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ON THE NORMS OF R-CIRCULANT MATRICES INVOLVING
BALANCING AND LUCAS-BALANCING NUMBERS

KALIKA PRASAD!, MUNESH KUMARI', HRISHIKESH MAHATO, §

ABSTRACT. In this article, we investigate the r-circulant matrices B[r] and C[r] involv-
ing the balancing and Lucas-balancing numbers respectively with arithmetic indices. For
matrices B[r] and C[r], we establish the direct formula for the eigenvalues, the determi-
nant, the Euclidean norm and the bound for the spectral norm. Furthermore, we extend
the concept to right circulant matrices and skew-right circulant matrices and, investigate
all the above results including the sum identities and divisibility.
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1. INTRODUCTION

Special number sequences like Fibonacci, Lucas, Horadam, Pell, Jacobsthal, Mersenne,
etc., are widely studied topics in number theory. Especially generalizations of a number
sequence, establishing new identities and their application in other branches have become
very popular among the researchers (for example, see [1, 5, 11, 33, 20, 17]). Interestingly,
Ozkan, et al. [22] studied the relationship of new families for k-Lucas numbers with clas-
sical Fibonacci and Lucas numbers, later in [23] they studied new families of the Gauss
k-Jacobsthal and Gauss k-Jacobsthal-Lucas numbers. In [26], Prasad et. al. proposed
a generalized recursive matrix made with k-step Fibonacci numbers and shown their ap-
plication in cryptography, later in [27], they extended the concept to generalized Lucas
matrices. In [28], Ray et. al. studied the image scrambling with the balancing numbers
and balancing transformations.

Construction of special matrices with a number sequence, investigation of its algebraic
properties and their application in cryptography, image processing, signal processing, etc.,
are very interesting research subjects in matrix analysis, some work in this direction can

! Department of Mathematics, Central University of Jharkhand, Ranchi, India, 835205.
e-mail: klkaprsd@gmail.com; ORCID: https://orcid.org/0000-0002-3653-5854.
e-mail: muneshnasir94@gmail.com; ORCID: https://orcid.org/0000-0002-6541-0284.
e-mail: hrishikesh.mahato@cuj.ac.in; ORCID: https://orcid.org/0000-0002-3769-0653.
* Corresponding author.
§ Manuscript received: April 12, 2022; accepted: September 28, 2022.
TWMS Journal of Applied and Engineering Mathematics, Vol.14, No.2 (©) Isik University, Department
of Mathematics, 2024; all rights reserved.
The first and second authors are supported by the ” University Grant Commission (UGC)”, India.

672



K. PRASAD, M. KUMARI, H. MAHATO: ON THE NORMS OF R-CIRCULANT MATRICES ... 673

be seen in [19, 24, 13]. In recent years, several articles on the construction of Toeplitz
matrices, Hankel matrices and r-circulant matrices involving a number sequence appeared.
The study shows the investigation of properties like some norms, the closed form formula
for eigenvalues and the determinants involving the number sequences (see [7, 8, 9, 14, 15]).
In the study of the construction of these matrices, a traditional way is to pick up a
number sequence and make its terms as the entries of matrices and then investigate further
properties.

Recently, A.C.F. Bueno studied the right circulant matrices with Pell and Pell-Lucas
numbers [8] and Fibonacci numbers [6], after that they investigated r-circulant matrices
with Fibonacci & Lucas numbers in [7] and Horadam numbers in [9] having arithmetic
indices. Some works in this direction and their extension are due to Akbulak, et.al.[2],
Gokbasg, et.al.[14, 15], Shen[30] and Solak[31].

These special matrices are widely used in solving different types of differential equations
[32, 12], image and signal processing [3, 10] and vibration analysis|21], etc.

Two of such fascinating number sequences are the balancing numbers and Lucas-
balancing numbers. The concept of balancing numbers and balancers was originally in-
troduced in 1999 by Behera et al.[4].

A natural number n is said to be balancing number [4] with balancer r if it satisfy the
Diophantine equation

I1+243+..+(n—-1)=n+1)+n+2)+...+(n+7).

