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HOMOMORPHIC PRODUCT OF SOFT DIRECTED GRAPHS

J. JOSE', B. GEORGE?*, R. K. THUMBAKARAS?, §

ABSTRACT. A graph with directed edges is referred to be directed graph. It is possible
to study and resolve problems with social connections, shortest paths, electrical circuits,
etc. using directed graphs. D. Molodtsov proposed soft set theory as a mathematical
framework for handling uncertain data. Nowadays, a lot of people employ soft set theory
to solve decision-making problems. We present soft directed graphs by extending the
notion of soft set to directed graphs. A parameterized perspective for directed graphs is
provided by soft directed graphs. In this study, we look at various characteristics of soft
directed graphs’ homomorphic product and restricted homomorphic product.
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1. INTRODUCTION

Soft set theory was proposed by D. Molodtsov as a mathematical framework for dealing
with uncertain data. Many academics are now applying soft set theory in decision-making
problems. Authors like R. Biswas, P. K. Maji and A. R. Roy [10], [11] have delved deeper
into the idea of soft sets and applied it to various decision-making situations. In 2014,
R. K. Thumbakara and B. George [16] introduced the concept of soft graphs to provide
a parameterized point of view for graphs. M. Akram and S. Nawas [1] updated R. K.
Thumbakara and B. George’s notion of the soft graph in 2015. They [2] also defined many
varieties of soft graphs, such as regular soft graphs, soft trees, and soft bridges, as well
as the notions of soft cut vertex, soft cycle and so on. More contributions to connected
soft graphs came from J. D. Thenge, R. S. Jain and B. S. Reddy[13]. They [14] looked at
the ideas of a soft graph’s radius, diameter, and centre, as well as the concept of degree.
They also addressed the notions of incidence and adjacency matrices of a soft graph in
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2020 [15]. B. George, R. K. Thumbakara and J. Jose [3],[5], [17] discussed some soft graph
operations and introduced notions such as soft semigraphs and soft hypergraphs.

Directed graphs can be used to analyze and resolve problems with electrical circuits,
project timelines, shortest routes, social links, and many other issues. J. Jose, B. George
and R.K. Thumbakara [9] introduced the notion of the soft directed graph by applying the
concepts of soft set in a directed graph. They also introduced the concepts of indegree,
outdegree, degree, adjacency matrix and incidence matrix in soft directed graphs and
investigated their properties. The directed graph product [7] is a binary operation on
directed graphs. It is a process that takes two directed graphs, D1 = (Vi, A1) and Dy =
(Va, Ag) and creates a directed graph D having the characteristics listed below: The
vertex set of D is the Cartesian product Vi x Va. Two vertices (vi,v2) and (v],v5) of D
are joined by an arc, if and only if some conditions about vy, v] in Dy and/or vy, v5 in
Dy are satisfied. Analogous to the definitions of directed graph products, we can define
product operations in soft directed graphs. In [9], some product operations of soft directed
graphs like the cartesian product, restricted cartesian product, lexicographic product and
restricted lexicographic product are studied. B. George, J. Jose and R. K. Thumbakara [4]
also introduced modular product and restricted modular product in soft directed graphs
and investigated their properties. In this work, we introduce and study some of the features
of homomorphic product and restricted homomorphic product of soft directed graphs.

2. PRELIMINARIES

2.1. Directed Graphs. [6],[8] A directed graph or digraph D* consists of a non-empty
finite set V' of elements called vertices and a finite set A of ordered pairs of distinct vertices
called arcs. We often write D* = (V, A) to represent a directed graph. The number of
vertices and arcs in a directed graph D* are called order and size respectively. The first
vertex u of an arc (u,v) is called its tail and the second vertex v is called its head. If (u,v)
is an arc then v is adjacent from u and u is adjacent to v. A vertex u is incident to an
arc a if u is the head or tail of a. A directed graph D** = (U, F) is called a subdigraph of
D*=(V,A)if U CV and F C A. The in-degree of a vertex v denoted by ideg v is the
number of vertices in D* from which v is adjacent and out-degree of v denoted by odeg v
is the number of vertices in D* to which v is adjacent. The sum ideg v + odeg v is called
the degree of the vertex v and is denoted by deg v. In a directed graph D* = (V| A),
Y vey tdeg(v) = oy odeg(v) =Number of arcs in D* and ), .y deg(v) = 2(Number of
arcs in D*).

