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NEW RESULTS ON GENERALIZATION OF JORDAN
CENTRALIZERS OVER MATRIX RINGS

ARINDAM GHOSH!, OM PRAKASH?*, SUSHMA SINGH?, §

ABSTRACT. This paper presents a study on Jordan maps over matrix rings with some
functional equations related to additive maps on these rings. We first show that every
Jordan left (right) centralizer over a matrix ring is a left (right) centralizer. Moreover,
every two-sided centralizer over the matrix ring is of a particular form. Further, we
prove that any additive map satisfying functional equations over matrix rings becomes
a two-sided centralizer. Finally, we conclude our work with some results on the Jordan
left - centralizer over matrix rings and establish some results on functional equations
that arise for the x-centralizer.
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1. INTRODUCTION

Throughout, R represents an associative ring and Z(R) is its centre. Recall that a
ring R is said to be prime if xRy = 0 for some z,y € R implies either x = 0 or
y = 0 and semiprime if xtRx = 0 for some € R implies x = 0. The ring R is
called n-torsion free if there exists z € R such that nx = 0 implies ¢ = 0, where
n > 2 is an integer. A map T : R — R is said to be a left (right) centralizer if
T(x+y) =T(x)+T(y) and T(zy) = T(z)y (T'(zy) = 2T(y)), for all z,y € R. Tt is
well known that if R has an identity element 1 # 0 and 7" : R — R is a left (right)
centralizer, then T'(x) = T(1)x (T'(z) = 2T'(1)), for all x € R. The map T is two-sided
centralizer if it is additive and T'(zy) = T(x)y = 2T (y), for all z,y € R. Also, the map
T : R — Ris said to be a Jordan left (right) centralizer if it is additive and T'(z?) = T(x)x
(T'(2?) = 2T (x)), for all z € R.
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We can easily see that every left centralizer over a ring is a Jordan left centralizer,
but the converse need not be valid (Example 2.1). In 1952, Wendel [17], introduced left
centralizer over complex group algebra. After that, Johnson [10] formally introduced left
(right) centralizer over an associative semi-group in 1964. Jordan left centralizer over some
rings to be the left centralizer was seen in the past few years by researchers. Interestingly,
every left centralizer over a ring is a Jordan left centralizer, but the converse need not
be true. Later, in 1992, Bresar and Zalar [6] proved any Jordan left (right) centralizer
over prime rings of characteristic not equal to two is a left (right) centralizer. Also, Zalar
proved the same result for semiprime rings [18]. Motivated by the above result of Zalar, we
show every Jordan left (right) centralizer over any matrix ring is a left (right) centralizer.
The importance of the work is that many matrix rings are not semiprime rings. Further,
[5, Theorem 2.3.2] motivates to prove that every two-sided centralizer over matrix ring
is of a particular form. In 2008 and 2010, Vukman [15, 16], introduced (m,n)-Jordan
derivation and (m,n)-Jordan centralizer, respectively. Few more works on (m,n)-Jordan
derivation and (m,n)-Jordan centralizer are available in [8, 3, 9]. On the other hand, in
1999, Vukman [11] proved that any additive map T over 2-torsion-free semiprime ring R
with the condition 27'(x?) = T'(z)z + T (z) for all # € R, becomes a two-sided centralizer.
Under the same condition, we prove the result for the matrix ring over any 2-torsion free
ring. In 2001, Vukman [12] proved that an additive map T on a 2-torsion free semiprime
ring R with T'(zyz) = 2T (y)x, for all z,y € R, becomes a two-sided centralizer. We prove
the same result for matrix ring M, (R) (r > 2 is an integer) over an arbitrary ring R.
Again, in 2003, Vukman and Ulbl [13] proved that an additive map 7" on a 2-torsion free
semiprime ring R with 27 (zyx) = T'(z)yz + zyT(x), for all z,y € R, becomes a two-sided
centralizer. We prove the result for matrix ring M,(R) over the ring R. In the same
year, Vukman and Ulbl [14] proved that an additive map T on a 2-torsion free semiprime
ring R with 37 (xyx) = T'(z)yz + 2T (y)x + xyT(z), for all z,y € R, becomes a two-sided
centralizer. We prove the result for matrix ring M, (R) over 2-torsion free ring R. Note
that the result is not true for 2-torsion rings.

