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REDUCTION OF W-TRANSITIVE AND S-TRANSITIVE

INTUITIONISTIC FUZZY MATRICES AND THEIR APPLICATIONS

R. A. PADDER1,∗, P. MURUGADAS2, S. A. GANAI1, §

Abstract. The collection of s-transitive and w-transitive intuitionistic fuzzy matrices
comprise properly the collection of the transitive intuitionistic fuzzy matrices for which
reduction models have already been proved. We have proved that basic properties of
these models also holds for s-transitive and w-transitive intuitionistic fuzzy matrices
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1. Introduction

The problems in engineering, economics, social sciences and environmental sciences,
which cannot be solved by the well known methods of traditional Mathematics, pose a
great difficulty in today’s practical world (different types of uncertainties are presented
in these problems). To handle situations like these, many tools have been recommended.
Some of them are probability theory, rough set theory [32], fuzzy set theory [1], etc,.
The traditional fuzzy set is characterized by the grade of membership value. Some times
it may be very hard to assign the membership value for fuzzy sets. In current scenario of
practical problems in belief system, information fusion, expert systems and so on, we must
consider the falsity-membership as well as the truth membership for proper description
of an object in imprecise and doubtful environment. As a result, Intuitionistic Fuzzy Set
(IFS) was introduced by Atanassov [2] and expressed it as A = {〈x, µA(x), νA(x)〉 |x ∈ E},
where E denotes a universal set in which µA : E → [0, 1] and νA : E → [0, 1] denote
membership and non-membership functions of A respectively and its sum is less than
or equal to one. In short we write the elements of IFS as 〈x, x′〉 such that x + x′ ≤ 1.
The ideas of IFS were developed later in [3, 4, 5, 6, 7]. Mondal and Samanta [13] have
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developed the another concept of IFSs known as generalized IFSs. Bhowmik and Pal
[14] studied generalized interval-valued intuitionistic fuzzy set. In 1977, Thomoson [31]
studied the behavior of powers of Fuzzy Matrices (FMs) using max-min operation. Rageb
and Emann [8] studied adjoint of a fuzzy matrix. Hashimoto [19, 20, 21] introduced
implication operator in fuzzy matrices and derived various results. Hashimoto [20, 25]
studied the reduction of retrieval and nilpotent fuzzy matrices. Antonion. et.al [26] studied
reduction of transitive fuzzy matrices. The notion Intuitionistic Fuzzy Matrix (IFM) was
introduced by Atanssov [34]. After that Pal and Shyamal [9, 10] have given the idea
of intuitionistic fuzzy matrix and defined distance between intuitionistic fuzzy matrices.
Bhowmik and Pal [11, 12] studied properties of intuitionistic fuzzy matrices, generalized
intuitionistic fuzzy matrices and intuitionistic circulant fuzzy matrices. Pal. et.al [15]
discussed intuitionistic fuzzy matrices. In [16] intuitionistic fuzzy relational equations
has been discussed . Sriram and Murugadas [17, 18] studied semiring and sub-inverse of
intuitionistic fuzzy matrices. In [22, 23, 24] implication operators have been introduced and
defined g-inverse, decomposition and sub-inverse of intuitionistic fuzzy matrices. Several
authors [35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45] have worked on IFMs and found various
interesting results, which are very helpful in handling uncertainty problems in our daily
life.

1.1. Research Gap. The reduction is an interesting problem in the theory of IFM. Us-
ing implication operators[27, 30] we have studied reduction, of rectangular intuitionistic
fuzzy matrix and nilpotent intutionistic fuzzy matrix, the intutionistic fuzzy matrix to be
reduced using max-min transitive operation. In this article we look at about the reduction
of w-transitive intuitionistic fuzzy matrices and s-transitive intuitionistic fuzzy matrices
and its applications. We also provide some illustrations, so that theoretical contents of
this paper can be understood easily.