Some directed graph products can be defined in a manner that is similar to how the
corresponding graph products are defined [7]. Let Di = (Vi, A1) and D = (Va, A2) be
two directed graphs. Their homomorphic product D] x D3 is a directed graph with vertex
set V(D; x D3) = Vi x Va and arc set A(Dy x D3) where ((v1,v)), (v2,v5)) is an arc in
D7 x D3 if and only if

(1) v1 = wvq or
(2) (v1,v2) is an arc in DY and (v}, v}) is not an arc in Dj.

2.2. Soft Set. [12] Let R be a set of parameters and U be an initial universe set. Then
a pair (F, R) is called a soft set (over U) if and only F' is a mapping of R into the power
set of U. That is, F : R — P(V).

2.3. Soft Directed Graphs. [9] Let D* = (V, A) be a directed graph having vertex
set V and arc set A and let P be a non-empty set. Let a subset R of P x V be an
arbitrary relation from P to V. Define a mapping J : P — P(V) by J(z) = {u € V|xRu}
where P (V') denotes the powerset of V. Define another mapping L : P — P(A) by L(z) =
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{(u,v) € Al{u,v} C J(x)} where P(A) denotes the powerset of E. Then D = (D*, J, L, P)
is called a soft directed graph if it satisfies the following conditions:

(1) D* = (V, A) is a directed graph having vertex set V' and arc set A,

(2) P is a nonempty set of parameters,

(3) (J, P) is a soft set over the vertex set V,

(4) (L, P) is a soft set over the arc set A,

(5) (J(x),L(z)) is a subdigraph of D* for all z € P.

If we represent (J(x),L(x)) by M(z) then the soft directed graph D is also given by
{M(z) : € P}. Then M (z) corresponding to a parameter = in P is called a directed part
or simply dipart of the soft directed graph D.

Let D = (D*,J,L,P) be a soft directed graph and let M (x) be a dipart of D for
some x € P. Let v be a vertex of M(z). Then dipart indegree of v in M (x) denoted
by ideg v[M(x)] is defined as the number of vertices of M (z) from which v is adjacent.
That is, ideg v[M (z)] is the number of arcs of M (z) that have v as its head. Similarly,
dipart outdegree of v in M(x) denoted by odeg v[M(zx)] is defined as the number of
vertices of M(x) to which v is adjacent. That is, odeg v[M(x)] is the number of arcs
of M(x) that have v as its tail. The dipart degree of v in M (z) is defined as the sum,
ideg v[M(z)] + odeg v[M(x)] and is denoted by deg v[M (x)].

3. HOMOMORPHIC PRODUCT OF SOFT DIRECTED GRAPHS

Definition 3.1. Let D} = (V1, A1) and D5 = (Va, A2) be two directed graphs and D; =
(D3, J1, L1, P) = {Mi(z) : x € P1} and Dy = (D3, Ja, Lo, Py) = {Ma(z) : x € P2} be two
soft directed graphs of the directed graphs D} and D3 respectively. Then the homomorphic
product of the soft directed graphs D1 and Do, which is represented by D1 X Dy is defined
as D1 X Dy = {Mj(x1) X Ma(x3) : (x1,22) € P; x Po}. Here My(x1) X My(x2) denotes
the homomorphic product of the diparts My(x) of D1 and Ms(y) of Do which is defined as
follows: Mj(x1) x My(x2) is a directed graph having set of vertices V(M (x1) x Ma(z2)) =
Ji(x1) x Jao(x2) and set of arcs A(Mi(x1) X Ma(x2)), where ((v1,v}), (v2,vh)) is an arc in
M;i(z1) x Ma(z2) if and only if

(1) v1 = vy or

(2) (v1,v2) is an arc in Mi(x1) and (v, vy) is not an arc in Ma(z2).

Example 3.1. Let D} = (Vi, A1) be a directed graph which is shown in Fig. 1. Let
Py = {vg,v3} C Vi be a set of parameters. Define a mapping J1 : P, — P(V1) by
Ji(z) ={ue Vi |u=x oru is adjacent from x}, Vo € Py. That is, Ji(ve) = {va,v4,v6}
and Jy(vs) = {v1,vs,vs}. Here (J1,P1) is a soft set over Vi. Define another mapping
Ly : Pp — P(A1) by Li(z) = {(u,v) € A1 | {u,v} C Ji(x)},Yx € Pi. That is,
Lyi(ve) = {(v2,v4), (v6,v2), (v6,v4)} and Li(vs) = {(vs,v1),(vs,vs)}. Here, (L1, P1) is
a soft set over Ay. Then Mi(vg) = (J1(veg), L1(ve)) and Miy(vs) = (Ji(vs), L1(vs)) are
subdigraphs of D as shown in Fig. 2. Therefore Dy = {M;(ve), M1(v3)} is a soft directed
graph of D7.