An involution % over a ring R is an additive map satisfying (zy)* = y*z* and (z*)* = «x,
for all z,y € R. Also, an additive map 7" : R — R is a left (right) %- centralizer if
T(xy) = T(x)y* (T(xy) = x*T(y)), for all z,y € R. An additive map 7' : R — R is
said to be a *- centralizer if T(xy) = T'(x)y* = 2*T(y), for all x,y € R. An additive
map T : R — R is said to be a Jordan left (right) x- centralizer if T'(z?) = T(x)x*
(T(2?) = 2*T(x)), for all x € R. An additive map T : R — R is said to be a reverse left
(right) x- centralizer if T'(zy) = T'(y)z* (T(xy) = y*T(z)), for all z,y € R. An additive
map T : R — R is a reverse %x-centralizer if T'(zy) = T(y)x* = y*T'(z), for all z,y € R.
In 2013, Ali et al. [4] proved that every Jordan left x-centralizer on a semiprime ring
with involution * and of characteristic different from two is a reverse left x-centralizer.
We prove some results based on the Jordan left x-centralizer over matrix rings and some
function equations arising from x-centralizer.

2. JORDAN CENTRALIZERS OVER MATRIX RINGS

Let R be a ring with unity 1 # 0, M,(R), » > 2 be the ring of r X r matrices over R
and e;; be the 7 x r matrix with 1 at (4, j)-th place and 0 elsewhere. We know that every
left centralizer is a Jordan left centralizer, but the converse is invalid. Towards this, we
have the following example.
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Example 2.1. Let R be the field of real numbers and S = M,(R). Then F = SxSxS isa
ring under componentwise addition and for any (x1,y1,21), (x2,y2,22) € F, multiplication
1s defined by

(21,91, 21) (22, Y2, 22) = (0,0, 21y2 — 2291).
Note that X% =0 for all X € F. Let P = (1,0,0) and Q = (0,1,0). Then PQ = (0,0,1).

0 A B
Suppose R’ = 0 0 A || ABeF, anddefineT: R — R by
0 0 O
0 A B 0 0 B
T 0 0 A |=[00 0
0 0 O 0 0 O
It can be easily proved that T is a Jordan left centralizer. Now, consider
3 0 P O B 0 @ O
A=|1 0 0 P and B=1 0 0 @
0 0 O 0 0 0

Then T(AB) # T(A)B. Hence, T is not a left centralizer.

Proposition 2.1. If R is a ring and T : R — R is a Jordan left centralizer, then T (xy +
yr) =T(z)y +T(y)x for all z,y € R.

Proof. Substituting x + y for z in T'(x?) = T(z)z, we get the result. O
We frequently use this proposition in the proof of Theorem 2.1.

Theorem 2.1. Let R be a ring. Then every Jordan left (right) centralizer T : M,(R) —
M, (R) is a left (right) centralizer.

Proof. Let T be a Jordan left centralizer on M, (R) and for all 4,j € {1,2,...,7},

T(eij) ZZ(LM ey , for a,(d) R. (1)

k=11=1

Since e?i = e¢;; and T is a Jordan left centralizer on M, (R), we have

T(ei;) Zakz er; , foralli e {1,2,...,r}. (2)
k=1

Also, €ij = €ii€ij + €€, for ¢ 7é J. Therefore,

T'(ei5) Z al(;; ki + Z a’kl ekJ (3)
Again, we have e;; = e;je;; + €j;€;. Hence, by applylng (2) and (3), we have
T'(eij) Z ak?)eka (4)

Now, let s € R and for all 4,5 € {1,2,...,r},

T(se;j) Z Z akl ekl , for aigm € R. (5)
k=1 1=1
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We know se;; = (seij)ej; + ejj(sei;), for i # j. Since, T' is a Jordan left centralizer on
M,(R), applying (2) and (5),

Zaz Ckj- (6)

Similarly, by se;; = eii(se;j) + (seij)eii, (2) and (6), we have

r

T (seij) Z ”)se kj- (7)

k=1
Now, 2se;; = eji(seq) + (seq)eii, so by (2) and (5), we have

2T (sey;) = T(eq)(sei) + T(seq)ei — azg“) = a,(g)s, forall k=1,2,...,r. (8)
For all i # j, (seii)(ejj) + (ej5)(ses) = 0, by (2), we have
0 =T(sei)ej; + T(ejj)sei; = azgii) =0, foral k=1,2,...,7. (9)

From (8) and (9),

T(seii) Z ak.Z se;ﬁ (10)

By the relation (2), (4), (7) and ( ) we have T(se;j) = T(eij)s, for all s € R.

