphic spaces.

Definition 5.3. Let (X,7) be a fuzzy topological space and ¥* be a fuzzy operator on
FaO(X, 7). A collection ¥ = {\; € Fa-¢*-O(X,7),i € J,J is an indezed set} is called
a fuzzy a-p*-open cover of (X, 7) if Vieshi = 1x.

Definition 5.4. Let (X,7) and (X,7) be any two fuzzy topological spaces. Let 1* be a
fuzzy operator on both FaO(X,T) and FaO(X,%). Let X; C X, i € J, where J is an
indexed set and {x, € Fa-*-O(X, 1)} be a fuzzy a-y*-open cover of (X,T), where x
is a characteristic function of X;, for each i € J respectively. Let ¢ : (X,7) — (X, ) be
a fuzzy a-Y*-continuous function.

Then any fuzzy a-y*-open subspace (X;,7x,;) of (X, T) is said to be fuzzy a-1*-evenly
covered by the function ¢ if

@bil(XXi) = v?:l{XSj € Fa'¢*‘O(X7%)}7
where S; C X, Xs, is a characteristic function of S; and {ij }’]?:1 s a non-overlapping
family and also each ¢|s; : (S;j,7s;) — (Xi,TXi) is an onto fuzzy a-y*-homeomorphism.
Then ¢ is said to be a fuzzy a-y*-covering function and (X,T) is said to be a fuzzy
a-1* covering space of (X, 7). Also for each j € J, Xs, is called a fuzzy a-y*-path compo-
nent of qﬁ*l(xxi) and each member in {Xxi} of a fuzzy a-1p*-open cover of (X, 1) is called
a fuzzy a-*-admissible open set in (X, ).
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Proposition 5.1. Let (X, 7) and (X,7) be any two fuzzy topological spaces. Let ¢* be a
fuzzy operator on both FaO(X,T) and FaO(X, 7). Then the fuzzy a-1p*-covering function
¢: (X, 7) = (X,7) is always a fuzzy a-1p*-open function.

Proof. Let A\ € Fa-¢*-O(X,7) and x; < ¢(\) where 2, € FP(X). Assume that 7; < X
where #; € FP(X), such that ¢(#;) = x;. Since ¢ is a fuzzy a-y*-covering function,
there exists a fuzzy a-y*-evenly covered subspace (X1,7 ) of (X,7) such that z; < x
and gb*l(xxl) = vj:l{ij € Fa-y*-0(X,7)}, where S; C X and {ij ', is a non-
overlapping family and ¢|[g; : (Sj,7s;) — (Xl,TXl) for each j € J, J is an indexed set, is
an onto fuzzy a-v*-homeomorphism.

Let & < X, . Since A, x5, € Fa-p*-O(X,7), (A A xg,) € Fa-y*-0(X,7). As ¢|s, :
(51,7s,) = (X1, 7y, ) is an onto fuzzy a-1)*-homeomorphism,

¢)|Sl ()‘ A Xsl) S Fa'q/]*'O(leTxl)'

Thus (AN X, ) € Fa-p™-O(X1, 7y ). Then ¢(ANA X, ) € Fa-p™-O(X, 7). Since 7y < A
and Ty < Xg , Tt < (AN Xg, ). Thus, ¢(Z1) < ¢(A A X, ). Clearly, 21 < d(AA X, ).

Since ¢(A A Xg,) < ¢(A) and 2 < (A A X, ) < @(A), d(A) € Fa-y*-O(X, 7). Hence ¢

is a fuzzy a-y*-open function. O

Definition 5.5. Let (X,7) be a fuzzy topological space and * be a fuzzy operator on
FaO(X, 7). Then (X, 1) is said to be fuzzy a-1p*-locally path connected if for any xy €
FP(X) and for any A € Fa-yp*O(X, 1) with xy < A, there exist some fuzzy a-1p*-path con-
nected open subspace (Y, T, ) of (X, T) such that x; < x, < X, where x, 1is a characteristic
function of Y.

Proposition 5.2. Let (X,7) and (X',f') be any two fuzzy topological spaces. Let ¥* be a
fuzzy operator on both FaO(X,7) and FaO(X,7). Let AC X and ¢ : (X,7) — (X,7)
be a fuzzy a-y*-covering function. Let (A, Ta) be a fuzzy a-y*-locally path connected and
fuzzy a-p*-connected subspace of (X, 7). If A C X and the characteristic function X i
of A is a fuzzy a-yp*-component of qS_l(XA), then ¢|; : (A, ;) — (A,7a) is a fuzzy
a-p* -covering function.