Let D3 = (Va, Aa) be a directed graph which is shown in Fig. 3. Consider the parameter set
Py = {us} C Va. Define a mapping Jo : Py — P(Va) by Jo(z) ={u € Vo |u =z oru is ad-
jacent from x},Nx € Py. That is, Jo(us) = {ui,us}. Here, (Jo, P2) is a soft set over
V. Define another mapping Ly : Py — P(A2) by Lao(x) = {(u,v) € Az | {u,v} C
Jo(x)}, Vo € Py. That is, La(us) = {(us,u1)}. Here, (Lo, P2) is a soft set over As.
Then, Ma(us) = (J2(ua), La(ua)) is a subdigraph of D3 as shown in Fig. 4. Therefore,
Dy = {Ms(u4)} is a soft directed graph of D3.

Then the homomorphic product of these two soft directed graphs D1 and Do is given by
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FIGURE 1. Directed Graph D} = (V1, A1)
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M, (Vf,) M, (vs)
FIGURE 2. Soft Directed Graph Dy = {Mj(vs), M1(v3)}
D = Dy x Dy = {M;(vg) x Ma(us), M1(v3) X Ma(uq)} and is shown in Fig. 5.

Theorem 3.1. Let DT = (V1, A1) and D = (Va, A2) be two directed graphs and Dy and
Dy be two soft directed graphs of D} and D3 respectively. Then the homomorphic product
of D1 and Do, which is represented by Dy x Dy is a soft directed graph of D] x D3.

Proof. Let Dy = (D3, J1,L1,P1) = {Mi(z) : © € Pi} be a soft directed graph of D} =
(Vi, A1) and Dy = (D3, Jo, Lo, Po) = {Ma(x) : © € Py} be a soft directed graph of
D3 = (Va, A2). Then the homomorphic product D; X Dj is defined as Dy x Dy = { M (1) x
Ms(z2) : (z1,22) € P1 x Py}. Here Mi(z1) X Ma(x2) denotes the homomorphic product
of the diparts M;(z) of D1 and Ma(y) of Dg which is defined as follows: M (z1) x Ma(z2)
is a directed graph having set of vertices V(M (x1) X Ma(z2)) = Ji(x1) x J2(x2) and set
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FIGURE 3. Directed Graph D3 = (14, As)

uy
M2 (H4)
FIGURE 4. Soft Directed Graph Dy = {Ma(u4)}

of arcs A(M(z1) x Ma(z2)), where ((v1,v]), (ve,v5)) is an arc in My (z1) X Ma(xe) if and
only if

(1) v1 =wvg or

(2) (v1,v2) is an arc in M (z1) and (v}, v}) is not an arc in My(xg).
The homomorphic product D} x D3 of the two directed graphs D; and D3 is a directed
graph having set of vertices V(D7 x D3) = Vi x Vo and set of arcs A(D] x D3) where
((v1,v}), (v2,v)) is an arc in D} x Dj if and only if

(1) v1 = vq or

(2) (v1,v2) is an arc in Df and (v}, v}) is not an arc in Dj.
Let the parameter set be Pp,xp, = P1 X P,. Define a mapping Jp,«xp, from Pp, «p,
to 'P[V(Diﬁ X D;)] by JD1><D2(-7317$2) = Jl(:cl) X JQ(SUQ),V(xl,xQ) € P, x P, where
P[V(Dy x D3)] represents the power set of V(D] x D3). Then (Jp,xp,, Pp,xD,) 18
a soft set over V(D7 x D3). Also, define another mapping Lp,«p, from Pp, «p, to
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(v3 ) (ve ) (v )

(v2 ) (ve 1) (vo )

M, (Vs) X M2(“4)

(o1 ) (vs ) (vs, )

(vi ) (vs u1) (vs 1)

M](Ug,) X Mg(u_:;)
FIGURE 5. D = Dy X Dy = {M;(vg) X Ma(uy), M1 (v3) x Ma(ug)}

PIA(D} x D3)] by Lp,wp,(z1,72) = {((u,v),(y,2)) € AD} x D3) | {(u,v),(y,2)} €
IpixDs (21, 22)},V(x1,22) € Pi X Pa, where P[A(D] x D3)] represents the power set of
A(D7 x D3%). Then (Lp,xp,, Pp,xD,) is a soft set over A(D7 x D3). Also, if we de-
note (Jp,xp, (%1, 22), Lp, D, (21,22)) by Mp,wp,(z1,22), then Mp,wp,(z1,22) is a sub-
digraph of D} x D3 V(z1,22) € P1 X Py, since Ji(z1) X Ja2(x2) € Vi x V5 and any arc
in Lp,xp,(x1,22) is also an arc in A(D] x D3). Then D; x Dy can be represented by
the 4-tuple (D x D3, Jp,xDys LD, xDys PDyxD,) and also by {Mp,xp,(x1,z2) : (x1,22) €
Py x P»} and D; x Dy is a soft directed graph of D} x D3 since the conditions listed below
are met:

