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GLOBAL EXISTENCE OF SOLUTIONS FOR A WEAKLY COUPLED

SYSTEM OF THREE DAMPED σ-EVOLUTION EQUATIONS

A. MOHAMMED DJAOUTI1, §

Abstract. In this paper our purpose is the study of the Cauchy problem for weakly
coupled system of three semi-linear damped σ-evolution equations. Using pLmXL2

q´L2

linear estimates combined with fractional Gagliardo-Nirenberg inequality. We find the
so-called pp1 ´ p2 ´ p3q planes for the global (in time) existence. Moreover, from the
interaction between the parameters m1,m2,m3 P r1, 2q in one hand and σ1, σ2, σ3 ě 1
in the other hand. We proved lower bounds for powers nonlinearities similarly to the
modified Fujita exponent, which are in the form of planes pp1´p2q, pp1´p3q and pp2´p3q.

Weakly coupled system; σ-evolution equation; frictional damping, visco-elastic damping,
Additional regularity; Global existence.

AMS Subject Classification: 35L52, 35B44.

1. Introduction

Let us consider the Cauchy problem for weakly coupled system of three semi-linear
damped σ-evolution equations :

utt ` p´∆qσ1u` ut ` p´∆qσ1ut “ |w|
p1 ,

vtt ` p´∆qσ2v ` vt ` p´∆qσ2vt “ |u|
p2 ,

wtt ` p´∆qσ3w ` wt ` p´∆qσ3wt “ |v|
p3 ,

(1)

equipped with the initial data

up0, xq “ u0pxq, utp0, xq “ u1pxq,

vp0, xq “ v0pxq, vtp0, xq “ v1pxq,

wp0, xq “ w0pxq, wtp0, xq “ w1pxq,

where

t ě 0, x P Rn, σ1, σ2, σ3 ě 1, p1, p2, p3 ą 1.

Here, we used the usual expressions for the time derivatives

u :“ upt, xq, ut :“
Bu

Bt
pt, xq, utt :“

B2u

Bt2
pt, xq, pt, xq P r0,8q ˆ Rn.
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of Mathematics, 2024; all rights reserved.

873



874 TWMS J. APP. AND ENG. MATH. V.14, N.2, 2024

The Laplacian operator p´∆qσ is defined as usual through the direct and inverse Fourier
transform F , F´1 as :

pp´∆qσfqpxq “ F´1
´

|ξ|2σF pfq pξq
¯

pxq, px, ξq P Rn ˆ Rn, |ξ| “

g

f

f

e

k“n
ÿ

k“0

ξ2k.

|D|a with a ě 0 stand for the pseudo-differential operators with symbol |ξ|.
It is clear that the problem (1) is a generalization to the single semi-linear σ-evolution
equation with frictional ut and visco-elastic p´∆qσut damping

utt ` p´∆qσu` ut ` p´∆qσut “ |u|
p ,

up0, xq “ u0pxq, utp0, xq “ u1pxq.
(2)

Before state the main results of global (in time) existence to (1), let us recall some previous
results for (2). The important goal in the study of single semi-linear equations or weakly
coupled systems of two equations is to derive the so-called critical exponent or critical
pp ´ qq curve respectively. Indeed, the critical exponent pcrit or critical pcrit or critical
pp ´ qq curve is exactly the threshold between two important results, the first one is the
global (in time) existence of small data solutions for any p ą pcrit or hpp, qq ă n, while
the second one is the blow-up of solutions (no global solution) for p ď pcrit or n ď hpp, qq,
where h is an appropriate function of p and q. Here, the relation hpp, qq ă n is called
pp´ qq plane.
For (2) several papers [4], [6] and [7] have derived the modified Fujita exponent where σ “
1. In [10] the general case σ ě 1, the authors derived the following form of pcritpn,m, σq:

pcritpn,m, σq “ 1`
2mσ

n
, m P r1, 2q, (3)

where m is the parameter of additional Lm regularity of the data pu0, u1q

pu0, u1q P pH
σ X Lmq ˆ pL2 X Lmq.

