TWMS J. App. and Eng. Math. V.14, N.2, 2024, pp. 696-702

ON EDGE IRREGULARITY STRENGTH OF LADDER RELATED
GRAPHS

UMME SALMA!, H. M. NAGESH'", §

ABSTRACT. For a simple graph G, a vertex labeling ¢ : V(G) — {1,2,...,k} is called
k-labeling. The weight of an edge zy in G, written wy(zy), is the sum of the labels
of end vertices « and y, i.e., wg(ry) = ¢(x) + ¢(y). A vertex k-labeling is defined to
be an edge irregular k-labeling of the graph G if for every two different edges e and f,
wg(e) # we(f). The minimum k for which the graph G has an edge irregular k-labeling
is called the edge irregularity strength of G, written es(G). In this paper, we investigate
the edge irregularity strength of ladder graph, triangular ladder graph, and diagonal
ladder graph.

Keywords: Irregularity strength, edge irregularity strength, ladder graphs, triangular
ladder graphs, diagonal ladder graphs.
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1. INTRODUCTION

Let G be a connected, simple and undirected graph with vertex set V(G) and edge
set E(G). By a labeling we mean any mapping that maps a set of graph elements to a
set of numbers (usually positive integers), called labels. If the domain is the vertex-set
(the edge-set), then the labeling is called vertex labelings (edge labelings). If the domain
is V(G) U E(G), then the labeling is called total labeling. Thus, for an edge k-labeling
0: E(G) — {1,2,...,k} the associated weight of a vertex x € V(G) is ws(z) = > d(zy),
where the sum is over all vertices y adjacent to x.

Chartrand et al. [5] defined irregular labeling for a graph G as an assignment of labels
from the set of natural numbers to the edges of GG such that the sums of the labels assigned
to the edges of each vertex are different. The minimum value of the largest label of an
edge over all existing irregular labelings is known as the irregularity strength of G and it
is denoted by s(G). Finding the irregularity strength of a graph seems to be hard even
for simple graphs [5].
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Motivated by this, Baca et al. [4] investigated two modifications of the irregularity
strength of graphs, namely total edge irreqularity strength, denoted by tes(G); and total
vertex irreqularity strength, denoted by tvs(G). Motivated by the work of Chartrand et
al. [5], Ahmad et al. [1] introduced the concept of edge irregular k-labelings of graphs.

A vertex labeling ¢ : V(G) — {1,2,...,k} is called k-labeling. The weight of an
edge zy in G, written wg(zy), is the sum of the labels of end vertices z and y, i.e.,
we(zy) = ¢(x) + ¢(y). A vertex k-labeling of a graph G is defined to be an edge irregular
k-labeling of the graph G if for every two different edges e and f, wg(e) # wg(f). The
minimum k for which the graph G has an edge irregular k-labeling is called the edge
irregularity strength of G, written es(G). Over the last years, es(G) has been investigated
for different families of graphs including trees with the help of algorithmic solutions. For
the survey of graph labelings, we refer to [3].

2. PRELIMINARY RESULTS

In [1], the authors estimated the bounds of the edge irregularity strength and then de-
termined its exact values for several families of graphs namely, paths, stars, double stars,
and Cartesian product of two paths. Ahmad et al. [2] determined the edge irregularity
strength of Toeplitz graphs. Tarawneh et al. [10] determined the exact value of edge irreg-
ularity strength of corona product of graphs with paths. Tarawneh et al. [11] determined
the exact value of edge irregularity strength of disjoint union of graphs. Umme Salma et
al. [12] determined the edge irregularity strength of sunlet graph. Recently, Nagesh et
al. [8] determined the edge irregularity strength of line graph and line cut-graph of comb
graph. Motivated by the studies above, in this paper we investigate the edge irregularity
strength of ladder graphs, triangular ladder graphs, and diagonal ladder graphs. For the
proof technique, we refer to [6, 7, 9].

The following theorem in [1] establishes the lower bound for the edge irregularity
strength of a graph G.

Theorem 2.1. Let G = (V, E) be a simple graph with mazimum degree A(G). Then
es(G) > maz{ [ A(G)}.
3. EDGE IRREGULARITY STRENGTH OF LADDER GRAPH

The n-ladder graph is defined as L, = P> X P,, where P, is a path on n vertices.
The following results in [1] are well known.

Theorem 3.1. Let P, be a path on n > 2 vertices. Then es(P,) =

—
I3
R

(5] for n = 1(mod 4)

Theorem 3.2. Let C,, be a cycle onn > 3 vertices. Then es(C,,) =
" Y . (Cn) {VQL} +1 otherwise

In the next theorem, we find the exact value of edge irregularity strength of ladder
graph.

Theorem 3.3. Let L,, n > 1, be a ladder graph. Then es(Ly) = [2%-1].

Proof. Let G = L,, n > 1, be a ladder graph. We consider the following three cases.
Case 1: For G = Ly, by Theorem 3.1, es(L1) = 1.

