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FORK-DECOMPOSITION OF TOTAL GRAPH OF CORONA GRAPHS

A. SAMUEL ISSACRAJ'*, J. PAULRAJ JOSEPH?, §

ABSTRACT. Let G = (V, E) be a graph. Then the total graph of G is the graph T'(G)
with vertex set V(G) U E(G) in which two elements are adjacent if and only if they are
either adjacent or incident with each other. The corona of two graphs G: and Ga, is
the graph formed from one copy of G and |V (G1)| copies of G where the i*" vertex of
G, is adjacent to every vertex in the i*" copy of G2 and is denoted by Gi o G2. Fork
is a tree obtained by subdividing any edge of a star of size three exactly once. A de-
composition of G is a partition of E(G) into edge disjoint subgraphs. If all the members
of the partition are isomorphic to a subgraph H, then it is called a H-decomposition of
G. In this paper, we investigate the existence of necessary and sufficient conditions for
the fork-decomposition of Total graph of certain types of corona graphs which gives a
partial solution for the conjecture of Barat and Thomassen [4] for graphs of small edge
connectivity.
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1. INTRODUCTION

We consider only simple, finite and undirected graphs. Let K, denote the complete
graph on n vertices and K, be the null graph. Let K., n denote the complete bipartite
graph with parts of sizes m and n. Let P denote the path of length £k — 1 and Sy denote
the star of size k — 1. A vertex of degree 1 is called a pendant vertex and the vertex
adjacent to it is called a support. A tree is a connected acyclic graph.

Definition 1.1. The total graph of G, denoted by T(G) is defined as follows: the vertex
set of T(G) is V(G) U E(G); two vertices x,y in the vertex set of T(G) are adjacent in
T(G) in case one of the following holds:

(1) z,y € V(G) and x is adjacent to y in G.

(2) z,y € E(G) and x is adjacent to y in G.

(3) z € V(Q), y € E(G) and x is incident with y in G.
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Remark 1.1. The number of edges in the total graph is 2|[E(G)|+3 > (d(v))>.
veV(G)

Definition 1.2. The corona of two graphs G and Ga, is the graph Gy o Ga formed from
one copy of G1 and |V (G1)| copies of Go where the it vertex of Gy is adjacent to every
vertex in the i copy of Gs.

Definition 1.3. [14] The Cartesian product of two graphs G and H, denoted by GOH, is
the graph whose vertez set is V(G) x V(H); two vertices (g,h) and (¢',h') are adjacent in
GOH precisely if g =g and hh' € E(H), or g¢' € E(G) and h =1'.

Terms not defined here are used in the sense of Bondy and Murty [5].

2. LITERATURE REVIEW

A decomposition of a graph G is a collection C = {Hi, Ha,...,H,} of subgraphs of
G such that the set {E(H1), E(H2),...,E(H,)} forms a partition of E(G). If each H; is
isomorphic to a graph H, then C is called a H-decomposition of G. If H is a spanning
subgraph of GG, then the decomposition is called a factorization.

There are lot of applications of decomposition of graphs which include group testings,
DNA library screening, scheduling problems, sharing scheme and synchronous optical
networks etc. In 1995, F.K. Hwang [15] gave necessary and sufficient condition for the
factorization of K. into (r,c)-cliques which is isomorphic to K,[JK, to identify positive
clones in genetic studies. This paper [15] explains how decomposition is used in DNA
library screening.

Decomposition of circulant balanced graphs using algorithmic and labeling approach
were studied by El. Mesady et. al. in [8, 9, 11] along with their applications. Cyclic
decomposition of balanced complete bipartite graphs using novel approach was studied in
[10]. Related studies were made in [12, 13].

Decomposition of arbitrary graphs into subgraphs of small size is assuming importance
in the literature. There are several studies on the isomorphic decomposition of graphs
into paths [19], cycles [2], trees [3], stars [20], sunlet [1] etc. The general problem of H-
decompositions was proved to be NP-complete for any H of size greater than 2 by Dor
and Tarsi [7].

Fork is a tree obtained by subdividing any edge of a star of size three exactly once. A
tree with degree sequence (1,1, 1,2, 3) is unique and is nothing but the fork defined above.
This graph was defined by Simone and Sassano in the name of chair graph in 1993, when
they studied the stability number of bull and chair-free graphs [6]. In 2014, Barat and
Gerbner [3] studied decomposition of 191-edge connected graphs which can be decomposed
into forks as a possible attempt to solve the following conjecture:

Conjecture 1. [4] For each tree T, there exists a natural number kp such that the
following holds: if G is a k7 -edge-connected simple graph such that |E(T")| divides |E(G),
then G has a T-decomposition.

The edge-connectivity constants in the solved cases of Conjecture 1 are seemingly far
from best possible. There is very little known about lower bounds. This motivated us to
concentrate on total graph of certain corona graphs which are 2-connected.

If a graph G admits a H-decomposition, then |E(H)| divides |E(G)|. Since the size of
a fork is 4, for a fork-decomposition the obvious necessary condition is

IE(G)| = 0 (mod 4) (1)
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Decomposition of complete bipartite graphs, complete graphs and corona graphs into
fork was studied in [18] by the authors. Also, they have studied the fork-decomposition
of cartesian product of graph and some total graphs in [16] and [17] respectively.