The Balancing number B, and Lucas-balancing number C), are defined by the recurrence
relation

Bpio =6By4+1 — By,n >0 with By =0,B; =1, (1)

Cria=6Cn11 — Cp,n >0 with Co =1,B; = 3. (2)
The first few terms of balancing and Lucas-balancing numbers are
n |01 2 3 4 5 6 7 8

B,|0 1 6 35 204 1189 6930 40391 235416
Cp|1 3 17 99 577 3363 19601 114243 665857

The closed form formula for any number sequences is a very useful tool to derive identities.
For balancing and Lucas-balancing numbers, the closed form formulas(Binet’s formula)
are, respectively, given[29] as

n n n n n n
o) ey o — oy _ay oy
B, = = and Cp = ———,

a1 — 2V/8 2

where a; = 3+ V8 and ay = 3 — /8. And, also we have
ar+a; =6, —ap = 28 and ajog = 1.

(3)

Definition 1.1. [7] A r-circulant matriz is defined as

Co C1 C Cn—2 Cn—1
rCpn—1 Co C1 Cn—3 Cn—2
rCn—9 TCph—-1 Co Cn—4 Cn—3

Plr] = . : s : ol
TrCo rcs rcy Co C1
rc rCo rcs .. TCp-—1 Co

where 7 € C—{0}. The r-circulant matriz Plr] can be determined by the vector
d = (co,C1,€2, ..., Cn—2,Cn—1) where @ is called the circulant vector.
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Definition 1.2. Forr =1 and r = —1, the r-circulant matrices are known as the right
circulant matrices and the skew-right circulant matrices, respectively.

The r-circulant matrices are the Toeplitz matrices[16] and they are diagonal-constant
matrices.

Definition 1.3. For any matriv A = [aij]nxn, the Euclidean norm of A is denoted by
||A||g and defined as

and the spectral norm of A, denoted by ||Al|2 is defined by
1A[l2 = maz{|Ail},
where i = 0,...,n — 1 and \s are eigenvalues of A.

Definition 1.4. The eigenvalues of r-circulant matrices P[r] are given as

n—1

At = Z ci(pw™t)?

=0
where p is the n-th root of r, w is the n-th root of unity andt =0,1,...,n — 1.

Lemma 1.1. By the virtue of [7], the Euclidean norm for r-circulant matrices P[r] is
given by

1P[rlle = i lcil?[n — (1 = |r[?)). (4)
=0

Lemma 1.2. For any = and y, we have H?;ol (x —ypw™?) = 2" — ry™.
The following identities of the balancing numbers and Lucas-balancing numbers [25, 4]
will be used to prove our main result.

Lemma 1.3. For all integers m and n, we have
(1) Bn = 70412—042 and Gy, = “12 2 ;r%,
(2) Bm—an+n = (Bm - Bn)(Bm + Bn)v
(3) Cn-mCrnim — Cﬁ - %(027% - 1):

(4) Cop, =202 —1 (if m=nin (3)).

1) B

2. MAIN RESULTS

Let us define r-circulant matrices B[r] = [b;;7;_; and C[r] = [¢;]7;_; with balancing
(By,) and Lucas-balancing (C,,) numbers, respectively, as,

bl] = Bs+(j*i)t : 7’ S j and Cij — CS+(j*i)t . 'L S _7
rBsynj—iyt * 1>1J TCsp(ntjiyt : ©>]
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i.e of the form

B; Byt Bt Bs+(n—2)t Bs+(n—1)t
TBer(nfl)t B; Byt Bs+(n73)t Bs+(nf2)t
B[T] _ TBS-{-'(’N,—Q)LL 7/‘Bs—&-'(n—l)t ?S Bs—&-('n—4)t Bs—i—(.n—S)t , (5)
rBsyot rBsyst  rBsyar ... Bg Byt
rBstt 7Bt rBsiat ... rBs+(nfl)t B; 1xn
Cs Cott Corat - Cs+(n—2)t Cs—l—(n—l)t-
TCer(nfl)t Cs Cs+t Cs+(n73)t Cs+(n72)t
C[’I“] _ "”Cer‘(an)t TCs+.(n71)t st Cs+(‘nf4)t Cer(‘nfS)t 7 (6)
rCs 12t rCs 13t rCsiat - Cs Cstt
TCs+t TCS+2t TCS+315 TCS+(n_1)t CS 1nxn

where r € C — {0} and s,t are arbitrary integer.

In this article, we investigate the above r-circulant matrices B[r| and C[r] with entries
balancing numbers(B,,) and Lucas-balancing numbers(C,,), respectively.

Our aim is to obtain the eigenvalues, determinants, Euclidean norms and the spectral
norm for the matrices B[r| and C[r].