We remark that the frictional damping has the dominant influence, then pcritpn,m, σq in
(3) is exactly the critical exponent to

utt ` p´∆qσu` ut “ |u|
p ,

up0, xq “ u0pxq, utp0, xq “ u1pxq.
(4)

For more details the reader can see [3] if m “ 1. Let us now consider the weakly coupled
system :

utt ` p´∆qσ1u` ut “ |v|
p ,

vtt ` p´∆qσ2v ` vt “ |u|
q ,

up0, xq “ u0pxq, utp0, xq “ u1pxq,
vp0, xq “ v0pxq, vtp0, xq “ v1pxq,

, (5)

where σ1, σ2 ě 1, p, q ą 1. In [11] the authors studied the global (in time) existence of
small data solutions by using pL1 X L2q ´ L2 linear estimates to the corresponding linear
equation, they shown also the influence of σ1, σ2 in the critical pp ´ qq curve. Finally,
they prove also the optimality of pp ´ qq curve by using the test function method. For
more detail about this method one can see [2, 5, 9, 10, 11] and reference therein. In this
paper we take different additional regularities of the data, this method is inspired from
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[12] where the author studied the following weakly coupled system

utt ´∆u` bptqut “ |v|
p ,

vtt ´∆v ` bptqvt “ |u|
q ,

up0, xq “ u0pxq, utp0, xq “ u1pxq,
vp0, xq “ v0pxq, vtp0, xq “ v1pxq,

. (6)

where bptq satisfies some suitable conditions. The author used different Lm1 , Lm2 regu-
larities for the data in the treatment of global existence (in time) of small data solution.
The authors proved the existence of a lower bounds less than the modified Fujita exponent
which stated in (3). So, motivated by these results our goal is study the Cauchy problem
of weakly coupled systems of three equations (1) under different additional regularities
to get the lower planes than the pp1 ´ p2q, pp1 ´ p3q or pp2 ´ p3q planes. That is, we
use different pLmk X L2q ´ L2 linear estimates for solutions to the corresponding linear
equations appeared in (1)

ytt ` p´∆qσy ` yt ` p´∆qσyt “ 0,
yp0, xq “ y0pxq, ytp0, xq “ y1pxq,

(7)

where mk P r1, 2q and show the interaction between σ1, σ2, σ3 and m1,m2,m3 which leads
to the global (in time) of small data solution to (1).

2. Notations

Through this paper, we use the following notations:

‚ f À g when there exists a constant C ą 0 such that f ď Cg. This means that
these constants does not play any role in our studies.

‚ Sobolev spaces (see [2] for more detail)

HσpRnq :“
!

f P S1pRnq : }f}HσpRnq “ }p1` | ¨ |
2q

σ
2 Fpfq}L2pRnq ă 8

)

.

‚ For the sake of simplicity, we omit the notation Rn in all spaces and write L1, Lm,
L2, Hσ instead of L1pRnq, LmpRnq, L2pRnq and HσpRnq. In particular, we write
the admissible data spaces as follows:

Amk
σk

:“
`

Hσk X L1
˘

ˆ
`

L2 X Lmk
˘

, k “ 1, 2, 3,

such that if pf, gq P Amk
σk

we have the following norm:

}pf, gq}Amσk
“ }f}Hσk ` }f}L1 ` }g}L2 ` }g}Lmk .

In Section 3 we state the main results of the global (in time) existence to (1) with
some examples. In the last section we prove our main theorems using linear estimates
pLm X L2q ´ L2 explained as well in the same section before the main proof.

3. Main results

It is naturally that the system behave like one single equation if the power nonlinearities
satisfy the Fujita condition. So, for this reason we consider that two power nonlinearities
not satisfied this condition. This assumptions generate two loss of decay estimates for
pu, vq or pu,wq or pv, wq in order to obtain the pp1 ´ p2 ´ p3q curve.

Theorem 3.1. Let m1,m2,m3 P r1, 2q and σ1, σ2, σ3 ě 1 such that

σ3 ď σ1 ď σ2
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and

n0 “ min
! 4σ1

2´m2
,

4σ2
2´m3

,
4σ3

2´m1

)

.

With respect to the dimension n we distinguish the following cases:

‚ for 2σ2 ă n ď n0, then we assume

2

m1
ď p1 ď

n

n´ 2σ3
,

2

m2
ď p2 ď

n

n´ 2σ1
,

2

m3
ď p3 ď

n

n´ 2σ2
, (8)

‚ for 2σ1 ă n ď 2σ2, then we assume

2

m1
ď p1 ď

n

n´ 2σ3
,

2

m2
ď p2 ď

n

n´ 2σ1
,

2

m3
ď p3 ă 8, (9)

‚ for 2σ3 ă n ď 2σ1, then we assume

2

m1
ď p1 ď

n

n´ 2σ3
,

2

m2
ď p2 ă 8,

2

m3
ď p3 ă 8, (10)

‚ for n ď 2σ3, then we assume

2

m1
ď p1 ă 8,

2

m2
ď p2 ă 8,

2

m3
ď p3 ă 8. (11)

Moreover, we suppose

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

2

m1
ď p1 ď

m3

m1
`

2m3σ3
n

,

n

2m3σ3
ď

1` p2

p1p2 ´ 1` p2

´

σ3
σ1
´ 1

¯

m3
m1
`

´

1´ m3σ3
m2σ1

¯ ,

1`p3`p2p3

pp1p2p3´1q´p2p3

´

1´
σ3
σ1

¯

m3
m1
´p3

´

σ2
σ1
´1

¯

m3σ3
m2σ2

`

´

1´
σ3
σ2

¯

m3
2

ă n
2m3σ3

.