(1) Dy x D5 = (V(D7] x D3), A(Dy x D3)) is a directed graph having set of vertices
V(D5 x D3) and set of arcs A(D} x D3),

(2) Pp,xp, = P1 X Py # ¢ is the set of parameters,

(3) (Jp,xDys PpyxD,) is a soft set over V(D] x D3),

(4) (Lp,xDys Pp,xD,) is a soft set over A(Dj x D3),
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(5) Mp,xp,(x1,22) = (JpyxDy (%1, 22), LD, wx Dy (21, 22)) is a subdigraph of D} x D3,
V(ZL‘l,xQ) S PD1><D2 =P x P.

g

Remark 3.1. In counting the number of vertices and arcs in various soft directed graph
products, we count them as many times they appear in different diparts of the product.

Theorem 3.2. Let D} = (V1, A1) and Di = (Va, A2) be two directed graphs and Dy =

(D3, J1, L1, P1) and Dy = (D3, Ja, Lo, Py) be two soft directed graphs of DY and D3 re-

spectively. Then the homomorphic product of D1 and Do, which is represented by D X
. . Jo(z:

Dy contains Yy, ey 191 (@0) | Ja())] vertices and Y,y 211 () | (729)) +

| L1 () |[| J2(x5)| (| J2(z)| — 1) — |La(z4)|]) arcs, where ('JQ(Q%)') denotes the number of dif-
ferent combinations of vertices in |Jao(x;)| taking 2 at a time.

Proof. By definition, Dy x Dy = {Mj(z1) X Ma(x2) : (x1,x2) € Py x Py}. The parameter set
of D1 Dy is Py x Py. Consider the dipart M;(z;) x Ma(z;) of D1 x Dy corresponding to the
parameter (x;,2;) € P x Py. The vertex set of My(x;) x Ma(z;) is Ji(z;) x Jo(z;) which
contains |Ji(x;)||J2(x;)| elements. This is a true statement for all diparts of Dy x Ds.
Therefore total count of vertices in Dy x D is Z(ﬂ?i,mj)GPlXPQ |J1(x;)||J2(z5)]. Also we

know, ((vq,vr), (vs,v)) is an arc in My (x;) x Ma(x;) if and only if

(1) vg =wvs or
(2) (vg,vs) is an arc in My (x;) and (vp,v¢) is not an arc in Ma(x;).

Now, each arc in M;(z;) x Ma(z;) was made by just one of these two requirements and
both of them can not be true at the same time. So to get the total count of arcs in
M (x;) x My(xj), we add the number of arcs generated by each condition. Consider
the first condition for adjacency, i.e.,u; = v,. Let v be any vertex in M;i(z;). The
dipart Ms(z;) contains |Jo(z;)| vertices. We can choose 2 different vertices v' and v”

from Ms(x;) in ('JQ(;J')') different ways. Corresponding to each choice we get two arcs
((v,7"), (v,v")) and ((v,0"), (v,v")) in My (x;) X Ma(z;). Like v, there are totally |J;(z;)]
vertices in M (x;). Hence, the first condition of adjacency gives 2|.J; (xi)](‘h(;j)‘) arcs in
M;(z;) x Ma(x;). Now consider the second condition for adjacency, i.e., (vq,vs) is an arc
in M;j(x;) and (v,,v;) is not an arc in Msy(x;). We can choose two different vertices vy
and vs in M (z;) such that (vg,vs) is an arc in M (x;) in |Lq(z;)| different ways. Sim-
ilarly we can choose two different vertices v, and v; in Ms(x;) such that (v,,v;) is not
an arc in Ms(x;) in (|J2(z;)|(|J2(x;)| — 1) — |La(x;)|) different ways. Let v, and vy be
two vertices in Mj(x;) such that (vg,vs) is an arc in Mi(x;) and let v, and v; be two
vertices in My(x;) such that (v,,v;) is not an arc in My(z;). From this we get an arc
((vg,vr), (vs,v¢)) in My(z;) X Ma(xj). Hence totally the second condition for adjacency
gives |Li(z;)| (|J2(z5)|(|J2(xj)] — 1) — |La(xj)|) arcs in My (x;) X Ma(x;). Hence, the total
count of arcs in M (z;) X Ma(x;) is 2]J1(xi)](|‘]2(;j)|) + | Ly (i) [(|J2(x) | (| J2 ()| — 1) —
|La(z;)|). This is a true statement for all diparts of D x Dy. Therefore, total count of
arcs in Dy X Dy is