Lemma 2.1. For integers s and t, we have

1 Bs_t :s>t
Gp(s,t) = z—ﬂ(afaé —ataf) =140 :s=t
By s :s<t
and
1 Cs_y 18>t
Ge(s,t) = Q(afozé +alas) =41 :s=t
Ot—s s <t
Proof. Tt can be easily proved using the relation ajas = 1 and (1) of Lemma 1.3. O

In the following subsection, we obtain the eigenvalues for matrices B[r] and C[r].

2.1. Eigenvalues of B[r] and CJr].

Proposition 2.1. The eigenvalues of r-circulant matrices B[r] are

By —rBsynt — (GB(s,t) — rBs—i—(n—l)t)Pwik

M S T a0 a )

where p is the n-th root of r, w is the n-th root of unity and k =0,1,2,...,n — 1.
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Proof. From Definition 1.4, we have

n—1 . n—1 oStmt _ o stmt N
Ak(r) = Z Boymi(pw ™)™ =Y [ ! 73 : ] (pw™")™ (using Lemma 1.3)
= m=0
1 n—1 n—1
kym
- oo ot et o |
2f L 0 m=0

I
Q

m=
_ 1 o 1-— alpw —kyn e 1 — (abpw=F)"
2[ 1—atpw— 2\ 1 - abpwF

1—raft 1—raft
1= ok po—F — a3 T~k
— ol pw 1—a5pw

2v8 |

_ 1 [[/af—rast™ N s ragtm
2v8 [\ 1—afpw=* 1 — abpw=*

_ 1 (041 raT™ — a8 +rast™ — (afad — ofag)pwF
2v/8 (1 —ajpw=*)(1 — abpw=F)

T(ai+(n71)t . a;+(n1)t)pw_k>
(1 —afpw=F)(1 — abpwF)
Bs —rBsint — (GB(Sa t) - TBs+(n—1)t)pw

- ing (1) of L 1.3
(1 — aﬁpw—k)(l _ Oétpr_k) (usmg ( ) of Lemma )’

1 Bs_y s>t
where Gp(s,t) = m(aﬁag —atas) =<0 ts=t.
Bi_s :s<t
This completes the proof. ]
For r =1 and r = —1 in the above proposition, we get the eigenvalues for the right cir-

culant and the skew-right circulant balancing matrices respectively, given in the following
corollary.

Corollary 2.1. The eigenvalues of circulant matrices B[1] and B[-1] are, respectively,
Bs — Bsnt — (GB(S t) - Bs+(n 1)t)w_k
(1—-dw )1 - abw™F)

B + Bs+nt - (GB(Sa t) + Bs—i—(n—l)t)’rwik

Ae(B[) = (1—-71alw=F)(1 — Tabtw=F) ’ (8)

Ak (BI1]) and (7)

where T is n-th root of —1 and k =0,1,2,....n — 1.
Corollary 2.2. For k=0 in eqn.(7), we have

P s+mt — 2(1 _ Ct) .

Proof. Using ajay =1 and (1) of Lemma 1.3, we write

(1-01)(1-ah) = 1+aja)— (o] +ab)
2 —2C4.

As required. O
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Proposition 2.2. The eigenvalues of r-circulant matrices C[r] are given by

Cs —rCsint — (Gc(S, t) - TCs+(n—1)t)pw_k
(1 —ajpw=F)(1 — ahpw=F)

o(r) =

Y

where p is the n-th root of r, w is the n-th root of unity and k =0,1,2,...,n — 1.

Proof. The argument is similar to Proposition 2.1 where G¢(s,t) is as defined in the
Lemma 2.1. ([l

Here, the eigenvalues for the right circulant and the skew-right circulant Lucas-balancing
matrices are given by setting r = 1 and r = —1 in the above proposition as follows.

Corollary 2.3. The eigenvalues of circulant matrices C[1] and C[-1] are, respectively,
Cs — Cs—i—nt - (GC(S, t) - Cer(nfl)t)w_k
(1-dw )1 - abwF)

Cs + Csynt — (Go(s,t) + Cs+(n71)t)7'wfk

1) = 1
ox(C1=1]) (1—71alw=F)(1 — Tabw=F) ’ (10)

where T is n-th root of —1 and k =0,1,2,....n — 1.

o (C[1]) and (9)

Thus, for £ = 0 in eqn.(9), we obtain the finite sum formula for Lucas balancing numbers
having arithmetic indices as follows

nz_:l C . Cs = Csqnt — Gc(S, t) + Cs+(n—1)t
= 2(1-Cy) '

Now, we aim to obtain the determinant and norms of r-circulant balancing and Lucas-
balancing matrices.