The following results are used in the subsequent section.

Theorem 2.1. [18] The complete bipartite graph K, is fork-decomposable if and only if
mn =0 (mod 4) except Ko 4i42, (i =1,2,...).

Theorem 2.2. [18] The Complete graph K, can be decomposed into forks if and only if
n=8k orn=8k+1, forallk > 1.

Theorem 2.3. [18] C,, o K, is fork-decomposable if and only if m = 1 and n = 2k or
m = 3.
Theorem 2.4. [18] For m > 3,
(1) Ky, o Ky is fork-decomposable if and only if m =0, 7 (mod 8).
(2) Ky, o Ko is fork-decomposable if and only if m =0, 5 (mod 8).
Theorem 2.5. [16] The graph P,(OC,, is fork-decomposable if and only if n =0 (mod 4).

In this paper, we investigate the existence of decomposition of Total graph of certain
corona graphs into forks and obtain original results.

3. TOTAL GRAPH OF CORONA OF PATHS AND NULL GRAPHS

In this section, we investigate the necessary and sufficient conditions for the existence
of fork-decomposition of total graph of corona of paths P, and null graphs K ,,.

We label the vertices of P, o K,, as follows:

Let V(P,) = {u1,u2,...,u,} and let V; = {vi1,vi,...,vim/1 < i < n} be the set of

pendant vertices adjacent to u; and

E(P,oKy,)={e, fij | ei=uuip1 for 1<i<n—1and
fij = uivij for 1 <i<nand1<j<m}

Then,
V(T(PpoKy)) = {u/1<i<n}U{v;/1<i<n,1<j<m}
U{fij/1<i<n,1<j<m}U{e/l <i<n-—1}
and
E(T(P,oKy)) = {ue/1<i<n—-1}U{equ;/1<i<n-—1}

W{uiuir1/1 <i<n—1}U{eei11/1 <i<n-—2}
Ufuifij/1 <i<n,1<j<m}U{uw; /1l <i<n,1<j<m}
U{fijuij/1 <i<n,1<j<m}U{efi;/1<i<n—-1,1<j<m}
U{fijfin/d # k1 < i <ny1 < gk <mb.
Remark 3.1. The number of edges in the total graph of P, o K, is 2(mn +n — 1) +
$(mn1? +2.(m+1)? + (n — 2).(m + 2)?) = $(9mn + 8n — 4m + m?n — 10).
The following 4 lemmas are needed for proving the necessary and sufficient conditions

for the fork-decomposition of T'(P, o K,,).
Lemma 3.1. T(P, o K1) is fork-decomposable if and only if n = 3 (mod 4).
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Proof. The number of edges in T'(P, o K1) is (9(1)(n) +8n —4(1) + 1(n) — 10) = 9n — 7.

If T(P, o K;) is fork-decomposable, then 9n — 7 = 0 (mod 4) which implies 8(n — 1) +
(n+1) = 0 (mod 4). Since 8(n — 1) = 0 (mod 4), n+ 1 = 0 (mod 4) which implies
n =3 (mod 4).

Conversely, assume that n = 3 (mod 4).

Then, a fork-decomposition of T'(P, 0 K1) is given by {u;—1v(—1)1, wi—1fi-1)1, ti-1€i-1,
ei—1ui}, {ei—1€i, ei—1fi, 6i—1f(¢—1)17 f(i—l)lv(i—1)1}7 {ugui—1, wieq, wifir, firvit, {wiv1w,
Uit1€75 Wik 10(i41)15 Wiil }> L f(i 1)1 Vit 1)1 Farn)1%ivt, fvr)€is €ifir}, where i = 2 (mod 4)
and {ej—1€i-2, €i—1fii—1)1, €i1Ui-1, Wi}, {wiei—1, wvir, wiei, eifa}t, {firwi, firvi,
finei—1, ei—1ei}, {eieiy1, eif(it1)1> Cillit1, u;1u; } where i = 0 (mod 4). Here the subscripts
are taken modulo n. [l

Lemma 3.2. T(P, o K3) is fork-decomposable if and only if n = 3 (mod 4).

Proof. The number of edges in T'(P, o K») is £(18(n) + 8n — 8 + 4(n) — 10) = 15n — 9.

If T(P, o K3) is fork-decomposable, then 15n — 9 = 0 (mod 4) which implies 5n — 3 =
0 (mod 4). This can be written as 4(n—1)+(n+1) = 0 (mod 4). Since 4(n—1) = 0 (mod 4),
n+ 1 =0 (mod 4) which implies n = 3 (mod 4).

Conversely, assume that n = 3 (mod 4).

If n > 3, then, a fork-decomposition of T'( P30 K) is given by {u;via, u; fi2, uivi1, vi1 fi1},
{fizvia, fizei, fiafir, firwi}, {eiui, €if(iy1)2, €ifin, wiuip1} where i = 1,2 (mod 4) and
{eitivt, eifiirnn €i€irts €iv1 S}, {Uir2ivt, Wir2vio)s Wirafiv2)2: far2)2Vi42)2})
{f+2)10+2)15 far2)1fi+2)2 fir2)1%it2, Wit2v(ip)2} where i =1 (mod 4). Here the sub-
scripts are taken modulo n.