S (2t () + maGel el - - et

(xi,xj)€P1 X Py
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Corollary 3.1. Let D} = (Vi, A1) and Dy = (Va, A2) be two directed graphs and Dy =
(D3, J1, L1, P1) and Dy = (D3, Ja, Lo, Py) be two soft directed graphs of DY and D} respec-
tively. Then

@0 > > ideg(u, v)[Mp,wD, (i, ;)] =

(.Z‘i,l'j)epl X Py (U,U)EJDI X Do (xivl‘j)

Z Z odeg(u, v)[Mp, xp, (s, ;)] =

(wi,xj)€EP1X P2 (u,0)€JD) x Dy (TirTj)

> (2@l e 1) - 1) - L))

(zi,mj)ePl X Po

@) > > deg(u, v)[Mp, wp, (i, x;)] =

(xi,xj)ePl X Py (’U,,U)GJDl x Do (xi,xj)

Ja ()
> (e () 2pmael e n6a) - ) - st
(xi,a:j)ePleg
where ideg(u, U)[MDI X D2 (xh mj)]) Odeg(u’ U)[MDI X D2 (xiv x])] and deg(u, U)[MD11><D2
(xi,x5)] denote the dipart in-degree, dipart out-degree and dipart degree respectively, of the
vertez (u,v), in the dipart Mp,xp, (i, z;) of D1 x Ds.
Proof. (i) Consider any dipart Mp, xp,(zi, ;) = (Jp,x Dy (Ti, Zj), LD, x Dy (xi, ) of Dy X
Dy which is given by Mi(x;) x Ma(z;). By theorem 3.2, we have number of arcs in
My (i) x Ma(x;) s 203 ()| (259 + Ly (@) |[172(25) | (|2 ()] = 1) = |La(z;)]]
Since the dipart Mp,xp,(xi, x;) is a directed graph having
21 ()| (257 + [Ty (@) [|Ja()| (| Ta(25)| = 1) = | La(ay)]] axcs, we have

Z ideg(u,v)[Mp,xD,(xi, )] =
(u,v)€J Dy x Dy (TiyT5)
3 odeg(u, v)[Mp, xp, (i, xj)] =

(u,w)€JDy x Dy (TisT5)
(2l (257 a0l o)) = 1) = o)

since each arc in Mp, xp,(x;,x;) contributes 1 each to the sums
Z(u,v)EJD1 x Do (TisT5) ideg(“? U) [MDl x Do (xia 37])] and

Z(u,v)GJDl X Do (wi,xj) Odeg(u7 U) [MDI D<D2 (:I/‘Z’ x])] :

This is true for all the diparts Mp,wp, (i, z;) of D1 x Dy. Hence,

Z Z ideg(u,v)[Mp,xp,(xi, ;)] =

(z4,25)EPLX Py (u,v)GJDI X Do (@s,25)

Z Z odeg(u, v)[Mp, xp, (i, z5)] =

(z4,25)EPIX Py (u,’U)EJD1 X Dy (z4,5)

> (2l el et - 1 - et

(xi,xj)ePl X Po
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(i) Since deg(u,v)[Mp,x D, (zi, zj)] = ideg(u, v)[Mp,x D, (zi, )] +
odeg(u,v)[Mp, xp, (s, 2;)] and by part (i) of this theorem we have,

3 3 deg(u, v)[Mp, D, (i, x;)] =

(Ii,Ij)Epl X Py (u,U)EJDl x Do (CCZ‘,I]')

> (@l 5N) s 1t te)] - 1) - ().

(xi,xj)el:ﬁ X Py

4. RESTRICTED HOMOMORPHIC PRODUCT OF SOFT DIRECTED GRAPHS

Definition 4.1. Let D* = (V, A) be a directed graph and D1 = (D*, J1, L1, P1) = {M;(z) :
x € Pi} and Dy = (D*,Ja, Lo, P2) = {Ma(x) : © € Po} be two soft directed graphs of
D* such that PL N Py # ¢. Then the restricted homomorphic product of D1 and D,
which is denoted by Dy % Do is defined as Dy % Do = {M;(z) X Ma(x) : z € Py N Pa}.
Here Mi(z) x Ms(x) denotes the homomorphic product of the diparts Mi(x) of Dy and
Ms(z) of Do which is defined as follows: Mi(x) x Ma(x) is a directed graph having set
of vertices V(M (x) x Ma(x)) = Ji(x) x Ja(z) and set of arcs A(M;(x) x Ma(x)), where
((v1,v]), (v2,v)) s an arc in My(z) x Ma(x) if and only if

(1) vi =v9 or

(2) (vi,v2) is an arc in Mi(z) and (v},v}) is not an arc in Ma(x).