Now, by (2), T'(1) = >7i_; > 51 akz ekl
Let A=T(1) and X =37/, >°"_; w;je;; be any element in M, (R) (Here 1 denotes the
identity matrix in M, (R)).

TX)=T | Y > wijeij | =D Y Tlei)i

i=1 j=1 i=1 j=1
= Z (z :ak‘l 6k]> Lij
i=1 j=1 =
roor (i) roor
i
() (Y ) - ax
i=1 k=1 i=1 j=1

Hence T is a left centralizer.
Due to symmetry, every Jordan right centralizer over M, (R) is a right centralizer. [

Lemma 2.1. Let R be a ring and T : M,(R) — M,(R) be a two-sided centralizer. Then
there exists an a € Z(R) such that T(X) = aX, for all X € M,(R).

Proof. Let 1 be the identity matrix in M, (R). Since T is a two-sided centralizer, T'(X) =
T(1)X = XT(1), for all X € M,(R). Then T'(1) commutes with every element of M, (R).
It is well-known that the center of a matrix ring coincides with the center of a ring
(embedded diagonally into the matrix ring). Hence, T'(X) = aX for all X € M, (R) where
T(1) = 1. O

Theorem 2.2. Let m > 1, n > 1 and m, n € Z, R be a ring with n(m + n)3-torsion
free. If T : M,(R) — M,(R) be an additive mapping such that there exists a two-sided
centralizer Ty : M, (R) — M,(R) satisfying

(m +n)T(x?) = mT(x)x + nzTy(z), for all x € M,(R), (11)

then T becomes a two-sided centralizer. In fact, T = Tj.
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Proof. Since T satisfies (11) and Ty is a two sided centralizer on M, (R), by Lemma 2.1,
we have

(m +n)T(x?) = mT(z)x + nax?, for all x € M,(R) for some o € Z(R). (12)
Replacing = by = + y in (12),
(m 4+ n)T (zy + yz) = na(zy + yz) + mT(x)y + mT(y)z, for all z,y € M,.(R). (13)
Let T'(e;;) be of the form (1). Since e = e;;, using (1) and (12),

(m +n)T(e;) mZag;)e + (mal® + na)ey. (14)
k;éz
Now, €ij = €ji€ij + €€, for 7 7é 7. By (13) and (14),

(m +n)*T(eq)

T T
= m2Za§£)ekj + m(magzz) +na)e;; + m(m + n)Zagf)eki + (m + n)nae;;. (15)

k=1 k=1
ki
Also, we have e;; = e;je;; + ej;€;5. Applying (14) and (15),
(m +n)°T (ei;)
= m3zr:a,(jii)ekj + mQ(maEEi) + na)e;j + m(m + n)nae;; + (m + n)*nae;;. (16)
=

Let 1 # 0 be the identity element in M, (R). Since 12 =1, 1 = >} _; ek, and R is
n-torsion free,

(m—i—n)ZT(ekk) =(m+n)a (Z 6kk> . (17)

k=1 k=1
Applying (14) to (17), we have
agfk) =0 and a}(ﬂl;k) =,V 1,7,k with ¢ # j (Since R is (m + n)-trosion free). (18)
Again, by (18), (14) and (16),
T(eij) = aeij, for any 4, (Since R is (m + n)>-trosion free). (19)
Therefore, by (19), T' = Ty, and hence T is a two-sided centralizer. U

3. SOME FUNCTIONAL EQUATIONS OVER MATRIX RINGS

The primary purpose of this section is to investigate a map satisfying some equations
to become a two-sided centralizer.