2.2. Determinants and norms of B[r] and Clr].

Theorem 2.1. The determinants of r-circulant matrices B[r] and C[r] are given, respec-
tively, by

(BS - TBS-HLt)n - T(GB(Sﬂ t) - TBer(nfl)t)n

det(B[r]) = RS and (11)
(Cs = 1Csynt)” —1(Ge(s,t) —rCop(n_1)e)”
det(C[r]) = i oo HooE (12)

Proof. We establish the result using the fact that the determinant is a product of eigen-
values. Here,

= = Bs —rBsynt — (GB(s:t) — rBs-i—(n—l)t)pwik
[JRUGEE | (1 — ol poF) (1 — alpwF)
k=0 k=0 1P 20
_ (Bs - rBs-‘rnt)n - T(GB(S, t) - TBer(nfl)t)n (usin Lemma 1 2)
(1 —raf)(1 —raft) & ’

(Bs - TBs+nt)n - T‘(GB(S, t) - TBs—l-(n—l)t)n

1472 — 2rChy
For det(C|r]), the argument is the same as first part.
This completes the proof. O
As a special case of Theorem 2.1, for ¥ = 1 and r = —1 the determinant of right

circulant and skew-right circulant matrices have been obtained in the following corollary.
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Corollary 2.4. The determinant of matrices B[1] and B[-1] are, respectively,
(BS - Bs+nt)n - (GB(S7 t) - Ber(nfl)t)n

det(B[1)) = e and
det(B[—l]) _ (Bs + Bernt)n ;‘(iiBé:;) + Bs—l—(n—l)t)n .

Corollary 2.5. The determinant of matrices C[1] and C[-1] are, respectively,
(Cs = Csnt)" — (Ge(s,t) — Cer(nfl)t)n

den i) = 2(1 — Chy) and
det(C’[—l]) _ (Cs + Cs—l—nt)n ;(iicg;t? + Cs-i—(n—l)t)n.

2.3. Matrix norms. In the case of r-circulant matrices Br| and C]r], we have the fol-
lowing results.
The norm ||.||; and ||.||« for a matrix A = [a;j]mxn are given[18], respectively, by

HAHl__ max §:|a”]and L4Hm-— max §:|a”| (13)

Theorem 2.2. For balancing numbers B,, and Lucas-balancing numbers C,,, we have
B, "B Cif ) > 1
HB[T]HI _ HB[T]HOO _ n‘i‘l‘T’ Z s+mt Zf |7" )
Zmzo Bsimt vif ’7" <1,
Co+ P omzy Copme i f |7 > 1,
anzlo Cstmt cif || < 1.

Now, in the following theorems, we establish the euclidean norm and bounds for the
spectral norm.

IC[l = [ICTr]llee = {

Theorem 2.3. The Euclidean norm of r-circulant matrices B|r| is given by

n—1 2 _
1B = | 3 () - ma = )

m=0

Proof. From Lemma 1.1, we have

n—1
IBIE = D IBswme'ln —m(1 — |r[*)]
m=0

n—1 s+mt s+mt 2
Ckl _a2 2 o
= B — n—m(l—I|r using (1) of Lemma 1.3
m§0< 27 )[ (1 —1Ir[*)] (using (1) )

( (s4mi) <Hwn>_2>[n__nml_¢rﬁn
<02 (s-+mt) ) n—m(1 — |r|?)]
(R

2
205+mt >[ —m(1—|r?)] (using (4) of Lemma 1.3).

33
*—‘o

I
M

33
Ll

3
]
o
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This completes the proof. ]

Special case of above theorem for r = £1 gives the Euclidean norm of the right circulant
and the skew right circulant matrices with balancing numbers as

IBIETs = 4| n Z (%mt )

Theorem 2.4. The Euclidean norm of r-circulant matrices C|r] is given by

— C s+mt
IClrlle = \| 3 (50 - 1 )

m=0

Proof. The argument is the same as the previous theorem. O

Corollary 2.6. The Euclidean norm of right circulant and skew right circulant matrices
with Lucas-balancing numbers are given by

IC[H|[e =

Proof. Setting r = +1 in the Theorem 2.4, we get

n—1
C2s m +1
ICELllE = Z( ) >n

m=0

n n—1
= 5 02 s+mt) + 1)

m=

[e=]

= n Z C2 (using (4) of Lemma 1.3).