For n > 4, the induced subgraph ({u;, w11, wi+2, €i, €i+1, fir, fiz, farn1, farr)2s fara)t
fi+2)2> Vi1, Vi2, V(ip1)1> V(i+1)2> V(i+2)1s V(i+2)2}) Where i = 0 (mod 4) is isomorphic to
T (P30 K3) which is fork - decomposable. Removing the above induced subgraphs, we get a
subgraph which is fork - decomposable as follows: {e;_1e;_2, ei—lf(i_1)1, €i1Ui—1, Ui—1Us; },
{ei—1€i, eim1fi, ei1ui, uifin}y, {faei, fifie, finei1, eic1fi—n)2}, {fiewi, fizviz, fizes,
eifir)1}s {uiei, uiviz, wvir, via fir}, {e€ieiv1, €ifiv1)2, €ittiv1, uir1ui} wherei =0 (mod 4)
and the subscripts are taken modulo n. ]

Lemma 3.3. T(P, o K5) is fork-decomposable if and only if n = 1 (mod 4).

Proof. The number of edges in T'(P, o K5) is 3(45(n) + 8n — 20 + 25(n) — 10) = 39n — 15.

If T(P, o K;) is fork-decomposable, then 39n — 15 = 0 (mod 4) which implies
8(5n —2) —(n—1) = 0 (mod 4). Since 8(bn —2) = 0 (mod 4), n — 1 = 0 (mod 4)
which implies n =1 (mod 4).

Conversely, assume that n =1 (mod 4).

Then, a fork-decomposition of T'(P, 0 K) is given by { fi;vij, fijfiG+1)s figFici+2)s vijui}
where 1 S ) S n and 1 S ] S 5, {uiui,l, Ui€qy UzUj41, ui+16¢+1} where 7 = 2 (mod 4),
{uiei, Ui€i—1, UsU;—1, uiflel;g} where 1 =0 (mod 4), {uiul-,l, Ui€i—1, Ui€E4q, €¢Ui+1} where
i =5 (mod 4), {ei—1fi, ei—1fi2, eic1fiz, fizwi}, {wifir, wifio, wifia, fiseio1}, {eifir, eifiz,
ei fis, fisui}, {€ifiz, €ifia, eiei—1, €i—1 fis} where 2 < i <n—1, {uy f12, u1 f13, u1 f14, fuae1},
{erug, e1fi3, erur, uifu}, {e1fir, e1fiz, erfis, fisur}, {unfn2, Unfns, unfoa, fraen-1},
{enflunfly enflfn?ﬂ €n—1U5, U5fn1}a {enflfnla 6nflfn% enflfnfn fn5u5}- U

Lemma 3.4. T(P, o Kg) is fork-decomposable if and only if n = 1 (mod 4).

Proof. The number of edges in T'(P, 0 Kg) is 3(98(n) + 8n — 24 + 36(n) — 10) = 49n — 17.
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If T(P, o Kg) is fork-decomposable, then 49n — 17 = 0 (mod 4) which implies
8(6n —2) + (n—1) = 0 (mod 4). Since 8(6n —2) = 0 (mod 4), n — 1 = 0 (mod 4)
which implies n = 1 (mod 4).

Conversely, assume that n =1 (mod 4).

Then, a fork-decomposition of T'(P, 0 Kg) is given by { f;jvij, fijfii+1), fij fii+2), vigui}
where 1 <i <nand1<j <6, {uj—1ui—2, ui-1€i—2, Ui—1€i-1, €i—1f;-1)3}, {witti—1, uiei—1,
Ui €4, 6z‘uz‘+1}, {eifz'?n €i€i+1, €i€i—1, 61’—161‘—2}, {ei—l-lf(i—i-l)?n Cit1Ui+2, Ci+1Ui41, ui—i—lui}
where i = 3 (mod 4), {e;fi3, ei€i—1, eu;, uiu;—1} where i = 5 (mod 4), {firei—1, firu,
firei, ei1fis}, { ficeio1, fiawi, fizei, wifis}, {ei-1fia, ei-1fis, €i-1fi6, fiafir}, {eifia, €ifis,
eifie, ficfis}, {wifia, wifis, wifie, fisfiz} where 2 <i <n—1, {ej fi4, €1 f15, e1fi6, fieu1},
{fiou1, fize1, fi2fis, vafir}, {fizua, fizer, fizfie, e1fir}, {uier, vifis, uifia, frafin},
{enflfn4a enflan)a enflfn67 fn6un}7 {fn2un7 fn2€n717 fn2fn5, unfnl}, {fnSUna fn3en717
fn3fn6a enflfnl}a {Unenfly unfnSa unfn4a fn4fn1}- U

Theorem 3.1. T(P, o K,,) is fork-decomposable if and only if it satisfies any of the
following conditions:

(1) n=3 (mod 4) and m = 1,2 (mod 8).
(2) n=1 (mod 4) and m = 5,6 (mod 8).
Proof. Let V(P o Ky) ={u; /1 <i<n}U{vy; /1<i<mn,1<j<m} whereu; are
the support vertices and v;; are the pendant vertices adjacent to corresponding ;.
E(P,oKy) = {ei fij | e =uuipr for 1 <i<n-—1and
fij = uivij for 1 <i<nandl<j<m}.