2. BASIC DEFINITIONS

Definition 2.1. [2] An Intuitionistic Fuzzy Set (IFS) A in X (universal set) is defined
as an object of the following form A = {〈x, µA(x), νA(x)〉/x ∈ X}, where the functions:
µA : X → [0, 1] and νA : X → [0, 1] define the membership function and non-membership
function of the element x ∈ X respectively and for every x ∈ X : 0 ≤ µA(x) + νA(x) ≤ 1.

Definition 2.2. [28]Let X = {x1, x2, ...xm} be a set of alternatives and Y = {y1, y2, ...yn}
be the attribute set of each element of X. An Intuitionistic Fuzzy Matrix (IFM) is defined
by A = (〈(xi, yj), µA(xi, yj), νA(xi, yj)〉) for i = 1, 2...m and j = 1, 2, ...n, where µA :
X × Y → [0, 1] and νA : X × Y → [0, 1] satisfy the condition 0 ≤ µA(xi, yj) + νA(xi, yj) ≤
1. For simplicity we denote an intuitionistic fuzzy matrix (IFM) as a matrix of pairs

A = (
〈
aij , a

′
ij

〉
) of a non negative real numbers satisfying aij + a′ij ≤ 1 for all i, j. We

denote the set of all IFM of order m× n by Fmn.

Atanassov introduced operations 〈x, x′〉∨〈y, y′〉 = 〈max {x, y} ,min {x′, y′}〉 and 〈x, x′〉∧
〈y, y′〉 = 〈min {x, y} ,max {x′, y′}〉. Moreover, the operation 〈x, x′〉↽ 〈y, y′〉 defined by〈

x, x′
〉
↽
〈
y, y′

〉
=

{
〈x, x′〉 if 〈x, x′〉 > 〈y, y′〉,
〈0, 1〉 if 〈x, x′〉 ≤ 〈y, y′〉.

(1)

The operation in (1) is defined only for comparable elements.
Let A = [aij , a

′
ij ]m×n, B = [bij , b

′
ij ]m×n, T = [tij , t

′
ij ]n×n, S = [sij , s

′
ij ]m×m and Q =

[qij , q
′
ij ]n×p be IFMs. Following operations are defined as:
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A ∨B = (〈aij ∨ bij , a′ij ∧ b′ij〉),

AQ = [
n∨

k=1

(〈aik, a′ik ∧ 〈qkj , q′kj〉)]m×p (max-min composition)

A
c
↽ B = [(〈aij , a′ij〉

c
↽ 〈bij , b′ij〉)]m×n (Component wise)

A−Q = [(〈aik, aik〉 − 〈qkj , q′kj〉)]m×p
where

〈x, x′〉 − 〈y, y′〉 =

{
〈x− y, y′ − x′〉 if 〈x, x′〉 > 〈y, y′〉,
〈0, 1〉 if 〈x, x′〉 ≤ 〈y, y′〉.

(2)

∆T = [(〈tij , tij〉)
c
↽ (

〈
tji, t

′
ji

〉
)]n×n

A/T = A
c
↽ (AT );

A//(S, T ) = A
c
↽ (SAT );

T T = [tji, t
′
ji]n×n (Transpose of T):

T 1 = T, T k+1 = T kT, k = 1, 2, ...;
The entries of T k, are represented by 〈tkij , t′kij〉 i.e; T k = [〈tkij , t′kij〉]n×n;

T+ = T ∨ T 3 ∨ T 3 ∨ ... ∨ Tn (max-min transitive closure of T.
A ≤ B iff 〈aij , a′ij〉 ≤ 〈bij , b′ij〉 for all i,j;

A ≺ B iff for all i,j such that〈bij , b′ij〉 = 〈0, 1〉, then 〈aij , a′ij〉 = 〈0, 1〉;
A ≈ B iff A ≺ B and B ≺ A.