(12)

There exists a constant ε ą 0 such that for any data

´

pu0, u1q, pv0, v1q, pw0, w1q

¯

P B “: Am1
σ1 ˆAm2

σ2 ˆAm3
σ3

with

I0 “
›

›

›

´

pu0, u1q, pv0, v1q, pw0, w1q

¯›

›

›

B
ă ε,

then there exists a uniquely globally determined (in time) solution

pu, v, wq P
3
ź

k“1

´

C pr0,8q, Hσkq X C1
`

r0,8q, L2
˘

¯
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to (1). Furtheremore the solution satisfies the estimates

}upt, ¨q}L2 À p1` tq
´ n

2σ1

´

1
m1
´ 1

2

¯

`γpp1qI0,

}utpt, ¨q}L2 À p1` tq
´ n

2σ1

´

1
m1
´ 1

2

¯

´1`γpp1qI0,

}|D|σ1upt, ¨q}L2 À p1` tq
´ n

2σ1

´

1
m1
´ 1

2

¯

´ 1
2
`γpp1qI0,

}vpt, ¨q}L2 À p1` tq
´ n

2σ2

´

1
m2
´ 1

2

¯

`δpp1,p2qI0,

}vtpt, ¨q}L2 À p1` tq
´ n

2σ2

´

1
m2
´ 1

2

¯

´1`δpp1,p2qI0

}|D|σ2vpt, ¨q}L2 À p1` tq
´ n

2σ2

´

1
m2
´ 1

2

¯

´ 1
2
`δpp1,p2qI0,

}wpt, ¨q}L2 À p1` tq
´ n

2σ3

´

1
m3
´ 1

2

¯

I0,

}wtpt, ¨q}L2 À p1` tq
´ n

2σ3

´

1
m3
´ 1

2

¯

´1
I0,

}|D|σ3wpt, ¨q}L2 À p1` tq
´ n

2σ3

´

1
m3
´ 1

2

¯

´ 1
2 I0.

Here, γpp1q represents the loss of decay in comparison with the corresponding decay es-
timates for the solutions u of the corresponding linear Cauchy problems with vanishing
right-hand sides which defined

‚ If p1 ă
m3
m1
` 2m3σ3

n , then γpp1q “ 1´ np1
2m3σ3

` n
2m1σ3

ą 0,

‚ If p1 “
m3
m1
` 2m3σ3

n , then γpp1q “ ε0.

For δpp1, p2q represents the loss of decay in comparison with the corresponding decay es-
timates for the solutions u of the corresponding linear Cauchy problems with vanishing
right-hand sides which defined

‚ If n
2m3σ3

ă
1`p2

p1p2´1`p2

´

σ3
σ1
´1

¯

m3
m1
`

´

1´
m3σ3
m2σ1

¯ , then

δpp1, p2q “ 1´
np2

2m1σ1
`

n

2m2σ1
` p2γpp1q ą 0,

‚ If n
2m3σ3

“
1`p2

p1p2´1`p2

´

σ3
σ1
´1

¯

m3
m1
`

´

1´
m3σ3
m2σ1

¯ , then

δpp1, p2q “ ε1,

where ε0 and ε1 are a sufficiently small positive numbers.

Remark 3.1. The upper bounds n{pn´2σkq with k “ 1, 2, 3 appear due to the application
of the fractional Gagliardo-Nirenberg inequality from Lemma 4.2, while we assume the last
condition (12) to get the same decay estimates for solutions w as those to the corresponding
linear model (7).

Remark 3.2. If we change in Theorem 3.1 the order of σ1, σ2 and σ3 for example σ2 ď
σ3 ď σ1, then we get a similar (by summitry) result to Theorem 3.1, where we feel the
modification in condition (12) and the loss of decay for u changed to δpp1, p3q, whereas for
w changed to γpp3q. In this case there is no loss of decay for v. The same remark if we
take σ1 ď σ2 ď σ3.