Then,
V(T(PhoKy)) = {ui/1<i<n}U{v;/1<i<n,1<j<m}
U{fij/1<i<n,1<j<m}U{e/l1<i<n-—1}
and
E(T(P,oKn)) = {ue/1<i<n—1}U{eiqui/1<i<n-—1}

W{uiuir1/1 <i<n—1}U{eei11/1 <i<n-—2}

Ufuifij/1 <i<n,1 <j<mpuU{uwv/1<i<n1<j<m}
U{fijvij/1 <i<n1<j<m}U{ef;/1<i<n-11<j<m}
U{fijfi/i #k,1<i<n1<4,k<m}.

The number of edges in T'(P, 0 K,,) is 1(9mn+8n —4m+m?n— 10) which implies that
(9mn+8n—4m+m3n—10) = 0 (mod 8). Hence, n((m-+8)(m+1))—4m—10 = 0 (mod 8).
Since 8n(m + 1) =0 (mod 8), nm(m + 1) —4m — 10 = 0 (mod 8).

Now assume that T'(P, o K,,) is fork-decomposable.

Case 1. n =0 (mod 4).

Then n = 4a, where a is any arbitrary integer. Hence, 4am(m-+1)—4m—10 = 0 (mod 8).
Since m(m + 1) is even, 4dam(m + 1) —8 = 0 (mod 8), then —4m — 2 =0 (mod 8), which
is not possible since m is an integer.

Case 2. n =1 (mod 4).

Then n = 4a+ 1, where a is any arbitrary integer. Here, (4da+ 1)m(m+1) —4m — 10 =
0 (mod 8). This implies that, m(m + 1) —4m — 10 = 0 (mod 8), since m(m + 1) is even.
(m+2)(m—5) =0 (mod 8). Then either m +2 =0 (mod 8) or m — 5 = 0 (mod 8) which
implies that m = 6 (mod 8) or m =5 (mod 8).

Case 3. n =2 (mod 4).
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Then n = 4a + 2, where a is any arbitrary integer. Here, (4da+2)m(m+1) —4m —10 =
0 (mod 8). This implies that, 2m(m + 1) — 4m — 10 = 0 (mod 8), since m(m + 1) is
even. Here m? +m — 2m = 5 (mod 4) which implies m(m — 1) = 5 (mod 4) which is a
contradiction, since m(m — 1) is even.

Case 4. n =3 (mod 4).

Then n = 4a + 3, where a is any arbitrary integer. Here, (4da+3)m(m+1) —4m —10 =
0 (mod 8). This implies that, 3m(m + 1) — 4m — 10 = 0 (mod 8), since m(m + 1) is even.
Here m(3m — 1) — 10 = 0 (mod 8) which implies m(3m — 1) = 2 (mod 8). Then either
m = 2 (mod 8) or 3m—1 = 2 (mod 8) which implies that m = 2 (mod 8) or m = 1 (mod 8).

Now let us prove the converse part. Let G = P, o K.

Case 1. n =3 (mod 4) and m =1 (mod 8).

Let G1 = ({u1,ug, ..., Upn, €1,€2, ...y €n—1, Vlm, V2m, - - + » Unms fims foms - - -5 fum}) be the
induced subgraph of G. Then, GG is isomorphic to T'(P, o K1) which is fork-decomposable
by Lemma 3.1. Let Gy = <{(f1j,?)1j),(fgj,UQj),...,(fnj,vnj) / 1 <73 <m-— 1}) be
the induced subgraph of GG. Then, G is isomorphic to n copies of K,,_1 o Kj. Since
m =1 (mod 8), Gy is fork-decomposable by Theorem 2.4.

Let G5 denote the collection of forks, {uwij,uivi(jﬂ),uifi(%), fi(%)ei /1<i<n-—1,
j =1 (mod 2) and j < m}. Let G4 denote the collection of forks, {u,vnj, Unvy(jt+1),
unfn(%), n(i51) / 7 =1 (mod 2) and j < m}.

4
Let Hy = G — | Gi. Let G5 = ({u1, e1, f11, fi2, ..., fim}) be the induced subgraph of
i=1

H;. The fork-decomposition of G5 is given by {(f1,u1, fiwe1, fiwfim, flmfl(w_m)> Jw =
2

k.k+1,...,2k — 2 where k = mTH} Also, let Gg = {un,en—1, fni, fn2s- -, fam} be the
induced subgraph of Hj. The fork-decomposition of Gg is given by {(fnwtn, frwen—1,
Frw fums frm Femz1)) [ w =k, k+1,...,2k — 2 where k = "3},

6
Let Hy = G — {J Gi. Let G = ({ui, eq, fit, fiths1)s - - fioh—2)} / b = "5+ and 2 < i <
i=1
n — 1) be the induced subgraph of Hy. Here G7 is isomorphic to n — 2 copies of Ky m—1.
T2
Let Gg = ({ei—1, fij} / 2 <i<n—1.1<j < m) be the induced subgraph of Hs and it is
isomorphic to K» ,,—1. Here the subgraphs G7 and Gg are fork-decomposable by Theorem
2.1, since m = 1 (mod 8).