It can be easily predicted that ′′ ≈′′ is an equivalence relation on all m× n IFMs. Let ,
A ≈ B means that A and B have the same number of zero-entries placed correspondingly.
We say that a matrix T is reflexive iff 〈tii, t′ii〉 = 〈1, 0〉 for all i, irreflexive iff 〈tii, t′ii〉 = 〈0, 1〉
for all i, (perfectly) antisymmetric iff 〈tij , t′ij〉 > 〈0, 1〉 implies 〈tji, t′ji〉 = 〈0, 1〉 for all i,j with

i 6= j, nilpotent iff Tn = 〈0, 1〉 (here 〈0, 1〉 stands for the zero matrix), max-min transitive
iff T 2 ≤ T, w-transitive iff (〈tik ∧ tkj , t′ik ∨ t′kj〉) > 〈0, 1〉: implies 〈tij , t′ij〉 > 〈0, 1〉 for all

i,j,k or equivalently iff T 2 ≡ T, s-transitive iff 〈tik, t′ik〉 > 〈tki, t′ki〉 and 〈tkj , t′kj〉 > 〈tjk, t′jk〉
implies 〈tij , t′ij〉 > 〈tji, t′ji〉 for any i,j,k such that i 6= j, j 6= k, i 6= k or equivalently iff

(∆T )2 ≺ ∆T
It is obvious that always positive matrix T (i.e 〈tij , t′ij〉 > 〈0, 1〉 for all i,j) is w-transitive.

Definition 2.3. [29] Let A and Q be m × n and n × q intuitionistic fuzzy matrices
respectively, then

A−Q = (
n∧

k=1

〈aik − qkj , a′ik − q′kj〉)

where

aik − qkj =

{
aik if aik ≥ qkj ,
0 otherwise

(3)

a′ik − q′kj =

{
a′ik if a′ik < q′kj ,

1 otherwise

Theorem 2.4. [27] Let T and S be transitive IFMs. If P is an n× n nilpotent IFM such
that P ≺ T , then

S(A//(S, P ))T = SAT (4)

for any IFM A.

Corollary 2.5. [27] Let T and P be n× n w-transitive IFMs. If P is irreflexive IFM and
P ≺ T , then

(A/P )T = AT (5)
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for any m× n IFM A.

3. Reduction of an w-transitive and s-transitive intuitionistic fuzzy
matrices

In this section we examine the general reduction system of IFM concerning a product
of three IFM. If A is an m×n, T is an n×n and S is an m×m IFM respectively. Also we
prove some properties of reduction of nilpotent IFMs of [30] remain valid for w-transitive
intuitionistic fuzzy matrices and s-transitive intuitionistic fuzzy matrices.

Lemma 3.1. : Let T be antisymmetric IFM then T is w-transitive IFM iff T is s-transitive
IFM.

Proof. Let T be w-transitive,
then 〈tik, t′ik〉 ∧ 〈tkj , t′kj〉 > 〈0, 1〉 ⇒ 〈tij , t′ij〉 > 〈0, 1〉
Since T is antisymmetric 〈tij , t′ij〉 > 〈0, 1〉 ⇒ 〈tji, t′ji〉 = 〈0, 1〉
Now let ,
〈tik, t′ik〉 > 〈tki, t′ki〉 and 〈tkj , t′kj〉 > 〈tjk, t′jk〉.
To prove :

〈
tij , t

′
ij

〉
>
〈
tji, t

′
ji

〉
〈tik, t′ik〉 > 〈tki, t′ki〉 and

〈
tkj , t

′
kj

〉
>
〈
tjk, t

′
jk

〉
⇒ 〈tik, t′ik〉 ∧ 〈tkj , t′kj〉 > 〈0, 1〉 ⇒ 〈tij , t′ij〉 > 〈0, 1〉 ⇒ 〈tji, t′ji〉 > 〈0, 1〉
Therefore

〈
tij , t

′
ij

〉
>
〈
tji, t

′
ji

〉
Conversely let T be s-transitive, then
〈tik, t′ik〉 > 〈tki, t′ki〉 and 〈tkj , t′kj〉 > 〈tjk, t′jk〉 ⇒ 〈tij , t′ij〉 > 〈tji, t′ji〉
To prove : 〈tij , t′ij〉 > 〈0, 1〉
Let 〈tik, t′ik〉 ∧ 〈tkj , t′kj〉 > 〈0, 1〉
⇒ 〈tik, t′ik〉 > 〈0, 1〉, 〈tkj , t′kj〉 > 〈0, 1〉
⇒ 〈tki, t′ki〉 = 〈0, 1〉, 〈tjk, t′jk〉 = 〈0, 1〉 ( because T is antisymmetric)