Theorem 3.1. Let R be a ring with 2-torsion free. If T is an additive function on M,(R)
which satisfies

2T (2?) = T(x)x + zT(z), for all x € M,(R), (20)

then T become a two-sided centralizer. In particular, T(x) = ax, for all x € M,(R) and
for an o € Z(R).
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Proof. Let T(e;;) and T'(se;;) be of the form (1) and (5), respectively for s € R. Since
e = ei;, R is 2-torsion free and satisfies (20), we have

T(eii) = agi)eii , foralli e {1,2,...,7}. (21)
Substituting « 4 y for x in (20),
2T (xy +yz) = T(x)y + T(y)x + 2T (y) + yT'(x) , for all z,y € M, (R). (22)

For i # j, applying (22) on e;; = ej;e;j + ejje;i, all the other coefficients of T'(e;;) except
e;; become zero and

ol =l foralli,j € {1,2,...,7}. (23)
Hence, we have
T(eij) = aleij = alj ey, for all i,j € {1,2,...,r}. (24)
Again, applying (22) on e;; = ejjej; + ejje;j, we have
a%i) = a%j), for all 4,j € {1,2,...,r}. (25)
Also,
T(ei;) = a\ Ve, Vi je{1,2,... r}. (26)

Fori # jand s € R, applying (22) on se;; = (se;j)e;j+e;j(sei;), all the other coefficients
of T'(se;j) except e;; become zero and

af](ij) = saglll), Vi, j. (27)
For i # j and s € R,
T(sei;) = saﬁl)eij, for all ¢, j. (28)
Applying (22), 2se;; = (sesi)ei; + eii(sei),
2afi(ii) = aﬁl)s + saﬁl), for all i € {1,2,...,7}. (29)

For all i # j, (seii)(ej;) + (e5;)(seir) = 0, by (22),

azgﬁ) =0 and aj,(ji) =0, forall k =1,2,...,r (Since R is 2-torsion free). (30)

Applying (22), se;; = (seqj)eq + esi(seij),

aglll)s = saglll). (31)

Again, we have
T(seii) = saglll)eii, forallie{1,2,...,7}. (32)
Let X = 3711 >0 g @ijeij, vij € R. Let a = aglll). Then by using (28) and (32), we
get
T(x) = aglll)x = ax, for all x € M, (R). (33)
Thus, by (31) and (33), T is a two-sided centralizer. O
Example 3.1. Let Zo be the ring of integers modulo 2. Now, we provide an example of

an additive map T on M,(R) with 2T(X?) = T(X)X + XT(X), for all X € M.(R), but

it 1s not a two-sided centralizer.
Let X = [z ‘ﬂ € My(Z2) and T : M2(Zs2) — Ma(Z2) is defined by

[rty+z+t 0
T(X)_[ 0 r+y+z+t|
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Then T satisfies 2T(X?) = T(X)X + XT(X), for all X € My(Zs). Also, for X = e1;
and Y =eya, T(XY) £ T(X)Y. Thus, T is not a two-sided centralizer.

Theorem 3.2. Let R be a 2-torsion free ring. If T is an additive mapping on M,(R)
satisfying

2T (2%) = T(x)x + xTp(x), for all z € M,(R), (34)
where Ty is an additive mapping on M,(R) satisfying
2Ty(2%) = Ty(z)x + 2Ty (x), for all x € M.(R), (35)

then T is a two-sided centralizer.

Proof. By Theorem 3.1 and Lemma 2.1, Tp is a two-sided centralizer and Ty(x) = ax for
some o € Z(R) and x € M, (R). Therefore, we get

2T () = T(x)x + ax?, for all z € M,(R). (36)
Again, let T'(e;;) and T'(se;;) be of the form (1) and (5), respectively for s € R. Applying
(36) on e%i = ej;, all the coefficients of T'(e;;) except e; become zero and
ol = a, foralli € {1,2,...,r}. (37)
We have
T(es) = ey, foralli e {1,2,...,r}. (38)
Linearizing (36),
2T (zy + yx) = T(x)y + T(y)z + a(zy + yx), for all x,y € M,.(R). (39)
For i # j, applying (39) on e;; = eje;j + e;jei, each coefficient of T'(e;;) other than e;;
is zero and

a:

) o
Z;] =a, foralli,j € {1,2,...,r}. (40)

For i # j,
T(eij) = €y, 4 Z,j (41)
For i # j and s € R, applying (39) on se;; = (se;j)ej; + e;j(se;;), all the coefficients of
T'(se;;) except e;; are zero and

afj(ij) =as, foralli,je{1,2,...,r} (42)

For i # j and s € R,
T'(sei;) = aseij, for alli,j € {1,2,...,7}. (43)