_ 8
Thus, T(P, o K,,) = |J G; is fork-decomposable.
i=1

Case 2. n =3 (mod 4) and m = 2 (mod 8).
Let Gl = <{U1,U2,...,Un, €1,€2,...,€6n—-1, VUlm,V2m, ---,Unm, /Ul(mfl)u/UQ(mfl)? R
Un(m—1)» f1m7 f2mu SR fnma fl(m71)7 f2(m71)7 SRR fn(mfl)}> be the induced subgraph

of G. Then, G is isomorphic to T(P, o K3) which is fork-decomposable by Lemma 3.2.
Let Go = ({fi;} /1 <j<m—2)and G3 = ({fn;} /1 < j < m—2) be the induced
subgraphs of G. Then, the graphs GGo and (3 are isomorphic to two copies of K,,,_s, which
are fork-decomposable by Theorem 2.2. Let G4 = ({fij,vij} /2 <i<n—1,1<j <m-2)
be the induced subgraph of G. Then, G4 is isomorphic to n — 2 copies of K, 20 Kj. Since
m = 2 (mod 8), Gy is fork-decomposable by Theorem 2.4.

Let G5 denote the collection of forks {fijui, fije1, fiv15, w1vigm—j—1) / 1 < j <
m =2}, { fujun, fagen—1, fajvngs UnVpm—j—1) / 1 <3 <m—2}, {uvig, wivi(j41), Uz‘fj(%),
f](%)ez / 2<1 < n—l,j =1 (mod 2) andj < m—l}, {fl(%Jr])uZ, fi(%+j)ei7 fi(%Jrj)ei_l,
eictfympz_j [ 2Si<n—1,0<j<mA)



A. SAMUEL, J. P. JOSEPH: FORK-DECOMPOSITION OF TOTAL GRAPH OF CORONA GRAPHS 1479

5
Let G¢ = G — |J G;. Then, Gg = ({fi1, fiz, .-+, fim} / 1 <1i < n) is isomorphic to n
i=1
copies of K9 ,,—2. Since m = 2 (mod 8), G is fork-decomposable by Theorem 2.1.

_ 6
Thus, T'(P, o K,) = J G is fork-decomposable.
i=1
The proof for the case n = 1 (mod 4) and m = 5,6 (mod 8) is similar to the proof of
Case 2. O

4. TOTAL GRAPH OF CORONA OF CYCLES AND NULL GRAPHS

In this section, we investigate the existence of necessary and sufficient conditions for
the fork-decomposition of total graph of corona of cycles C,, and null graphs K ,,.

We label the vertices of C), o K, as follows:

Let V(Cy) = {u1,ug,...,u,} and let V; = {v;1,vi2,...,vim / 1 < i < n} be the set of
pendant vertices adjacent to u;.

Let BE(Cp o Ky,) = {{ei, fij} / € = winis1, fij = uivij where 1 <i<n,1<j<m.}

Then, V(T(Cy 0 Kp,)) = {ui, €, 035, fi;/1 <i<n, 1 <j<m} and

E(T(CroKyp)) = {{uiei eim1ui, uiuir1, eieir1 /1 < i < n}
Ui fijs wivi, € figs fijvigs €ifgn; /1 <0 <n, 1 < j <mj}
O{fijfafi # k1 <i<n 1 <jk <m}}.

Remark 4.1. The number of edges in Total graph of C, 0 K, is 2(mn +n) + %(mn.l2 +
(n).(m + 2)?) = 2mn + 2n + L(mn + n(m?® + 4 + 4m)) = L(m?n + 9mn + 8n) =

$(mn(m + 1) + 8n(m + 1)) = 3(n(m + 1)(m +8)).

The following 8 lemmas are needed for proving the necessary and sufficient conditions
for the fork-decomposition of T'(Cy, o K ).

Lemma 4.1. T(C, o K1) is fork-decomposable if and only if n =0 (mod 4).

Proof. The number of edges in T'(Cy, o K1) is 4(n(1 4 1)(1+8)) = 9n.

If the graph is fork-decomposable, then 9n = 0 (mod 4) which implies n = 0 (mod 4).

Conversely, assume that n =0 (mod 4).

Then, a fork-decomposition of T'(C,, o K1) is given by {u;e;, u; fi1, uie;—1, fi1v;} where
1 <i < n, {uuio1, wivi, Uiy, wi—1vi-1} where i = 0 (mod 2), {e;f1)1, €i€it1, €ifil,
finei—1} where i = 1 (mod 4), {eifi1, €ifiis1)1, €i€i+1, €itr1f(i+2)1} where i =2 (mod 4),
{eieiv1, eifi1, eieim1, ei—1f(i—1y1} where i = 0 (mod 4) and the subscripts are taken modulo
n. Hence, the graph T(C), o K1) is fork-decomposable. O

Lemma 4.2. T(C, o K») is fork-decomposable if and only if n =0 (mod 4).