〈tik, t′ik〉 > 〈tki, t′ki〉 and 〈tkj , t′kj〉 > 〈tjk, t′jk〉 ⇒ 〈tij , t′ij〉 > 〈tji, t′ji〉
⇒ 〈tij , t′ij〉 > 〈0, 1〉 (By antisymmetric property) �

Lemma 3.2. If T is max-min transitive IFM then T is w-transitive IFM.

Proof. Let T 2 ≤ T
⇒ 〈tik, t′ik〉 ∧ 〈tkj , t′kj〉 ≤ 〈tij , t′ij〉
If ⇒ 〈tik, t′ik〉 ∧ 〈tkj , t′kj〉 > 〈0, 1〉
⇒ 〈tij , t′ij〉 > 〈0, 1〉 ⇒ T is w-transitive �

Lemma 3.3. If T = 〈tij , t′ij〉 is max-min transitive IFM then T = 〈tij , t′ij〉 is s-transitive
IFM.

Proof. We have to show that if T is max-min transitive IFM, 〈tik, t′ik〉 > 〈tki, t′ki〉 and
〈tji, t′ji〉 > 〈tij , t′ij〉 then 〈tjk, t′jk〉 > 〈tkj , t′kj〉
Suppose if 〈tjk, t′jk〉 ≤ 〈tkj , t′kj〉
Now
〈tjk, t′jk〉 ≥ 〈tji, t′ji〉 ∧ 〈tik, t′ik〉 > 〈tij , t′ij〉 ∧ 〈tki, t′ki〉 (given)

⇒ 〈tjk, t′jk〉 ≥ 〈tkj , t′kj〉 ∧ 〈tji, t′ji〉 ∧ 〈tij , t′ij〉 = 〈tkj , t′kj〉 ∧ 〈tij , t′ij〉
⇒ 〈tkj , t′kj〉 > 〈tij , t′ij〉
on the other hand ,
〈tik, t′ik〉 > 〈tki, t′ki〉 ≥ 〈tkj , t′kj〉 ∧ 〈tij , t′ij〉
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Since 〈tkj , t′kj〉 > 〈tij , t′ij〉
⇒ 〈tik, t′ik〉 ∧ 〈tkj , t′kj〉 > 〈tij , t′ij〉,
which contradicts the max-min transitive of T.
Hence 〈tjk, t′jk〉 > 〈tkj , t′kj〉

�

Theorem 3.4. If T antisymmetric and s-transitive IFM, implies ∆T w-transitive and
nilpotent IFM .

Proof. Let T be antisymmetric ⇒ ∆T = T .
Since T is s-transitive ⇒ T is w-transitive by Lemma 3.1.
i.e T 2 ≈ T ⇒ T 2 ≺ T and T ≺ T 2

⇒ (∆T )2 ≈ ∆T ⇒ (∆T )2 ≺ ∆T and ∆T ≺ (∆T )2. (By antisymmetric property).
Hence ∆T is w-transitive.
Let (∆T )n = [〈t∆,n

ij , t′∆,n
ij 〉]. Let us consider that there exists indices i, j ∈ {1, 2, ..n}

so that 〈t∆,n
ij , t′∆,n

ij 〉 > 〈0, 1〉. Then 〈t∆,n
ij , t′∆,n

ij 〉 = 〈t∆h0h1
, t′∆h0h1

〉 ∧ 〈t∆h1h2
, t′∆h1h2

〉 ∧ ... ∧
〈t∆hn−1hn

, t′∆hn−1hn
〉 > 〈0, 1〉 for a few integers h0, h1, h2..., hn ∈ {1, 2, ..., n} so that h0 = i