Remark 3.3. If we also change in weakly coupled system (1) the order of power nonlin-
earties, then we get a similar result to Theorem 3.1, where we also feel the modification in
conditions (8)-(12).
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Example 3.1. Let us illustrate the obtained result with an example of a weakly coupled
system of a very well-known doubly damped semi-linear wave equation, that is

utt ´∆u` ut ´∆ut “ |w|
p1 ,

vtt ´∆v ` vt ´∆vt “ |u|
p2 ,

wtt ´∆w ` wt ´∆wt “ |v|
p3 .

On the one hand, we can see that the upper bound of p1 can be chosen smaller or larger
than the modified Fujita exponent (3) if m3 ă m1 or m3 ą m1, respectively.
On the other hand, one can shows after a straightforward calculations that the pp1 ´ p2q
curve which guarantees global (in time) existence of small data solutions to the following
weakly coupled system

utt ´∆u` ut ´∆ut “ |v|
p1 ,

vtt ´∆v ` vt ´∆vt “ |u|
p2 ,

is exactly similar to that in [12] (or also in [11] when m2 “ 1). So, in comparison with
second condition in (12) we can feel the nice influence of m2 and m3 on the pp1´p2q curve
which is smaller or larger than that in [11], [12] if m3 ă m2 or m3 ą m2.

To prove these results, we need to show some new linear estimates which are the main
tools for the following sections.

4. Linear estimates

Let us show the derived pLmXL2q ´L2 and L2´L2 linear estimates proved in [10] for
solution to (7), where the authors chose the data spaces

py0, y1q P pH
σ X Lmq ˆ

`

L2 X Lm
˘

, m P r1, 2q.

Proposition 4.1. Let σ ě 1 in (7). For all m P r1, 2q, the solutions y to (7) satisfy the
following pLm X L2q ´ L2 estimates

}B
j
t |D|

aypt, ¨q}L2 À p1` tq´
n
2σ p

1
m
´ 1

2q´
a
2σ
´j
}py0, y1q}pLmXHaqˆpLmXHra`2pj´1qσs` q

,

and the L2 ´ L2 estimates

}B
j
t |D|

aypt, ¨q}L2 À p1` tq´
a
2σ
´j}py0, y1q}HaˆHra`2pj´1qσs` ,

for any a ě 0, j “ 0, 1 and for all space dimensions n ě 1, where r¨s` “ maxt0, ¨u.

For the proof see [10].
In some parts of the proof of our main theorem we need to assume L1 regularity for the
initial data y0, then for this reason we prove the following lemma which is important if
the data

py0, y1q P
`

Hσ X L1
˘

ˆ
`

L2 X Lm
˘

, m P r1, 2q.

Lemma 4.1. Let σ ě 1 in (7) and m P r1, 2q. The solutions y to (7) satisfy the following
estimates

}ypt, ¨q}L2 À p1` tq´
n
2σ p

1
m
´ 1

2q p}y0}L1XL2 ` }y1}LmXL2q , (13)

}ytpt, ¨q}L2 À p1` tq´
n
2σ p

1
m
´ 1

2q´1 p}y0}L1XHσ ` }y1}LmXL2q , (14)

}|D|σypt, ¨q}L2 À p1` tq´
n
2σ p

1
m
´ 1

2q´
1
2 p}y0}L1XHσ ` }y1}LmXL2q . (15)

Proof. We apply the Fourier transform to the linear equation (7), then we get for any fixed
ξ P Rn the following differential equation of second order:

ŷtt ` p1` |ξ|
2σqŷt ` |ξ|

2σŷ “ 0, ŷp0, ξq “ ŷ0pξq, ŷtp0, ξq “ ŷ1pξq,
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where ŷpt, ξq “ Fpyqpt, xq.
Straightforward calculations implies that the solution to the above equation can be written
as follows:

|ξ|aBjt ŷpt, ξq “
p´1qj |ξ|2σj`ae´|ξ|

2σt ` p´1qj`1|ξ|2σ`ae´t

1´ |ξ|2σ
ŷ0pξq

`
p´1qj |ξ|2σj`ae´|ξ|

2σt ` p´1qj`1|ξ|ae´t

1´ |ξ|2σ
ŷ1pξq

“ K̂pt, ξqŷ0pξq ` Ĝpt, ξqŷ1pξq,

with j “ 0, 1 and a ě 0.
In order to estimate the L2 norm of the solution and its derivatives in small frequencies
|ξ| ă 1, we need only to estimate the L2 norm of K̂pt, ξq and Lm0 norm of Ĝpt, ξq where
m0 “ 2m{p2´mq. Then, we write:

}B
j
t |D|

aypt, ¨q}L2 À

›

›

›

›

›

p´1qj |ξ|2σj`ae´|ξ|
2σt ` p´1qj`1|ξ|2σ`ae´t

1´ |ξ|2σ

›

›

›

›

›

L2

}y0}L1

`

›

›

›

›

›

p´1qj |ξ|2σj`ae´|ξ|
2σt ` p´1qj`1|ξ|ae´t

1´ |ξ|2σ

›

›

›

›

›

Lm0

}y1}Lm .