Example 4.1. Let D* = (V,A) be a directed graph which is shown in Fig. 6. Let

V1 Vs Ve

—

<

V3 Vg Vo

FIGURE 6. Directed Graph D* = (V, A)

Py = {vo,v6} C V be a set of parameters. Define a mapping J1 : P — P(V) by
Ji(z) = {u € V | w = z or u is adjacent from x or u is adjacent to z},Vr € Pj.
That is, Ji(vy) = {v1,v2,v3,v4} and Ji(ve) = {vs, ve, v7,vs,v9}. Here (J1, P1) is a soft set
over V. Define another mapping L1 : P, — P(A) by Li(z) = {(u,v) € A | {u,v} C
Ji(x)},VYx € Pi. That is, Li(va) = {(v2,v1), (v2,v3), (v3,v4), (va,v2)} and Li(ve) =
{(ve,v5), (ve,v7), (ve,v9), (V5,v9), (vVg,v5), (vg,vs), (v8,v6), (vg,v7)}. Here, (L1, P1) is a soft
set over A. Then M (v2) = (J1(v2), L1(v2)) and Mi(ve) = (J1(ve), L1(ve)) are subdigraphs
of D* as shown in Fig. 7. Therefore D1 = {M;(v2), M1(ve)} is a soft directed graph of D*.
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V1 Vs Ve

® <

1% V4 V7

Ml ('Vz) Ml (Vﬁ)
FIGURE 7. Soft Directed Graph Dy = {Mj(v2), M1 (vs)}

Consider another parameter set Py = {ve,v9} C V. Define a mapping Jo : Po — P(V') by
Jo(z) ={u € V | u=x or u is adjacent from x},Vax € P,. That is, Ja(ve) = {v1,v2,v3}
and Jao(vg) = {vs,v7,vs,v9}. Here, (Jo, Py) is a soft set over V. Define another mapping
Ly : Py — P(A) by La(z) = {(u,v) € A | {u,v} C Ja(x)},Yx € Po. That is, La(ve) =
{(ve,v1), (v2,v3)} and La(vg) = {(vg,vs), (vs,v9), (v9,vs), (vg,v7)}. Here, (L2, P2) is a
soft set over A. Then, Ma(v2) = (J2(v2), La(v2)) and Ma(ve) = (J2(vy), La(vg)) are sub-
digraphs of D* as shown in Fig. 8. Therefore, Dy = {Ma(v2), Ma(v9)} is a soft directed
graph of D*. Then the restricted homomorphic product of these two soft directed graphs

Y1 Vs
[ ]

A

%] V7
® ® <4
V3 Vg Vo
M2 (1}2) Mz (Vg)

FIGURE 8. Soft Directed Graph Dy = {Ma(v2), Ma(vg)}
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Dy and Dy is given by D = Dy % Dy = {Mj(v2) X Ma(v2)} and is shown in Fig. 9.

(vs v1)

Mi(v2) X My(v2)

FIGURE 9. D = D; % Dy = {M;(v2) x Ma(v2)}

Theorem 4.1. Let D* = (V, A) be a directed graph and Dy = (D*, J1, L1, P) = {M;(z) :
x € P} and Dy = (D*,Ja, Lo, Po) = {Ma(x) : x € Po} be two soft directed graphs of D*
such that Py 0 Py # ¢. Then the restricted homomorphic product of D1 and Dy, which is
represented by D1 % Ds is a soft directed graph of D* x D*.

P?"OOf. Let D1 = (D*, Jl,Ll,Pl) = {Ml(l‘) LT € Pl} and D2 = (D*, JQ,LQ,PQ) =
{Ms(z) : = € Py} be soft directed graphs of D* = (V, A) such that P, N Py # ¢. Then the
restricted homomorphic product D; % Dy is defined as Dy % Dy = {M;(x) x Ma(x) : z €
Py N Py}. Here Mj(z) X Ma(z) denotes the homomorphic product of the diparts M (z) of
Dy and Mj(z) of Dy which is defined as follows: M;(x) x Ma(z) is a directed graph having
set of vertices V(M (x) x Ma(z)) = Ji(z) x J2(x) and set of arcs A(M;(x) x Ma(z)), where
((v1,v]), (v2,vh)) is an arc in Mj(x) x Ma(z) if and only if