As required. O
2.3.1. Bounds for the spectral norms.
Theorem 2.5. Bounds for the spectral norms of r-circulant matrices B[r] are given by

|Bo| + [7l|Bsntl + 1[G (s, )] + || 7 By 1)t|
£(p)I?

where &(p) = min{|1 — alpw ], |1 - abpw "]},

[B[r]l]2 < (14)

Proof. From Proposition 2.1, for k =0,1,2,...,n — 1, we write

Bs - rBs—&—nt - (GB(S, t) - 74Bs+(nfl)t)pw_k
(1 = afpw)(1 - ahpw=*)

Ae(r)] =

| Bs| + |7l Bssnt| + |7+ (IG5(5,8)] + 71| Bor (n—1)el)
(1 — o pwF)][[(1 — abpw )]

| Bs| + [r|| Bsnt| + 771G (s, 8)| + r|7 1 Bys (1l

= BOE




680 TWMS J. AND APP. ENG. MATH. V.14, N.2, 2024

where £(p) = min{|1 — ol pw=*|,|1 — abpw="|}. Thus, we can conclude that
1 1
_ Bol F [Pl Bosne] + 1+ |G (s, )] + [r[» | Bo nonyl

£(p)[?
As required. O

|1 Blr][l2

Theorem 2.6. Bounds for the spectral norms of r-circulant matrices C|r] are given by
1 1

_ NGl + Pl Copmt] + |G (s, )] + [+ Cog nnel

- €(p)[? ’

where &(p) = min{|1 — afpw™], |1 — abpw™"|}.

ICTr]ll2 (15)

Proof. The argument is similar to the above theorem, where G¢(s,t) is as defined in the
Lemma 2.1. ([l

As a special case of above theorems, we have the following corollary.

Corollary 2.7. Bounds for spectral norms of right circulant matrices B[1] & C[1] and
skew-right circulant matrices B[-1] & C[-1] are respectively

|Bs| + [Bstnt| +[GB(s, )| + | Bst(n-1t]

1B < o , (16)
o1 < Bt B+ G+ B -

o < I Cooml G0+ Cotaoid »
el < [0 o 6ol 01+ Coroone )

where £(w) = min{|1 —aw™k|, |1 —abw™"|}, (1) = min{|1 — ol Tw k|, |1 —abrw™"|} and
Gp(s,t),Geo(s,t) are as defined in the Lemma 2.1.

Theorem 2.7. If r € Z, then (Bs — rBsym)" — r(GB(s,t) — 1By (n_1))" and (Cs —
7Cs1nt)" —17(Ge(s,t) = rCsy(n—1))" are multiple of 1+ r2 — 2rChpy.

Proof. Since, the entries of matrices B[r] and C[r] are integers and we know that the
determinant of matrices whose entries are integers is an integer. So det(B][r]), det(C[r]) €

Z. Hence
(Bs - TBernt)n - T(GB(Sa t) - TBS-{—(n—l)t)n 7
14+7r2— 2rCht <
and
(Cs - TCernt)n - T(GC(S’ t) - 7ﬁC’s—‘,—(n—l)t)n 7
1+7r2— 2rChyt €&
It gives that (Bs —rBsint)" —7(GB(8,t) =7 Bsp(n_1)t)" and (Cs —7Csyne)" —7(Go(s,t) —
7Cst(n—1))" are multiple of 1 + 72 — 2rChy. O
By setting » = 1 and » = —1 in the above theorem, we have the following corollary.

Corollary 2.8. For balancing numbers By, and Lucas-balancing numbers Cy,, we have
(1) (BS - BS-HLt)n - (GB(Sv t) - Bs—l—(n—l)t)n and (CS - CS-HLt)n - (GC(87 t) - Cs+(n—1)t)n
are multiple of 2(1 — Cpy).
(2) (Bs+Bsint)" +(GB(s,t) +Bs+(n—1)t)n and (Cs+ Csynt)" +(Go (s, 1) +Cs+(n—1)t)n
are multiple of 2(1 + Cpy).
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3. CONCLUSION

In summary, here we have studied the r-circulant matrices B[r] and C[r| involving the
balancing and Lucas-balancing numbers respectively with arithmetic indices. For matrices
B(r] and C[r], we have established the direct formula for the eigenvalues, the determinant,
the Euclidean norm and the bound for the spectral norm. Furthermore, we have extended
the concept to right circulant matrices and skew-right circulant matrices and established
all the above results. Lastly, we have obtained some interesting results and identities
involving sum identities and divisibility.
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