Here, we can estimate the above two norms as follows:
›

›

›

›

›

p´1qj |ξ|2σj`ae´|ξ|
2σt ` p´1qj`1|ξ|2σ`ae´t

1´ |ξ|2σ

›

›

›

›

›

L2

À p1` tq´
n
4σ
´ a

2σ
´j ` e´t,

›

›

›

›

›

p´1qj |ξ|2σj`ae´|ξ|
2σt ` p´1qj`1|ξ|ae´t

1´ |ξ|2σ

›

›

›

›

›

Lm0

À p1` tq´
n
2σ
p 1
m
´ 1

2
q´ a

2σ
´j ` e´t,

where we used the following inequality:

}|ξ|ae´p1`tq|ξ|
b
}Lr À p1` tq

´ n
rb
´a
b , a ě 0, b ą 0, n ě 1, r ě 1.

Summarizing, we obtain

}B
j
t |D|

aypt, ¨q}L2 À

´

p1` tq´
n
4σ
´ a

2σ
´j ` e´t

¯

}y0}L1

`

´

p1` tq´
n
2σ
p 1
m
´ 1

2
q´ a

2σ
´j ` e´t

¯

}y1}Lm ,

this implies the following desired estimate for low frequencies:

}B
j
t |D|

aypt, ¨q}L2 À p1` tq´
n
4σ
´ a

2σ
´j}y0}L1 ` p1` tq´

n
2σ
p 1
m
´ 1

2
q´ a

2σ
´j}y1}Lm

À p1` tq´
n
2σ
p 1
m
´ 1

2
q´ a

2σ
´j p}y0}L1 ` }y1}Lmq ,

for m P r1, 2q.
For large frequencies |ξ| ą 1, we use the same procedure as in [10] and the proof of Lemma
4.1 is completed. �

In the following we present two important tools used in the next section. The first one
is the fractional Gagliardo-Nirenberg inequality in general form.

Lemma 4.2. Let 1 ă q0, q1, q2 ă 8, σ ą 0 and s P r0, σq. Then, the following fractional

Gagliardo-Nirenberg inequality holds for all y P Lq0 X 9Hσ,q1

}|D|sy}Lq2 À }|D|
σy}

θs,σpq0,q1,q2q
Lq1 }y}

1´θs,σpq0,q1,q2q
Lq0 ,
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where

θs,σpq0, q1, q2q “

1
q0
´ 1

q2
` s

n
1
q0
´ 1

q1
` σ

n

P

” s

σ
, 1
ı

.

The proof can be found in [1]

Lemma 4.3. Let a, b P R. Then, it holds

ż t

0
p1` t´ sq´ap1` sq´bds ď

$

&

%

Cp1` tq´minta,bu if maxta, bu ą 1,

Cp1` tq´minta,bu logp2` tq if maxta, bu “ 1,
Cp1` tq1´a´b if maxta, bu ă 1.

For the proof one can see [2]

5. Proof of Theorems 3.1

Proof. To prove Theorems 3.1 we will use Banach’s fixed point theorem. We define a
family of Banach spaces tBpT quTą0 and the operator

S : BpT q Ñ BpT q.

For any T ą 0, we introduce the Banach spaces BpT q as follows:

BpT q :“
3
ź

k“1

´

C pr0, T s, Hσkq X C1
`

r0, T s, L2
˘

¯

,

equipped with the usual norm

}pu, v, wq}BpT q “ sup
0ďtďT

!

p1` tq´γpp1qM1pt, uq ` p1` tq
´δpp1,p2qM2pt, vq

`M3pt, wqu .