Proof. The number of edges in T(C, o K3) is 3(n(2+1)(2 +8)) = 15n.
If the graph is fork-decomposable, then 15n = 0 (mod 4) which implies n = 0 (mod 4).
Conversely, assume that n = 0 (mod 4). Consider the collection of forks {w;v;2, u;fi1,
u;fiz, fioei}, { fanei, firei—1, firvit, vawi}, { fiofir, fizvia, fioei—1, ei1u;} where 1 <i <n
and the subscripts are taken modulo n. After removing the above collection of forks,
we get the induced subgraph ({u;,e;/1 < i < n}) isomorphic to C,OP,, which is fork-
decomposable by Theorem 2.5. Hence, the graph T(C,, o K») is fork-decomposable. [

Lemma 4.3. T(C, o K3) is fork-decomposable if and only if n =0 (mod 2).
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Proof. The number of edges in T'(Cy, o K3) is $(n(3 + 1)(3 + 8)) = 22n.

If the graph is fork-decomposable, then 22n = 0 (mod 4) which implies n = 0 (mod 2).

Conversely, assume that n = 0 (mod 2). Consider the collection of forks {fijvij, fiju,
fijfig+1)> fig+vei-1} where 1 <i <mn, j=1,2,3 and {e;fi1, eifiz, eiei—1, €i—1ui}, {uiva,
UiVi2, Wi€;, €;fis} where 1 < i < n. After removing the above collection of forks, we get the
induced subgraph ({u;,vi3 / 1 < i < n}) isomorphic to Cy 0K, which is fork-decomposable
by Theorem 2.3. Here the subscripts are taken modulo n. Hence, the graph T'(C,, o K3) is
fork-decomposable. ([l

Lemma 4.4. T(C, o K4) is fork-decomposable if and only if n =0 (mod 2).

Proof. The number of edges in T(Cy, 0 K4) is $(n(4 + 1)(4 4 8)) = 30n.

If the graph is fork-decomposable, then 30n = 0 (mod 4) which implies n = 0 (mod 2).

Conversely, assume that n = 0 (mod 2). Consider the collection of forks {u;vi4, u;fi1,
u;fia, fiafiz}s {wivis, wifio, wifis, fisfa}, {wivir, wivie, wiei—1, ei—1ei}, {fijvij, fijvigi+1)s
fijei, figj+1)€i-1}, where 1 <i <n and j = 1,2,3,4. After removing the above collection
of forks, we get the induced subgraph ({u;,e;/1 < i < n}) isomorphic to Cy, o K7, which is
fork-decomposable by Theorem 2.3. Here, the subscripts are taken modulo n. Hence, the
graph T(C,, o K4) is fork-decomposable. O

Lemma 4.5. T(C, o K5) is fork-decomposable if and only if n =0 (mod 4).

Proof. The number of edges in T(Cy, o K5) is $(n(5 + 1)(5+ 8)) = 39n.

If the graph is fork-decomposable, then 39n = 0 (mod 4) which implies n = 0 (mod 4).

Conversely, assume that n =0 (mod 4).

Then, T(C,, o K5) can be decomposed into { fi;vij, fijfiti—1) fijfigj—2), vijui} where
1 < ) <n and j = 1,2,3,4,5, {uiei_l, Ui€qy UiUi41, ui+1ei+1}, {ui+26i+1, Uj42Uj+1,
Ui 2Uit3, Uit1€i}, {Uit3€i43, Uit3Citd, Uit3€i+2, €i42Uira} Where ¢ = 1 (mod 4), {e;fi1,
eifio, eifis, fiowi}, {wifis, wifia, wifis, fisei}, {€ei—1fiz, ei—1fia, €i-1fis, fiaei}, {ei-1res,
ei—1fi2, €i—1fi1, firu;} where 1 < i < n and the subscripts are taken modulo n. Hence,
the graph T'(C,, o K5) is fork-decomposable. O

Lemma 4.6. T(C, o Kg) is fork-decomposable if and only if n =0 (mod 4).

Proof. The number of edges in T'(Cy, o K¢) is $(n(6 + 1)(6 + 8)) = 49n.
If the graph is fork-decomposable, then 49n = 0 (mod 4) which implies n = 0 (mod 4).
Conversely, assume that n = 0 (mod 4). Consider the collection of forks {fi1e;—1,
firui, firei, ei—1fis}, {fizei—1, fious, fines, wific}, { fizei—1, fisws, fizei, ei—1fic}, {fia €i—1,
fiawi, fiseq, eifis}, {uiei—1, uifis, wies, eifie}, {fisvis, fisfie, fisfia, fiavia}, {fie fias fio fiz,
fiefir, firfis}s {wivis, wivie, uivit, viefie} where 1 < i < n, {fijvij, fijfigi+1), fizfigi+2)s
fiti+1) fij+4)} where 0 < i < n and j = 1,2,3. Here the subscripts are taken modulo
n. After removing the above collection of forks, we get the induced subgraph ({uj,us,
o) Up, Vi, Vi3, Via} /1 < i < m) isomorphic to C,, o K3, which is fork-decomposable by
Theorem 2.3. Hence, the graph T(C), o Kg) is fork-decomposable. O

Lemma 4.7. T(C,, o K7) is fork-decomposable for all values of n.