Applying (39) on 2se;; = (se;i)ei + eii(sei;), each coefficient of T'(se;;), except ey, is
zero and

affii) =as, forallie {1,2,...,r}. (44)
For all s € R,
T(sei;) = asey, for allie {1,2,...,7}. (45)
By (43) and (45), we conclude that
T =Tp. (46)
Thus, T is a two-sided centralizer. ]

Now, we give an example which shows that M, (R) is not always a semiprime ring.
Hence, Theorem 3.1 is not a consequence of any result of Vukman [11].
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Example 3.2. Let Zg be the ring of residue classes of integers modulo 9. Then Zg is
2-torsion free with unity 1 # 0. It is easy to compute that (3e11)Ma(Zg)(3e11) = 0. But
3e11 # 0. Therefore, My(Zg) is not a semiprime ring (since in a semiprime ring R,
aRa=0 = a=0).

Theorem 3.3. Let R be a ring. If T is an additive map on M,(R) with
T(xyzx) = 2T (y)z, for all x,y € M,(R), (47)

then T becomes a two-sided centralizer. In particular, T(x) = ax for all z € M,(R) and

for an o € Z(R).

Proof. Put x = 0, y = 1 (1 and 0 denote the identity and zero matrix, respectively) in
(47), we have T'(0) = 0. Let T'(e;;) and T'(se;5) be of the form (1) and (5), respectively
for s € R. Since €}, = e;; and x.1.x = 22, using (47),

T(ei) = agfi)eii,
(hence) T(1) = Y afier, (48)
k=1

T(x?) = 2T(1)z for all z,y € M,(R).
Put x = +y in (48),
T(xy+yx) =aT(1)y +yT(1)x, for all z,y € M,(R). (49)
Put x = e;; and y = e;5 (i # j) in (49),

T(ey) = af)es;

(also putting x = e;;, y = ej; in (49)), T'(es5) = a%j)eij (50)
(hence) agi) = a%j) = «a (say)
T(e;j) = cve;j.
Since se;j = (seij)e;j + ejj(seij), using (50),
T(se;j) = sae;;
(similarly), T'(se;j) = ase;; (51)
(hence) as = sa (s € R).
Put x = x + 2z in (47),
T(xyz + zyx) = 2T (y)z + 2T (y)z, for all z,y,z € M,(R). (52)
Put z = sej;, y = ej; and z = e;; in (52),
T (sei;) = saey; = aseg;. (53)
From (51) and (53), T'(z) = axz for all x € M, (R). O

Theorem 3.4. Let R be a ring. If T is an additive map on M,(R) with
2T (zyz) = T'(x)yx + xyT(z), for all x,y € M, (R), (54)

then T is a two-sided centralizer. In particular, there ezists an o € Z(R) such that

T(z) =ax, ¥V z € M. (R).
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Proof. Put x = 0, y = 0 in (54), we have 27'(0) = 0. Let T'(e;;) and T'(se;5) be of the
form (1) and (5), respectively for s € R. Putting = = e;;, y = e;; in (54),

al =0forallle{1,2,....i—1,i+1,...,r} (55)

Putting x = e, y = e (k #1) in (54),
a,(j) =0foralll e {1,2,...,r} and hence T(e;;) = al(»fi)eii. (56)

Putting = = e;5, y = ej; (j # @) in (54),
alD =0forallme{1,2,....5—1,j+1,...,r} (57)

Putting = = e;5, y = eji, (j # 4,3 # k) in (54),
(”) =0 for all m € {1,2,...,7} and hence T'(e;;) = aE;j)eij. (58)
Putting x = 1 and y = e;; in (54), 2a§§j) (") + a(”) Also, putting = = e;; + e;; and
y = ej; in (54), agi) = ag.j). Therefore, agj) = az(i )= a%]) a (say).

Hence, T'(ey;) = aey for all k, 1. (59)

Putting © = ¢;; and y = se;; in (54) and using (59),
2T(seii) = (OéS + 804)61'1'

Zafl(“) = as+ sa. (60)
Put z =z + z in (54),
2T (zxyz + zyx) = T(x)yz + zyT(2) + T(z)yx + zyT'(z), for all z,y, 2. (61)
Putting « = se;;, y = e;; and z = ej; (j # ) in (61) and using (59) and (60),
a‘;-(”) = sa = as and as(”) =0forle{1,2,...,r}. (62)

Put z = e;j, y = e;j; and z = se;; in (61),

afl(ii) =0forle{l,2,...,i—1,i+1,...,r} and hence T'(se;;) = ase;; (s € R,a € Z(R)).