Proof. Let xy € FP(A) and choose a fuzzy a-1*-admissible open set x,, such that z; < x,
where A,U C X and x,, is a characteristic function of U is such that x, € Fa-y] O(X, 7).

Let U; € X,i = 1,2,..n and {Xg,} be the collection of fuzzy a-i*-path components

of ¢~ 1(x,). Since ¢ is a fuzzy a-1*-covering function, ¢|0i : (Ui,%ﬁi) — (U,1y) is an
onto fuzzy a-¢*-homeomorphism. Clearly, (U N A),7,,,) is fuzzy a-i*-evenly covered
by {XUi A ¢ H(x )} ,. Since (A,74) is fuzzy a-1*-locally path connected, there exists
a fuzzy a-1*-path connected open subspace (V, 74, ) of (A,74) where V' C A such that
z < x, and x, < (x; AXy4)- Then (V,74,) is fuzzy a-y*-evenly covered by ¢. Thus
any fuzzy a-1*-component X, of ~1(x, ) is such that X dX 5 then X, < x;- Thus

¢li: (A, 77) = (A,7a) is a fuzzy a-1*-covering function. O

Definition 5.6. Let (X,7) and (Y,0) be any two fuzzy topological spaces. Let
v* be a fuzzy operator on both FaO(X,7) and FaO(Y,0). Let ¢ : (X,7) — (Y,0) be
a fuzzy a-*-continuous function and [y] € m((X,7),xt) where v is a fuzzy a-y*-
loop in X based at xy. Then the fuzzy a-y*-induced homomorphism of p is denoted by
b - (X, 7),20) — 11 (Y, 0), (1)) and it is defined by bu(]) = [6 0] for all [y] €
T (X, 7), ).
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Definition 5.7. Let (X,7), (X,7) and (Y,0) be any three fuzzy topological spaces.
Let * be a fuzzy operator on FaO(X, 1), FaO(X,7) and FaO(Y,0). Let ¢ : (X,7) —
(X,7) be a fuzzy a-1p*-covering function and f : (Y,0) — (X, 7) be any function. Then
a lift of f is a fuzzy a-y*-continuous function f : (Y,0) = (X,7) such that o f = .
In otherwords, f lifts f.

Proposition 5.3. Let (X,7), (X,7) and (Y,
V* be a fuzzy operator on FaO(X,7), FaO(X,
be a fuzzy a-*-covering function and f : (Y,
function. If a lift of f exists, then

fe(@m((Y,0),40)) < ou(m((X,7), 21))
where #; € FP(X) and y; € FP(Y).

o) be any three fuzzy topological spaces. Let
7) and FaO(Y,0). Let ¢ : (X,7) = (X, 7)

o) = (X,7) be a fuzzy a-yY*-continuous

Proof. Let f: (Y,0) — (X,7) be a lift of f. Then by Definition 5.7, f = ¢ o f.

This implies that f, = (¢ o f)*

m ((Y,0),y,) ———— m (X, 1), %)

Let us choose y; € FP(Y) such that f(y;) = #; where &; € FP(X).
Then for [y] € mi((Y,0),y),

Since~fo ~ is a fuzzy a-1*-loop at @, foy € ng()z,%),i“t). This implies that f.([7]) €
Trl((X77z)7i.t)' Hence f*(ﬂl((Y7a)7yt)) S ¢*(7T1((X77-)753t))

O
6. ACKNOWLEDGMENT

We would like to thank the reviewers for the thoughtful comments and efforts towards
improving our manuscript.



M.

ROWTHRI, B. AMUDHAMBIGAI: FUZZY «a-¢*-HOMOTOPY AND FUZZY «a-¢*-COVERING ... 1135

7. CONCLUSION

In this paper, the concepts of fuzzy a-1*-homotopies and fuzzy a-1y*-path homotopies

are introduced and some of their interesting properties are studied. Also, the concept of
a-y*-fundamental group in a fuzzy topological space is established and its role on fuzzy
a-Y*-homotopy is also discussed. Finally, the notion of fuzzy a-y*-covering spaces is
introduced and some of its properties are studied.
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