Proof. The number of edges in T(Cy, o K7) is (n(7 + 1)(7 4 8)) = 60n.
If the graph is fork-decomposable, then by Equation (1), n can take all values.
Now, let us prove the converse part. The induced subgraph ({fi1, fi2, -- -, fi7, vi1, Vi2,
.., vi7} / 1 <4 < n) is isomorphic to n copies of K7 o K which are fork-decomposable
by Theorem 2.4. The fork-decomposition of the subgraph after removing above induced
subgraph is given by {fijei—1, fijui, fijei, wivij} where 1 < i < n and j = 1,2...,5,
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{ei—1fis, €i-1fir, €i—1ui, wivie}, {uifis, wifir, wivir, fizei}, {eifis, eiwi, eiei—1, uuit1}
where 1 < i < n and the subscripts are taken modulo n. Hence, the graph T(C,, o K7) is
fork-decomposable. O

Lemma 4.8. T(C, o Kg) is fork-decomposable for all values of n.

Proof. The number of edges in T(C, o K3) is 3(n(8 + 1)(8 + 8)) = 72n.

If the graph is fork-decomposable, then by Equation (1), n can take all values.

Now, let us prove the converse part. The induced subgraph ({fi1, fiz, .-, fis, vi1, Vi2,
..., vig / 1 <i<mn})isisomorphic to n copies of Kgo K; which are fork-decomposable by
Theorem 2.4. The fork-decomposition of the subgraph after removing the above induced
subgraph is given by {e;uit1, ejei—1, e;ui, uju;—1} where 1 <i <n, {fije;_1, fije:, fijui,
u;vij} where 1 <4 <mnand j=1,2...,8 and the subscripts are taken modulo n. Hence,
the graph T'(C,, o K3g) is fork-decomposable. O

Lemma 4.9. T(C, o Kg) is fork-decomposable if and only if n =0 (mod 4).

Proof. The number of edges in T(C, o Ko) is 3(n(9 + 1)(9 + 8)) = 85n.

If the graph is fork-decomposable, then 8n = 0 (mod 4) which implies n = 0 (mod 4).

Now, let us prove the converse part. The induced subgraph ({u;, €;,vig, fio} /1 < i < n)
is isomorphic to T'(C), o K;) which is fork-decomposable by Lemma 4.1. The induced
subgraph ({fi1, fi2,- .-, fig; Vi1, Vi2,...,vigs} / 1 < i < n) is isomorphic to n copies of
Kg o K7 which are fork-decomposable by Theorem 2.2. Consider the subgraph obtained
after removing the above T'(C,, o K1) and n copies of Kg o Kj. The induced subgraph
({fis, fi6s- - fio,ui,€i,ei—1} / 1 <4 <mn) is isomorphic to n copies of K44 which are fork-
decomposable by Theorem 2.1. The induced subgraph ({ fi1, fiz, fis, fia, fio,ei—1} / 1 <
i < n) is isomorphic to K> 4 which is fork-decomposable by Theorem 2.1. The fork-
decomposition of the induced subgraph obtained after removing the above subgraphs is
given by {u;vik, Uivi(k4a), Ui fik, fikei} where 1 <i <nand k = 1,2,3,4. Hence, the graph
T(C,, o Ky) is fork-decomposable. O

Theorem 4.1. T(C,, o K,,) is fork-decomposable if and only if it satisfies any one of the
following conditions:
(1) m=0,7 (mod 8).
(2) n=0 (mod 2) and m = 0,3 (mod 4).
(3) n=0 (mod 4).
Proof. Let V(Cp o Kp) ={u; / 1 <i<n}U{vy; /1<i<n, 1<j<m}, where u; are
the support vertices and v;; are the pendant vertices adjacent to corresponding u;.
Let E(Cn Ofm) = {ei,fi]’ / €; = UUj+1, fij = UiVij fOT‘ 1 <1< n, 1 S] < m}
Then, V(T(Cy 0 Kp,)) = {ui, e, vij, fi; /1 <i<n, 1 <j<m} and
E(T(Cn o Km)) == {uiei, €i—1Ujg, UjUj41, 61'62'4_1/1 S ) S n}
U{wi fij, wivij, €i fijs fijvij, €ifapny;/1 <i<n, 1 <j <m}
U{fijfix/j # k,1 <i<n,1<jk<m}
The number of edges in T(C, o Ky,) is 5(n(m + 1)(m + 8)). If the graph is fork-
decomposable, then n(m + 1)(m +8) = 0 (mod 8) which implies nm(m +1) = 0 (mod 8).
If n is odd, then m(m + 1) = 0 (mod 8) which implies m = 0 (mod 8) or m + 1 =
0 (mod 8). Hence, m = 0 (mod 8) or m = 7 (mod 8) for all values of n which is condition
1. If n is even, then m(m + 1) = 0 (mod 4). This implies that, m = 0 (mod 4) or
m+1=0 (mod 4). Hence, m = 0 (mod 4) or m = 3 (mod 4) which is condition 2. Also,
since m(m + 1) is even, n = 0 (mod 4) which is condition 3.
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Now, let us prove the converse part.
Case 1. m = 0,7 (mod 8).

Subcase (a) m =0 (mod 8).