The functions M1pt, uq, M2pt, vq and M3pt, wq are defined with respect to the linear esti-
mates with some loss of decay

M1pt, uq “ p1` tq
n

2σ1

´

1
m1
´ 1

2

¯

}upt, ¨q}L2 ` p1` tq
n

2σ1

´

1
m1
´ 1

2

¯

` 1
2 }|D|σ1upt, ¨q}L2

`p1` tq
n

2σ1

´

1
m1
´ 1

2

¯

`1
}utpt, ¨q}L2 , (16)

M2pt, vq “ p1` tq
n

2σ2

´

1
m2
´ 1

2

¯

}vpt, ¨q}L2 ` p1` tq
n

2σ2

´

1
m2
´ 1

2

¯

` 1
2 }|D|σ2vpt, ¨q}L2

`p1` tq
n

2σ2

´

1
m2
´ 1

2

¯

`1
}}vtpt, ¨q}L2 , (17)

M3pt, wq “ p1` tq
n

2σ3

´

1
m3
´ 1

2

¯

}wpt, ¨q}L2 ` p1` tq
n

2σ3

´

1
m3
´ 1

2

¯

` 1
2 }|D|σ3wpt, ¨q}L2

`p1` tq
n

2σ3

´

1
m3
´ 1

2

¯

`1
}}wtpt, ¨q}L2 (18)

We know that homogeneous Cauchy problem corresponding to (1) has exactly the following
representation of solution:

ulnpt, xq “ Kσ1pt, xq ˚pxq u0pxq `Gσ1pt, xq ˚pxq u1pxq,

vlnpt, xq “ Kσ2pt, xq ˚pxq v0pxq `Gσ2pt, xq ˚pxq v1pxq,

wlnpt, xq “ Kσ3pt, xq ˚pxq w0pxq `Gσ3pt, xq ˚pxq w1pxq,
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where ˚pxq denotes the convolution product with respect to space variable x, and the
kernels Kσkpt, xq, Gσkpt, xq are defined in the proof of Lemma 4.1. We apply Duhamel’s
principle to obtain the integrals representation of solution to (1)

upt, xq “ ulnpt, xq `

ż t

0
Gσ1pt´ s, xq ˚pxq |wps, xq|

p1ds

“ ulnpt, xq ` unlpt, xq,

vpt, xq “ vlnpt, xq `

ż t

0
Gσ2pt´ s, xq ˚pxq |ups, xq|

p2ds

“ vlnpt, xq ` vnlpt, xq,

wpt, xq “ wlnpt, xq `

ż t

0
Gσ3pt´ s, xq ˚pxq |vps, xq|

p3ds

“ wlnpt, xq ` wnlpt, xq.

Now, we can define our operator S : BpT q ÝÑ BpT q by the same formula

pu, v, wq ÞÝÑ Spu, v, wq “

¨

˝

uln ` unl

vln ` vnl

wln ` wnl

˛

‚.

The main goal now is to prove that the operator S satisfies for any pu, v, wq P BpT q and
pū, v̄, w̄q P BpT q the following inequalities:

}Spu, v, wq}BpT q À }pu0, u1q}Amσ1
` }pv0, v1q}Amσ2

` }pw0, w1q}Amσ3
`}pu, v, wq}p1BpT q ` }pu, v, wq}

p2
BpT q ` }pu, v, wq}

p3
BpT q,

(19)

}Spu, v, wq ´ Spū, v̄, w̄q}BpT q À }pu, v, wq ´ pū, v̄, w̄q}BpT qˆ
´

}pu, v, wq}p1´1BpT q ` }pu, v, wq}
p2´1
BpT q ` }pu, v, wq}

p3´1
BpT q ` }pū, v̄, w̄q}

p1´1
BpT q

`}pū, v̄, w̄q}p2´1BpT q ` }pū, v̄, w̄q}
p3´1
BpT q

¯

.

(20)

Using linear estimates and the fact that γpp1q, δpp1, p2q ą 0, we can reduce the proof of
(19) to

}punl, vnl, wnlq}BpT q À }pu, v, wq}
p1
BpT q ` }pu, v, wq}

p2
BpT q ` }pu, v, wq}

p3
BpT q. (21)

To prove (21) we divide the interval r0, ts into two sub-intervals r0, t{2s and pt{2, ts, where
we use from Lemma 4.1 the pLmk X L2q ´ L2 linear estimates if s P r0, t{2s and L2 ´ L2
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estimates if s P rt{2, ts, then we have

}unlpt, ¨q}L2 À

ż t{2

0
p1` t´ sq

´ n
2σ1

´

1
m1
´ 1

2

¯

}|wps, ¨q|p1}Lm1XL2 ds

`

ż t

t{2
}|wps, ¨q|p1}L2 ds, (22)

}unlt pt, ¨q}L2 À

ż t{2

0
p1` t´ sq

´ n
2σ1

´

1
m1
´ 1

2

¯

´1
}|wps, ¨q|p1}Lm1XL2 ds

`

ż t

t{2
p1` t´ sq´1 }|wps, ¨q|p1}L2 ds, (23)