and hn = j.
Then ha = hb for a and b (a < b) and 〈t∆haha+1

, t′∆haha+1
〉 > 〈0, 1〉 = 〈t∆ha+1ha

, t′∆ha+1ha
〉,

〈t∆ha+1ha+2
, t′∆ha+1ha+2

〉 > 〈0, 1〉 = 〈t∆ha+2ha+1
, t′∆ha+2ha+1

〉, ..., 〈t∆hb−1hb
, t′∆hb−1hb

〉 > 〈0, 1〉 =

〈t∆hbhb−1
, t′∆hbhb−1

〉
By applying the s-transitivity of IFM ∆Q we get

〈t∆,n
haha

, t′∆,n
haha
〉 = 〈t∆,n

hahb
, t′∆,n

hahb
〉 > 〈t∆,n

hbha
, t′∆,n

hbha
〉 = 〈t∆,n

haha
, t′∆,n

haha
〉

which is not possible. �

Theorem 3.5. Let T be any w-transitive and irreflexive IFM then Tn = (〈0, 1〉).
Proof. Assume that 〈tnij , t′nij 〉 > 〈0, 1〉
Then there exists li, l2, ..., ln−1 such that
〈til1 , t′il1〉 ∧ 〈tl1l2 , t

′
l1l2
〉 ∧ ... ∧ 〈tln−1j , t

′
ln−1j
〉 > 〈0, 1〉

Put l0 = i and ln = j for some a and b such that (a < b)
⇒ 〈tlala+1 , t

′
lala+1

〉 ∧ ... ∧ 〈tlala+1 , t
′
lala+1

〉 > 〈0, 1〉
⇒ 〈tlala , t′lala〉 contradicts with fact that T is irreflexive. Therefore Tn = (〈0, 1〉). �

Example 3.6. Let A =

〈0.6, 0.2〉 〈0.3, 0.2〉〈0.7, 0.1〉 〈0.4, 0.3〉
〈0.5, 0.2〉 〈0.6, 0.1〉

,

T =

(
〈1.0, 0.0〉 〈0.6, 0.1〉
〈0.6, 0.1〉 〈1.0, 0.0〉

)
We assume T be a similarity matrix where

〈
tij , t

′
ij

〉
denotes the degree.

Now, let

P =

(
〈0.0, 1.0〉 〈0.0, 1.0〉
〈0.6, 0.1〉 〈0.0, 1.0〉

)
≤ T be nilpotent IFM by means of which we reduce A.

AP =

〈0.3, 0.2〉 〈0.0, 1.0〉〈0.4, 0.3〉 〈0.0, 1.0〉
〈0.6, 0.1〉 〈0.0, 1.0〉


Hence A/P = A

c
↽ (AP )

A/P =

〈0.6, 0.2〉 〈0.3, 0.2〉〈0.7, 0.1〉 〈0.4, 0.3〉
〈0.0, 1.0〉 〈0.6, 0.1〉

,
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(A/P )T =

〈0.6, 0.2〉 〈0.6, 0.2〉〈0.7, 0.1〉 〈0.6, 0.1〉
〈0.6, 0.1〉 〈0.6, 0.1〉

, AT =

〈0.6, 0.2〉 〈0.6, 0.2〉〈0.7, 0.1〉 〈0.6, 0.1〉
〈0.6, 0.1〉 〈0.6, 0.1〉

.

⇒ (A/P )T = AT

Theorem 3.7. Let T and S be w-transitive IFMs. If P is an n × n nilpotent IFM such
that P ≺ T , then S(A//(S, P ))T = SAT for any m× n matrix A.