If m = &, the result is proved for all values of n by Lemma 4.8. For m > 8, consider the
induced subgraph ({ui, €;, Vim, Vim—1)s - - s Vitm=7)> fims fitm=1)s - - -» fitm=n)} / 1 <0 < m)
is isomorphic to T(C,, o Kg) which is fork-decomposable by Lemma 4.8.

The induced subgraph obtained by removing the above T(C,, o Kg) from T(C, o K,)
is isomorphic to a graph which can be decomposed into n copies of Kg,,—g and n copies
of Hy which is given in figure 1. The graph Kg ,,—g is fork-decomposable by Theorem 2.1.
The vertices inside the dotted ellipse in figure 1 is adjacent to each other and hence it
forms a complete graph K,,_g.

B \L{SL‘
/)

FiGure 1. Hy

The induced subgraph ({fi1, fi2, - - - fim—g)s Vi1, Vi2s -+, Vim—g)} / 1 < @ < n) is iso-
morphic to n copies of K,,_g o K1 which is fork-decomposable by Theorem 2.4. The
fork-decomposition of the remaining subgraph after removing Ky ,,—s and K,,_g o K
from H1 is given by {fijei_l, fijei, fijui, uwij} where 1 < ) S n, 1 S] <m - 8.
Subcase (b) m =7 (mod 8).

If m = 7, the result is proved for all values of n by Lemma 4.7. For m > 7, the
induced subgraph <{uiaeia Vims Vi(m—1)y «-+» Vi(m—6)s fim fi(m—l)? SRR fz(m—G)} / 1 <
i < n) is isomorphic to T(C, o K7) which is fork-decomposable by Lemma 4.7. The
subgraph obtained after removing the above T(C), o K7) from T(C,, o K,,) is isomorphic
to a graph which can be decomposed into n copies of K7 ,,_7 which are fork-decomposable
by Theorem 2.1 and n copies of H; (Figure 1) which are also fork-decomposable.

Case 2. n =0 (mod 2) and m = 0,3 (mod 4).
Subcase (a) n =0 (mod 2) and m =0 (mod 4).

If m = 4, the result is proved by Lemma 4.4. For m > 4, the induced subgraph
({uis €is Vim, Vigm—1), -+ » Vim-3), fims figm—1)s -+ s figm—s)} / 1 <4 < m) is isomorphic
to T(C,, o K4) which is fork-decomposable by Lemma 4.4. The subgraph obtained after
removing the above T(C), o K4) from T(C,, o K,,) is isomorphic to a graph which can be
decomposed into n copies of K4 ,,—4 which are fork-decomposable by Theorem 2.1 and n
copies of H; which are also fork-decomposable.

Subcase (b) m =3 (mod 4) and n = 0 (mod 2).

If m = 3, the result is proved by Lemma 4.3. For m > 3. The induced subgraph
obtained by ({u;, e;, vim, Vi(m—1)» Yi(m—2) Jims fitm-1); fi(m—2)} / 1 <i < n) is isomorphic
to T(C, o K3) which is fork-decomposable by Lemma 4.3. The subgraph obtained after
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removing the above T(C), o K3) from T(C,, o K,,) is isomorphic to a graph which can be
decomposed into n copies of K3 ,,_3 which are fork-decomposable by Theorem 2.1 and n
copies of H; which are also fork-decomposable.

Case 3. n=0 (mod 4).

It is enough to prove the result for m = 1,2 (mod 4). Let m = 1 (mod 4). For m = 1,5, 9,
the result is proved by Lemmas 4.1, 4.5 and 4.9. For m > 9, the induced subgraph
iy €iy Vim, Vigm—1ys -+ -5 Vigm=8)» fim> figm=1)s -+ > figm—8)} / 1 < i < n) is isomorphic
to T(C,, o K9) which is fork-decomposable by Lemma 4.9. The subgraph obtained after
removing the above T(C), o Kg) from T(C,, o K,,) is isomorphic to a graph which can be
decomposed into n copies of Ky ,,—9 which are fork-decomposable by Theorem 2.1 and n
copies of Hi which are also fork-decomposable.

Now, let m = 2 (mod 4). For m = 2, the result is proved by Lemma 4.2. For m > 2,
the induced subgraph ({u;, €i, vim, Vi(m-1) fim» fitm—1)} / 1 < i < n) is isomorphic to
T(C, o K3) which is fork-decomposable by Lemma 4.2. The subgraph obtained after
removing the above T(C), o K3) from T(C,, o K,,) is isomorphic to a graph which can be
decomposed into n copies of K5 ,,_2 which are fork-decomposable by Theorem 2.1 and n
copies of H; which are also fork-decomposable. O

5. CONCLUSION

In this paper, we have reviewed the literature on decomposition of graphs and its ap-
plications with special reference to the subgraph fork. Fork-decomposition of 191-edge
connected graphs has already been studied in the literature. But this constant is far from
best possible. Very little is known about lower bounds. In this paper, we have investi-
gated and characterized some class of 2-edge connected graphs for fork-decomposition. In
Section 3, we have characterized the fork-decomposition of total graph of paths and null
graphs. In Section 4, we have characterized the fork-decomposition of total graph of cycles
and null graphs. A similar characterization for fork-decomposition of T(G o K,,) where
G € {K,, Kynn, Wy} seems to be an interesting open problem for further research.
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