(1) v =wvg or

(2) (v1,v2) is an arc in M;(z) and (v}, v) is not an arc in My (x).
The homomorphic product D*x D* is a directed graph having set of vertices V (D*x D*) =
V x V and set of arcs A(D* x D*), where ((v1,v}), (v2,v4)) is an arc in D* x D* if and
only if
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(1) v1 = wvg or

(2) (v1,v2) is an arc in D* and (v}, v}) is not an arc in D*.
Let the parameter set be Pp,xp, = P1 N P». Define a mapping Jp,xp, from Pp,xp, to
PV (D*xD*)] by Jp,xp,(x) = Ji(x) x Jo(x),Vx € PiNP, where P[V (D*x D*)] represents
the power set of V(D* x D*). Then (Jp,xp,, Pp,xD,) is a soft set over V(D* x D*).
Also define another mapping Lp,xp, from Pp,sxp, to P[A(D* x D*)] by Lp,xp,(x) =
{((u,v), (y,2)) € A(D*xD*) | {(u,v),(y,2)} € Jp,xD,(z)}, Y& € PiN Py, where P[A(D* x
D*)] represents the power set of A(D* x D*). Then (Lp,xp,, Pp,xD,) is a soft set over
A(D* X D*) Also if we denote (JDl%D2($),LD1%D2(.%')) by MDI%D2($), then MDI*DQ(x)
is a subdigraph of D* x D*Vx € P, N Pa, since Ji(z) x Jo(x) C V x V and any arc in
Lp,xp,(z) is also an arc in A(D* x D*). Then D; % Dy can be represented by the 4-tuple
(D* x D*, Jp, %Dy, LDy %Dy, PDyxD,) and also by {Mp,xp,(z) : © € PLN Pa} and Dy % Do
is a soft directed graph of D* x D* since the conditions listed below are met:

(1) D* x D* = (V(D* x D*), A(D* x D*)) is a directed graph having set of vertices

V(D* x D*) and set of arcs A(D* x D*),
) Pp,xp, = P1 N P2 # ¢ is the set of parameters,
) (Jp,xDs, PpyxD,) is a soft set over V(D* x D*),
) (LpyxDy, PpyxD,) 18 a soft set over A(D* x D*),
) Mp,sp,(z) = (Jp,xD,(x), Lp,xD,(z)) is a subdigraph of D* x D* ,Va € Pp,xp, =
PNP.
O

Theorem 4.2. Let D* = (V,A) be a directed graph and D1 = (D*,Jy,L1,P1) and
Dy = (D*, Jy, Lo, P2) be two soft directed graphs of D* such that Py, N Py # ¢. Then
their restricted homomorphic product Dy % Do contains ) cp p, |J1(2)||J2(z)| vertices

and 3 ye pyp, (2191(@)| (P57 + [ Ly (@) [ (@) (| Jo(2)| = 1) = |La(2)[]) ares, where (72{7)
denotes the number of different combinations of vertices in |Ja(x)| taking 2 at a time.

Proof. By definition, D % Dy = {Mj(x) x My(z) : © € P, N Py}. The parameter set of
Dy % Dy is Py N P,. Consider the dipart M;(z) x Ma(x) of Dy % Dy corresponding to the
parameter x € P; N Py. The vertex set of M (z) x Ms(x) is Ji(x) x Jo(z) which contains
|J1(z)||J2(x)| elements. This is a true statement for all diparts of D; % Dy. Therefore total
count of vertices in Dy % Da is > cp ~p, [J1(2)[|J2(x)]. Also we know, ((vg,vr), (vs,vt))
is an arc in Mj(x) X Ms(x) if and only if
(1) vg =wvs or
(2) (vq,vs) is an arc in My (x) and (vy,v¢) is not an arc in Ma(x).