(63)
Putting « = se;;, y = e;; and z = e;; in (61),
af](ij)—sozanda()—Oform€{12 i—1a4+1,...,r} (64)
Putting « = se;j;, y = exr, and z = ey, (k # j) in (61),
angk) =0 for m € {1,2,...,7} and hence T'(se;;) = ase;;. (65)
Thus, T(z) = ax for all x € M, (R).
O

Theorem 3.5. Let R be a 2-torsion free ring. If T is an additive map on M, (R) with
3T (xyx) = T(x)yx + 2T (y)x + 2yT(z), for all x,y € M,.(R), (66)

then T is a two-sided centralizer. In particular, there exists an o € Z(R) such that

T(z) = ax, for all x € M,(R).
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Proof. Let T(e;;) and T'(se;;) be of the form (1) and (5), respectively for s € R. Since
eijejieij = ei; and the torsion condition on R, using (66),

agzjj) = .= az(l—i,j agzz’j = ... = af;j) =0,
a) = =d? =all, = =al! =0, (67)

agj) = agi) for all4,j € {1,2,...,7}.

Substituting 1 and 0 for z and y in (66), respectively, we have T'(0) = 0. Let k # i and
l # j and since ejeije, = 0, using (66),

(i5)
a,;’ =0.
& ) (68)
Hence, T'(e;;) = ag;])eij.
Linearizing (66),
3T (xyz + zyx) = T'(z)yz + T(2)yz + 2T (y)z (69
+ 2T (y)x + 2yT(z) + zyT(x), for all z,y,z € M,(R). )
Substituting e;;, e;; and ej; for z, y and z respectively in (69),
2az(;j) = agi) + a%_j) for all 7 # j. (70)
Substituting e;;, e;; and ej; for x, y and z, respectively in (69),
G _ G _ (9
(by (67)) aji’ =a;; =aj’,
(by above and (67)) agz) = az(-;-j) = agjiz) = a%]), for all ¢ # j. (71)

Hence T'(e;5) = ae;j; (letting, o = aglll)), for all 4, j.

Let s € R. Substituting 1 and se;; for  and y, respectively in (66) and using (71),
2T (seij) = (as + sa)e;y,
2%3@) = as + sa, (72)
T(se;j) = af;ij)eij, for all 4, j.

Substituting se;;, e;; and ej; for , y and z, respectively in (69) and using (71),

s(ij) _

a;; " = sa=as (using (72)), for all i # j. (73)

Therefore, T'(z) = ax, for all z € M,(R). O

Example 3.3. Now, we give an example of an additive mapping T on M,(R) satisfying
(66), but it is not a two-sided centralizer. Let Zs be the ring of residue classes of integers

modulo 2, which is not 2-torsion free. Let X = E ﬂ € My(Zs) and T : Ma(Z2) —
M5(Zs) be defined by
z yl\ |y O
()=

Then T satisfies (66). In this case, for X = ej; and Y = eja, T(XY) = e11 # ex =
T(X)Y. Thus, T is not a two-sided centralizer.
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4. JORDAN *-CENTRALIZERS OVER RINGS

It is easy to prove that every reverse left x-centralizer is a Jordan left x-centralizer, but
the converse is not generally valid. Hence, it is a genuine attempt to classify rings and
algebras over which Jordan left x-centralizer becomes reverse left x-centralizer.

Example 4.1. Let S = Zs[x,y] with 2 = y?> = 0 and Ry be the subring of S generated
by x and y. One can easily recognize that every element of Ry is of square zero and Ry is
commutative.

0 A B 0 A B\~ 0 A B
Let Ry = 0 0 A||AB€eER pand| 0 0 A =10 0 A |. Then
0 0 O 0 0 O 0 0 O

Ry is a ring with involution *.
Define T : Ro — R as,

0 A B 0 0 B
T 0 0 A |=| 0 0 0 |. Itiseasyto check thatT is a Jordan left x-centralizer.
0 0 O 00 0
0 =z O 0y O
Let X=|0 0 =z andY = 0 0 y
0 0O 0 0 0
0 0 =y o
Then T(XY) = 0 0 0 # 0 = T(Y)X*. Hence, T is not a reverse left x-
00 O
centralizer.