Proof. Let the matrices B = [
〈
bij , b

′
ij

〉
]m×n ≈ S(A//(S, P ))T

and C = [
〈
cij , c

′
ij

〉
]m×n = SAT . Thus

〈
bij , b

′
ij

〉
=

〈
m∨
k=1

n∨
l=1

sik ∧
akl ↽

 m∧
f=1

n∧
g=1

(skf ∧ afg ∧ pgl)

 ∧ tij
 ,

m∧
k=1

n∧
l=1

s′ik ∨
a′kl ↽

 m∧
f=1

n∧
g=1

(s′kf ∨ a′fg ∨ p′gl)

 ∨ t′ij

〉 (6)

〈
cij , c

′
ij

〉
=

〈
m∨

h=1

n∨
l=1

(sih ∧ ahl ∧ tlj),
m∧

h=1

n∧
l=1

(s′ih ∨ a′hl ∨ t′lj)

〉
(7)

Where P = [
〈
pij , p

′
ij

〉
]n×n

we have to show, that B � C since B ≤ C and hence B ≺ C. Assume that
〈
bij , b

′
ij

〉
=

〈0, 1〉 and
〈
cij , c

′
ij

〉
> 〈0, 1〉 for some i, j. Then there exist h0 and d0 such that

〈
sih0 , s

′
ih0

〉
>

〈0, 1〉,
〈
ah0d0 , a

′
h0d0

〉
> 〈0, 1〉 and

〈
td0j , t

′
d0j

〉
> 〈0, 1〉. Since

〈
bij , b

′
ij

〉
= 〈0, 1〉, we have

that〈
m∨

f=1

n∨
g=1

(sh0f ∧ afg ∧ pgd0),

m∧
f=1

n∧
g=1

(s′h0f ∨ a
′
fg ∨ p′gd0)

〉
≥
〈
ah0d0 , a

′
h0d0

〉
> 〈0, 1〉 (8)

Then we get, for a few f1 and g1, that
〈
sh0f1 , s

′
h0f1

〉
> 〈0, 1〉,

〈
af1g1 , a

′
f1g1

〉
> 〈0, 1〉,〈

pg1d0 , p
′
g1d0

〉
> 〈0, 1〉 and

〈
tg1d0 , t

′
g1d0

〉
> 〈0, 1〉.Therefore

〈
sif1 , s

′
if1

〉
> 〈0, 1〉,

〈
af1g1 , a

′
f1g1

〉
> 〈0, 1〉,

〈
tg1j , t

′
g1j

〉
> 〈0, 1〉 and

〈
pg1d0 , p

′
g1d0

〉
> 〈0, 1〉. Since

〈
bij , b

′
ij

〉
= 〈0, 1〉, we have〈

m∨
f=1

n∨
g=1

(sf1f ∧ afg ∧ pgg1),
m∧

f=1

n∧
g=1

(s′f1f ∨ a
′
fg ∨ p′gg1)

〉
≥
〈
af1g1 , a

′
f1g1

〉
> 〈0, 1〉 . (9)

We have f2 and g2 such that
〈
sf1f2 , s

′
f1f2

〉
> 〈0, 1〉,

〈
af2g2 , a

′
f2g2

〉
> 〈0, 1〉,〈

pg2g1 , p
′
g2g1

〉
> 〈0, 1〉 and

〈
tg2g1 , t

′
g2g1

〉
> 〈0, 1〉. Therefore

〈
sif2 , s

′
if2

〉
> 〈0, 1〉,

〈
af2g2 , a

′
f2g2

〉
> 〈0, 1〉,

〈
tg2j , t

′
g2j

〉
> 〈0, 1〉 and

〈
png1d0 , p

′n
g1d0

〉
> 〈0, 1〉, continuing the process, we get〈

sifn , s
′
ifn

〉
> 〈0, 1〉,

〈
afngn , a

′
fngn

〉
> 〈0, 1〉,

〈
tgnj , t

′
gnj

〉
> 〈0, 1〉 and

〈
pngnd0 , p

′n
gnd0

〉
>

〈0, 1〉. This contradicts the fact that P is a nilpotent IFM. �

Corollary 3.8. Let T and P be w-transitive square IFMs of order n. If P is irreflexive
IFM and P ≺ T , then

(A/P )T ≈ AT (10)
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for any m× n matrix A

Corollary 3.9. Let T and S be w-transitive IFMs. If P is an nilpotent IFM of order n such

that P ≺ S, then S(A//(P, T ))T ≈ SAT for any m×n matrix A. Let, S(A
c
↽ (PA)) ≈ SA

if T is the identity matrix of order n.