Case 2: For G = Ly, by Theorem 3.2, es(L2) = 3.

Case 3: For a ladder graph L,, n > 3, let us consider the vertex set and the edge set:

V(Lp) ={zi: 1<i<n}u{yj:1<j<n},
E(Ln) = {ﬂfiﬂfi+1 1< < n—l}U{yjyj+1 1<y Sn—l}u{xiyj 1<i<n1<j< TL}
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Clearly, |V(Ly)| = 2n, |E(Ly,

)| = 3n — 2, and the maximum degree A = 3. According to

the Theorem 2.1, es(Ly,) > maz{[22%2],3}. Since [#%-1] > 3 for n > 3, es(L,) > [#51].

To prove the equality, it suffices to prove the existence of an edge irregular |

3117 _labeling.

Define a labeling on vertex set of L,, as follows:

7

i+
T;) =
d(x:) it
i+ 27
1
j+1
P(yj) =

for 1 <i<2
fori=25+1,7>1
fori=45,7>1
fori=454+2,5>1

for j =1
for j=2i4+1,:>1

j42—1 forj=4i—2,i>1

j42i—1 forj=4i,i>1

The edge weights are as follows:

() =1
we(Tiy;) =

AL PR
Forn>2andn#4l+1,1>1,

We (T45—3T4i—

We(T4i—2T45-1) = 121
We(Tai—174) =120 —2 for 1 <i <[
We(T4524i41) =120+ 1 for 1 <i <

We(Yaj—3yaj—2) = 12j —8 for 1 <j <

We(Yaj—2yaj—1) =125 =5 for 1 <j <
we(Yaj—1yaj) =125 =3 for 1 <j <

We(Yajyaj41) =12 for 1<j <[

Forn>2andn=4+1,1>1,

W (T4i—3T 45—

We (T4i—2T45—1) = 121 —

9) = 12i —

2) =121 —

fori=j5=1
for2<i<n,2<j<n,1<l<n-1

9 for 1<i<
-6 for 1 <i<

—

"

|
3 — — RIS RIS
I3 a3 — —
R R —

|
EERIENN

1.

IS

9 for 1<i<|2].

6 for 1<i<|%].

w3

IS

we(Tgi—1244) = 120 — 2 for 1 <4 < | %]

we(TaiTai1) =120+ 1 for 1 <i <[4
We(Yaj—3Yaj—2) =125 — 8 for 1 <j < L%J
we(Yaj—2yaj—1) =125 =5 for 1 <35 <[]

We(ysj—1ya;) =125 — 3 for 1 <j < [2].

Wwe(yajyajp) = 125 for 1 <5< [2].

On the basis of above calculations we see that the edge weights are distinct for all
pairs of distinct edges. Hence the vertex labeling ¢ is an edge irregular [%1 —labeling.

Therefore, es(Ly,) = [#5-1].

O
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4. EDGE IRREGULARITY STRENGTH OF TRIANGULAR LADDER GRAPH

A triangular ladder graph of order n > 2, denoted by T'L,,, is the graph obtained from
a ladder graph by adding single diagonal edge to each rectangle.

In the next theorem, we determine the bounds for the edge irregularity strength of
triangular ladder graph.

Theorem 4.1. Let T'L,, n > 2, be a triangular ladder graph. Then
[2n — 1] < es(TL,) < 2n.

Proof. Let G =TL,, n > 2, be a triangular ladder graph. We consider the following two
cases.
Case 1: For G = T'Lo, let us consider the vertex set and edge set:

V(TLy) ={z;:1<i<2}U{y; : 1 <j <2},
E(TLy) = {z122, 1192, 1y, xiy; - 1 <1 <2,1 < j <2}

Clearly, |V(TLs)| = 4, |E(TL2)| = 5, and the maximum degree A = 3. According to the
Theorem 2.1, es(T'La) > max{3,3} =3 = [2n — 1].
For the upper bound, we define a vertex labeling ¢ as follows:

d(x1) = 1;0(22) = 3;0(y1) = 25 P(y2) = 4.

The edge weights are as follows:

we(r122) = 4;we(y1y2) = 6, we(z1y2) = 5, we(z1y1) = 3; and we(z2y2) = 7.

On the basis of above calculations we see that the edge weights are distinct for all pairs
of distinct edges. Therefore, the vertex labeling ¢ is an edge irregular 2n—labeling, i.e.,
es(TLy) < 2n.

Case 2: For a triangular ladder graph T'L,,, n > 3, let us consider the vertex set and the
edge set:

V(TL,) ={z; : 1 <i<n}U{y;:1<j<n},
E(TL,) ={ziziy1:1<i<n—-1}U{yjyj41:1 <j<n-—1}U
{riyj:1<i<n—-1,2<j<n}U{zy;:1<i<n,1<j<n}

Clearly, |V(TLy,)| = 2n, |E(TL,)| = 4n — 3, and the maximum degree A = 4. According
to the Theorem 2.1, es(T'L,,) > max{[2n—1],4}. Since [2n—1] > 4 forn > 3, es(TL,) >
[2n —1].