Let M,.(R) be a matrix ring with involution *.
Theorem 4.1. Every Jordan left x-centralizer over M,.(R) is a reverse left x-centralizer.
Proof. Let T be a Jordan left x-centralizer over M, (R).
T(x?) = T(x)z*
= [T(°)]" = [T(2)2*]" = (a*)"(T(2))* = 2(T(2))*
Now, let S(x) = (T'(z))* and
S(@?) = (T(x*))* = 2(T(x))" = =S ().

Then S is a Jordan right centralizer. Hence, by Theorem 2.1, S is a right centralizer.
Also,

S(ay) = 25(y)
— (T(xy))" = =(T(y))"
= ((T(zy)")" = (=(T(y))")"
= T(xy) =T(y)z*.
Thus, T is a reverse left x-centralizer over M, (R). O

Every left x-centralizer is always a Jordan left x-centralizer. The following example
shows that every Jordan left x-centralizer is not a left x-centralizer.

Example 4.2. We define T : Ma(R) — Ma(R) by-

Tyl |rt+ty z+t
T[z t}_[() O]'
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Also, we define x : Ma(R) — Ms(R) by

z y| _ |r =z
-5
Then it is easy to see that T becomes a Jordan left x-centralizer.

But T'(e11e12) = enn # 0 =T(e11)ely. Thus, T is not a left x-centralizer.

Theorem 4.2. If T : M,(R) — M,(R) is a reverse x-centralizer, then there exists an
a € Z(R) such that T(X) = ax*, for all x € M,(R).

Proof. Since T'(zy) = T(y)x* for all z,y € M,(R). Putting y = 1,

T(x) =T(1)z* for all z € M,.(R). (74)
Now, T'(zy) = y*T'(x) for all z,y € M,(R). Taking y = x and = = 1, we have
T(x) =2*T(1) for all z € M,.(R). (75)

Since  is a bijective map, T'(1) € Z(M,(R)) = Z(R). Therefore, T'(z) = ax* for all
x € M,(R) where a = T'(1).
O

Theorem 4.3. If T : M,(R) — M,(R) is a *-centralizer, then T = 0.
Proof. Since T'(zy) = T(z)y* = 2*T(y) for all z, y € M,(R). Putting y =1 and z = 1,
respectively, T'(x) = «*T'(1) = T'(1)z* for all z € M, (R).
T(ry) =T(2)y" = T(W)(zy)" =T()a"y" = TA)[(xy)" —2"y"] =0
= Either T'(1) =0 or (:cy)*—a; Y = zy = yx.
Since xy = yx does not hold true in M,(R), T(1) = 0. Thus, T = 0. O

Theorem 4.4. Letm > 1,n > 1 and m,n € Z, R be a ring with n(m-+n)3-torsion free. If
T : M,(R) = M,(R) be an additive mapping such that there exists a reverse %-centralizer
To satisfying

(m + n)T(2?) = ma*T(z) + nTo(z)z*, for all x € M,(R), then T becomes reverse %-
centralizer. It also gives us T = Ty.

Proof. Let S(x) = (T'(x))* and Sp(x) = (To(x))*. Then Sp(z) = Sz, for some 8 € Z(R),
by Theorem 4.2. Now,
(m +n)S(2”) = (m+n)(T(z*)* = [(m+n)T(2*)]* = [ma*T(x) + nTy(z)z"]*
=m(T(z))*z + nz(Th(z))" = mS(z)x + nzSy(x).

Therefore, S satisfies the condition of Theorem 2.2. Hence, S is a two-sided centralizer,
and T becomes the reverse x-centralizer. Since S = Sy, we have T = Tj. O

(76)

Theorem 4.5. Let m > 1,n > 1 and m,n € Z, R be an n(m + n)3-torsion free ring.
If T : M,.(R) — M,(R) be an additive mapping such that there exists a x-centralizer Ty
satisfying

(m +n)T(z?) = ma*T(z) + nTo(x)a*, for all z € M,(R), then T = 0.