Now, each arc in M;(x) x My(z) was made by just one of these two requirements and both
of them can not be true at the same time. So to get the total count of arcs in M (x) x Ma(x),
we add the number of arcs generated by each condition. Consider the first condition for
adjacency, i.e.,u; = vs. Let v be any vertex in M;(z). The dipart Ma(x) contains |Ja(x)]
vertices. We can choose 2 different vertices v’ and v” from Ms(x) in (I‘]QQ(‘T)‘) different ways.
Corresponding to each choice we get 2 arcs ((v,v'), (v,v”)) and ((v,v”), (v,v")) in My (z) x
My (x). Like v, there are totally |Ji(z)| vertices in M;j(z). Hence the first condition of
adjacency gives 2|.J; ()] ('JQSU)') arcs in M (z) x Ma(x). Now consider the second condition
for adjacency, i.e., (vq,vs) is an arc in M;(x) and (v, v¢) is not an arc in My(z). We can
choose two different vertices v, and v, in M (x) such that there is an arc (vq, vs) in Mi(x),
in |L;(x)| different ways. Similarly we can choose two different vertices v, and v; in Ma(x)
such that (v,,v:) is not an arc in Ms(x) in (|J2(z)|(|J2(z)| — 1) — |L2(x)|) different ways.
Let v, and vg be two vertices in Mj(x) such that (vy,vs) is an arc in M;(x) and let v, and
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v¢ be two vertices in Ma(x) such that (v,,v;) is not an arc in Ms(x). From this we get an
arc ((vg, vp), (vs,v¢)) in My (x) X Ma(x). Hence totally the second condition for adjacency
gives | Ly (x)| (|J2(2)|(|J2(x)| — 1) — |La(z)|) arcs in My (x) x Ms(z). Hence, the total count
of arcs in M (z) x Ma(x) is 2Jy (2)] (72)) + | L1 (2)] (|2 (2)|(|J2(2)] — 1) — [La(2)]). This
is a true statement for all diparts of D; % Ds. Therefore total count of arcs in Dy % Do is

3 <2|J1<x>| ('JZ(”“")') 1L (@) [[a@) ()] — 1) — |L2<m>u) ,

2
rzePiNPs
]

Corollary 4.1. Let D* = (V, A) be a directed graph and Dy = (D*,Jy, L1, P;) and Dy =
(D*, Ja, Lo, Py) be two soft directed graphs of D*. Then

(4) Z Z ideg(u,v)[Mp,xp, ()] =

xeP1NPs (’U‘,'U)GJDl%DQ (x)

Z Z odeg(u,v)[Mp,xp,(z)] =

z€PINP2 (u,w)€Jp; %Dy (T)

> (@I 4 @1 @] - D - @)

reEPINPy

(i) Y > deg(u, v)[Mp, D, ()] =

zePINP2 (u,w)€Jp; %Dy (T)

> (@) v L@ 1@l ) - 1) - ).

zEPINPs

where ideg(u,v)[Mp, xD, ()], odeg(u, v)[Mp,xp, ()] and deg(u,v)[Mp,xp,(z)] denote the
dipart in-degree, dipart out-degree and dipart degree respectively, of the vertex (u,v), in
the dipart Mp,sxp,(z) of D1 % Ds.

Proof. (i) Consider any dipart Mp, xp,(z) = (Jp,xD, (%), Lp,xD,(z)) of Dy % Do which is
given by Mj(x) x My(z). By theorem 4.2, we have number of arcs in M (z) x My(x) is

ZE;% <2|J1(:E)| <|Jzéx)|> 1Ly (@) [[a(@) (o) — 1) — | LQ(:U)H) |
Since the dipart Mp,xp,(x) is a directed graph having

xe;wz <2|J1(x)| <\J2§,;)\> + Ly ()] [|a(@)] (| Ja(@)] — 1) — \Lz(a:)u)
arcs, we have

Z ideg(u’ U) [MDﬁ'.éDz (x)] = Z Odeg(u’ U) [MDl%Dz (l‘)] =

(u,’U)EJDl%D2 (z) (’u,’U)EJDl%D2 (z)

3 <2|J1<x>| ('JQ(”') 1L (@) [[a@) ()] — 1) — |L2<m>u) ,

2
rzePiNPs
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since each arc in Mp, xp,(z) contributes 1 each to the sums
z:(u,v)eJDﬁéD2 (z) ideg(uv U)[MD1¥D2 (J})] and Z(u,v)eJDﬁéD2 (z) Odeg(ua v)[MDHéDQ (.1‘)]
This is true for all the diparts Mp,xp,(x) of Dy % Dy. Hence,

Z Z ideg(u,v)[Mp,xp,(z)] =

zeEPINPs (u,v)eJDl%DQ (z)

Z Z odeg(u,v)[Mp,xp,(z)] =

xeP1NPy (u,v)GJDl%DQ (m)

> (2|J1<x>|("]2(”““)'> 1Ly (@)] [ (@) (o) — 1) — \L2<x>u) |

2
TEPINP;

(i) Since deg(u, 0)[Mp, = ()] = ideg(t, v)[Mp, £y (2)] + odeg(u, v)[Mp, ., ()] and by
part (i) of this theorem we have,

Z Z deg(u, v)[Mp,sp,(x)] =

z€PINP2 (u,w)€Jp, %D, (T)

> (n@I( ) + 2@l 1@ - b - L]

zeEPINPs

5. CONCLUSION

Soft directed graph generates a series of representations of a relationship given by a
directed graph, through parameterization. We introduced and explored the features of
homomorphic product and restricted homomorphic product of soft directed graphs, in

this study.
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