}|D|σ1unlpt, ¨q}L2 À

ż t{2

0
p1` t´ sq

´ n
2σ1

´

1
m1
´ 1

2

¯

´ 1
2 }|wps, ¨q|p1}Lm1XL2 ds

`

ż t

t{2
p1` t´ sq´

1
2 }|wps, ¨q|p1}L2 ds, (24)

}vnlpt, ¨q}L2 À

ż t{2

0
p1` t´ sq

´ n
2σ2

´

1
m2
´ 1

2

¯

}|ups, ¨q|p2}Lm2XL2 ds

`

ż t

t{2
}|ups, ¨q|p2}L2 ds, (25)

}vnlt pt, ¨q}L2 À

ż t{2

0
p1` t´ sq

´ n
2σ2

´

1
m2
´ 1

2

¯

´1
}|ups, ¨q|p2}Lm2XL2 ds

`

ż t

t{2
p1` t´ sq´1 }|ups, ¨q|p2}L2 ds, (26)

}|D|σ2vnlpt, ¨q}L2 À

ż t{2

0
p1` t´ sq

´ n
2σ2

´

1
m2
´ 1

2

¯

´ 1
2 }|ups, ¨q|p2}Lm2XL2 ds

`

ż t

t{2
p1` t´ sq´

1
2 }|ups, ¨q|p2}L2 ds, (27)

}wnlpt, ¨q}L2 À

ż t{2

0
p1` t´ sq

´ n
2σ3

´

1
m3
´ 1

2

¯

}|vps, ¨q|p3}Lm3XL2 ds

`

ż t

t{2
}|vps, ¨q|p3}L2 ds, (28)

}wnlt pt, ¨q}L2 À

ż t{2

0
p1` t´ sq

´ n
2σ3

´

1
m3
´ 1

2

¯

´1
}|vps, ¨q|p3}Lm3XL2 ds

`

ż t

t{2
p1` t´ sq´1 }|vps, ¨q|p3}L2 ds, (29)

}|D|σ3wnlpt, ¨q}L2 À

ż t{2

0
p1` t´ sq

´ n
2σ3

´

1
m3
´ 1

2

¯

´ 1
2 }|vps, ¨q|p3}Lm3XL2 ds

`

ż t

t{2
p1` t´ sq´

1
2 }|vps, ¨q|p3}L2 ds. (30)

To control integrals in (22) to (24) we need to estimate the following norms:

}wps, ¨q}p1
L2p1

, }|wps, ¨q|p1}Lm1XL2 “ }wps, ¨q}
p1
Lm1p1 ` }wps, ¨q}

p1
L2p1

.
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From the definition of the norm we have

}|D|σ3wps, ¨q}L2 À p1` sq
´ n

2σ3

´

1
m3
´ 1

2

¯

´ 1
2 }pu, v, wq}BpT q, (31)

}wps, ¨q}L2 À p1` sq
´ n

2σ3

´

1
m3
´ 1

2

¯

}pu, v, wq}BpT q. (32)

Applying the fractional Gagliardo-Nirenberg inequality from Lemma 4.2 we can estimate
the above two norms as follows:

}wps, ¨q}p1Lm1p1 À p1` sq
´p1

n
2m3σ3

` n
2m1σ3 }pu, v, wq}p1BpT q,

}wps, ¨q}p1
L2p1

À p1` sq
´p1

n
2m3σ3

` n
4σ3 }pu, v, wq}p1BpT q. (33)

Hence, we conclude

}|wps, ¨q|p1}Lm1XL2 À p1` sq
´p1

n
2m3σ3

` n
2m1σ3 }pu, v, wq}p1BpT q, (34)

provided that
2

m1
ď p1 ď

n

n´ 2σ3
forall 2σ3 ă n ď

4σ3
2´m1

.

We have

p1` t´ sq « p1` tq for s P r0, t{2s, p1` sq « p1` tq for s P rt{2, ts. (35)

Using (35), then we obtain from (34) the estimate for r0, t{2s
ż t{2

0
p1` t´ sq

´ n
2σ1

´

1
m1
´ 1

2

¯

}|wps, ¨q|p1}Lm1XL2 ds À

$

’

’

&

’

’

%

p1` tq
´ n

2σ1

´

1
m1
´ 1

2

¯

`1´
np1

2m3σ3
` n

2m1σ3 }pu, v, wq}p1BpT q if p1 ă
m3
m1
` 2m3σ3

n ,

p1` tq
´ n

2σ1

´

1
m1
´ 1

2

¯

`ε0
}pu, v, wq}p1BpT q if p1 “

m3
m1
` 2m3σ3

n ,

with sufficiently small positive number ε0.
For the second integral over rt{2, ts we can conclude

p1` tq
´

np1
2m3σ3

` n
4σ3 }pu, v, wq}p1BpT q

ż t

t{2
ds À p1` tq

1´
np1

2m3σ3
` n

4σ3 }pu, v, wq}p1BpT q.