Proof. By Theorem 4.3, Ty = 0, T} is a reverse x-centralizer. Since T satisfies the condi-
tions in Theorem 4.4, we have T' =Ty = 0. ]

Letting S(z) = (T'(x))* and using Theorem 3.1, Theorem 3.2, Theorem 3.3, Theorem
3.4 and Theorem 3.5, we can prove Theorem 4.6, Theorem 4.7, Theorem 4.8, Theorem 4.9
and Theorem 4.10.
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Theorem 4.6. Let R be a 2-torsion free ring. If T : M,.(R) — M,(R) is an additive map
satisfying 2T (2?) = T(z)z* + 2*T(z), then T is a reverse x-centralizer and T(x) = ax*,
where o € Z(R).
Example 4.3. Let X =
Let us define T : Ms(Zs

. |z oz
:|€M2Z2 andX—[y t:|.

— M
[rtyt+e+t 0
T(X)_[ 0 x+y+z+t]'
Then T satisfies 2T(X?) = T(X)X* + X*T(X), for all X € My(Zs).
Now, for X = ey and'Y = ejo, T(XY) = e11 + e12 # e1n = T(Y)X*. Therefore, T
1§ not a reverse x-centralizer. It shows that the torsion condition on R is necessary for
Theorem 4.6.

If T satisfies the condition in Theorem 4.6, then T need not be a x-centralizer.

Example 4.4. Let us define T(x) = z* for all x € My(R). Define * as the transpose
of matriz x. Then T satisfies 2T (x?) = T(x)x* + 2*T(x), for all x € My(R). But
T(eire12) # T(e11)el,, hence T is not a *-centralizer.

Theorem 4.7. Let R be a 2-torsion free ring. If T : M,(R) — M,(R) is an additive map
satisfying 2T (x?) = To(x)x* + 2*T(x) where Ty : M.(R) — M,(R) is an additive map
satisfying 2Tp(x?) = To(z)x* + 2*To(x), then T is a reverse x-centralizer and T(x) = ax*,
where o € Z(R).

Theorem 4.8. Let R be a ring. If T is an additive map on M,(R) with T(zyzx) =
T (y)z*, for all x,y € M,.(R), then T becomes reverse x-centralizer. In particular,
T(x) = ax*, where a € Z(R).

Theorem 4.9. Let R be a ring. If T is an additive map on M,(R) with 2T (xyx) =
T(x)y*z*+2*y*T(z) for all x,y € M,(R), then T is a reverse x-centralizer. In particular,
T(z) = ax* where o € Z(R).

Theorem 4.10. Let R be a ring with 2-torsion free. If T is an additive map on M,(R)
with 3T (xyx) = T'(z)y*x* +2*T (y)x* +x*y*T (x) for all x,y € M,(R), then T is a reverse
*-centralizer. In particular, T'(z) = ax*, where a € Z(R).

Example 4.5. Let A = @ Z

Let T : My(Z2) — Ma(Z2) be defined by

0 c
T(4) = [b O].
Then T satisfies 3T(ABC) = T(A)B*A* + A*T(B)A* + A*B*T(A), for all A, B €
My(Zs).
Now, for A = e11 and B = e12, T(AB) = ea1 # 0 = B*T(A). Therefore, T is not a
reverse x-centralizer. It shows that the torsion condition on R is necessary for the Theorem

4.10.

* C
S MQ(ZQ) and A I:b d:|

Example 4.4 shows that even T satisfies the conditions in Theorems 4.7, 4.8, 4.9 and
4.10, but need not be a x-centralizer. Theorem 2.2 motivates us to post a conjecture as
follows.



1216 TWMS J. APP. AND ENG. MATH. V.14, N.3, 2024

Conjecture 4.1. Letm > 1, n>1 andm, n € Z, R be a ring with some suitable torsion
restrictions. If T : M.(R) — M,(R) be an additive mapping such that

(m +n)T(x?) = mT(z)x + nzT(z), for all x € M,(R), (77)

then T become a two-sided centralizer.

5. CONCLUSIONS

In this paper, we discussed centralizers over matrix rings. Then we proved that the
Jordan left centralizer over the matrix ring becomes the left centralizer, which is generally
not true. Also, we showed that every two-sided centralizer over the matrix ring is of some
particular form. Later, it showed that the map becomes a two-sided centralizer for the
matrix ring when it satisfies some functional equation. We also prove every Jordan left *-
centralizer is a reverse left x-centralizer over matrix ring with involution. Finally, we have
established that every reverse x-centralizer over x-matrix ring has some particular form,
and a map satisfying some equations over x-matrix ring becomes reverse x-centralizer.
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