To prove the equality, it suffices to prove the existence of an edge irregular 2n—labeling.
Define a labeling on vertex set of T'L,, as follows:

d(x;) =2i—1for 1 <i<n;oy;) =27 for 1 <j<n.
The edge weights are as follows:
we(Tixip1) =4i for 1 <i<n-—1.
we(Yjyj41) =47 +2 for 1<j<n—-1
we(ziy;) =4i—1 for 1 <i<n.
We(ziyiq1) =4i+1 for 1 <i<n—1.

On the basis of above calculations we see that the edge weights are distinct for all pairs
of distinct edges. Therefore, the vertex labeling ¢ is an edge irregular 2n—labeling, i.e.,
es(TLy,) < 2n. O
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5. EDGE IRREGULARITY STRENGTH OF DIAGONAL LADDER GRAPH

A diagonal ladder graph of order n > 2, denoted by DL,, is the graph obtained from
ladder by adding two diagonals to each rectangle.

In the next theorem, we determine the bounds for the edge irregularity strength of
diagonal ladder graph.

Theorem 5.1. Let DL, n > 2, be a diagonal ladder graph. Then
(2521 < es(DLy) < [#5H].

Proof. Let G = DLy, n > 2, be a diagonal ladder graph. We consider the following two
cases.
Case 1: For G = DLs, let us consider the vertex set and edge set:
V(DLy) ={x; : 1 <i<2}U{y;:1 <5 <2},
E(DLz) = {z122, 1y2, T1Y2, Y122, 73y; : 1 <1 < 2,1 < j <2}
Clearly, |V(DL2)| =4, |E(DL2)| = 6, and the maximum degree A = 3. According to the
Theorem 2.1, es(DLy) > maz{4,3} = 4 = [2%3].
For the upper bound, we define a vertex labeling ¢ as follows:

d(x1) = L, o(x2) = 5;0(y1) = 2;0(y2) = 3.

The edge weights are as follows:

wg(r172) = 6; we(Y1y2) = 5, wy(Tiy:) = 51 — 2,1 <0 < 2 wg(w1y2) = 4, we(y172) = 7.

On the basis of above calculations we see that the edge weights are distinct for all pairs
of distinct edges. Therefore, the vertex labeling ¢ is an edge irregular [5%-1]— labeling,

2
ie., es(DLg) < [5"2_11.

Case 2: For a diagonal ladder graph DL,, n > 3, let us consider the vertex set and the
edge set of DL,,:

V(DLy) ={z;: 1 <i<n}U{y;:1<j<n},

E(DLy,) ={zizit1 : 1 <i<n—-1}U{yyj+1:1<j<n—-1}U
{ziyj:1<i<n-1,2<j<n}U{yzi:1<j<n-1,2<i<n}U
{ziyj:1<i<n1<j<n}

Clearly, |V(DLy)| = 2n, |E(DLy,)| = 5n — 4, and the maximum degree A = 5. According
to the Theorem 2.1, es(DL,) > maz{[2%2],5}. Since [2%52] > 5 for n > 3, es(DL,) >
(5n273‘|'

To prove the equality, it suffices to prove the existence of an edge irregular [%;11 —labeling.
Define a labeling on vertex set of DL,, as follows:

¢(x1) = 15 ¢(x2;) = 5i for i > 15 ¢(x9:41) = 4i +1+2 for i > 1,1 > 0.
¢(y;) =j+1for 1 <j <25 ¢(yzj1) =55 +2 for j > 1
D(Ya(jp1)) =4j +1+4for j >1,1>0.

The edge weights are as follows:

we(Tixip1) =5i+1 for 1 <i<n-—1
we(yjyj+1) =55 for 1<j<n—1.
we(ziy;) = 51 —2 for i > 1.
we(21y2) = 45wy (x2iy2i41) = 100 +2 for 7 > 1.
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w¢(x2i+1y2i+2) =10i+4 for ¢>1.
w¢(y2¢,1x2i) =10 —3 for 1 Z 1.
w¢(y2ix2i+1) =10i —1 for 1 Z 1.

On the basis of above calculations we see that the edge weights are distinct for all pairs

of distinct edges. Therefore, the vertex labeling ¢ is an edge irregular [%} — labeling,

ie., es(DLy) < [22-1]. O
6. CONCLUSION

In this paper, we investigated the edge irregularity strength, as a modification of the
well-known irregularity strength, total edge irregularity strength and total vertex irregu-
larity strength. We determined the edge irregularity strength of ladder graphs, triangular
ladder graphs, and diagonal ladder graphs. However, to determine the edge irregularity
strength of different ladder graphs such as circular triangular ladder graphs, mobius ladder
graphs, etc, still remain open.
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