Using the same way one can obtain

}unlpt, ¨q}L2 À p1` tq
´ n

2σ1

´

1
m1
´ 1

2

¯

`γpp1q
}pu, v, wq}p1BpT q,

}unlt pt, ¨q}L2 À p1` tq
´ n

2σ1

´

1
m1
´ 1

2

¯

´1`γpp1q
}pu, v, wq}p1BpT q,

}|D|σ1unlpt, ¨q}L2 À p1` tq
´ n

2σ1

´

1
m1
´ 1

2

¯

´ 1
2
`γpp1q

}pu, v, wq}p1BpT q,

where σ3 ď σ1.
Similarly to the function u we can after straightforward computations get the desired
estimates for v and w under conditions (8) to (12). Finaly inequality (19) proved. To
prove (20) we assume that pu, v, wq and pū, v̄, w̄q belong to BpT q, then we write

Spu, v, wq ´ Spū, v̄, w̄q “

¨

˝

unl ´ ūnl

vnl ´ v̄nl

wnl ´ w̄nl

˛

‚,
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where

unlpt, xq ´ ūnlpt, xq “

ż t

0
Gσ1pt´ s, xq ˚pxq p|wps, xq|

p1 ´ |w̄ps, xq|p1qds.

Hölder’s inequality leads to

}|wps, ¨q|p1 ´ |w̄ps, ¨q|p1}Lk À }wps, ¨q ´ w̄ps, ¨q}Lkp1 (36)

ˆ

´

}wps, ¨q}p1´1
Lkp1

` }w̄ps, ¨q}p1´1
Lkp1

¯

,

where k “ m1, 2 to control all norms of unlpt, xq ´ ūnlpt, xq appearing in (16). In fact, we
will use the same approach that we proved from (22) to (24), that is

}punl ´ ūnlqpt, ¨q}L2 À
ż t{2

0
p1` t´ sq

´ n
2σ1

´

1
m1
´ 1

2

¯

}|wps, ¨q|p1 ´ |w̄ps, ¨q|p1}Lm1XL2 ds

`

ż t

t{2
}|wps, ¨q|p1 ´ |w̄ps, ¨q|p1}L2 ds,

}punl ´ ūnlqtpt, ¨q}L2 À
ż t{2

0
p1` t´ sq

´ n
2σ1

´

1
m1
´ 1

2

¯

´1
}|wps, ¨q|p1 ´ |w̄ps, ¨q|p1}Lm1XL2 ds

`

ż t

t{2
p1` t´ sq´1 }|wps, ¨q|p1 ´ |w̄ps, ¨q|p1}L2 ds,

}|D|σ1punl ´ ūnlqpt, ¨q}L2 À
ż t{2

0
p1` t´ sq

´ n
2σ1

´

1
m1
´ 1

2

¯

´ 1
2 }|wps, ¨q|p1 ´ |w̄ps, ¨q|p1}Lm1XL2 ds

`

ż t

t{2
p1` t´ sq´

1
2 }|wps, ¨q|p1 ´ |w̄ps, ¨q|p1}L2 ds.

Using again the norm of the solution space BpT q and fractional Gagliardo-Nirenberg in-
equality we can estimate the norms in (37) as follows

}wps, ¨q ´ w̄ps, ¨q}Lkp1 À p1` sq
´ n

2m3σ3
` n

2kp1σ3 }pu, v, wq ´ pū, v̄, w̄q}BpT q,

}wps, ¨q}p1´1
Lkp1

À p1` sq

´

´ n
2m3σ3

` n
2kp1σ3

¯

pp1´1q
}pu, v, wq}p1´1BpT q,

}w̄ps, ¨q}p1´1
Lkp1

À p1` sq

´

´ n
2m3σ3

` n
2kp1σ3

¯

pp1´1q
}pū, v̄, w̄q}p1´1BpT q.

Now, we use the same conditions again for p1 and n as in (8) to (12) to obtain the loss of
decay for unl ´ ūnl, and in the same way for vnl ´ v̄nl and wnl ´ w̄nl. Summarizing, the
proof of Theorem 3.1 is completed. �
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