By applying Theorem 3.6 and Corollary 3.8 we find following corollaries which are very
important for the reduction of s-transitive IFMs.

Corollary 3.10. Let T and S be s-transitive IFMs. If P is nilpotent IFM of oder n such
that P ≺ ∆T, then ∆S(A//(∆S, P ))∆T ≈ ∆SA∆T for any m× n matrix A.

Corollary 3.11. Let T and S be s-transitive IFMs. If P is nilpotent IFM of oder m such
that P ≺ ∆S, then ∆S(A//(P,∆T ))∆T ≈ ∆SA∆T for any matrix A of oder m.

In previous Example if we look at 〈tij , tij〉 as a degree in which term tj has broader
meaning than the term ti. Implies that T is irreflexive, antisymmetric and w-transitive
IFM. For instance, we write as:

Example 3.12. Let A =

‘ 〈0.6, 0.2〉 〈0.3, 0.2〉
〈0.7, 0.1〉 〈0.4, 0.3〉
〈0.5, 0.2〉 〈0.6, 0.1〉

,

T =

(
〈0.0, 1.0〉 〈0.2, 0.5〉
〈0.0, 1.0〉 〈0.0, 1.0〉

)
be irreflexive, antisymmetric and w-transitive IFM. Now, let

P =

(
〈0.0, 1.0〉 〈0.8, 0.1〉
〈0.0, 1.0〉 〈0.0, 1.0〉

)
≺ T

be nilpotent IFM by using this matrix we can reduce matrix A by applying (10) .

AP =

〈0.0, 1.0〉 〈0.6, 0.2〉〈0.0, 1.0〉 〈0.7, 0.1〉
〈0.0, 1.0〉 〈0.5, 0.2〉


Hence A/P = A

c
↽ (AP )

A/P =

〈0.6, 0.2〉 〈0.0, 1.0〉〈0.7, 0.1〉 〈0.0, 1.0〉
〈0.5, 0.2〉 〈0.6, 0.1〉

,

(A/PT ) =

〈0.0, 1.0〉 〈0.2, 0.5〉〈0.0, 1.0〉 〈0.2, 0.5〉
〈0.0, 1.0〉 〈0.2, 0.5〉

. AT =

〈0.0, 1.0〉 〈0.2, 0.5〉〈0.0, 1.0〉 〈0.2, 0.5〉
〈0.0, 1.0〉 〈0.2, 0.5〉

.

⇒ (A/P )T = AT

Theorem 3.13. Let m × n IFM A, S = A − AT is irreflexive and transitive, hence
nilpotent IFM.

Proof. Let S = [〈sij , s′ij〉]m×m, that is [〈sij , s′ij〉] = 〈
n∧

k=1

(aik − ajk),
n∨

k=1

(a′ik − a′jk)〉. The

irreflexivity is obvious.
To prove S is max-min transitive IFM , let
〈(sil ∧ slj), (s′il ∨ s′lj)〉 > 〈sij , s′ij〉 ≥ 〈0, 1〉 for some i, l, j.

Then 〈sij , s′ij〉 = 〈(aik − ajk), (a′ik − a′jk)〉 for some k,

〈(aik − alk), (a′ik − a′lk)〉 ≥ 〈sil, s′il〉 > 〈0, 1〉 and 〈(alk − ajk), (a′lk − a′jk)〉 ≥ 〈slj , s′lj〉 >
〈0, 1〉, i.e, 〈aik, a′ik〉 > 〈alk, a′lk〉 > 〈ajk, a′jk〉. Thus 〈(sil − slj), (s′il − s′lj)〉 > 〈slj , s′lj〉 =

〈aik, a′ik〉−〈ajk, a′jk〉 = (〈aik, a′ik〉−〈alk, a′lk〉)+(〈alk, a′lk〉−〈ajk, a′jk〉) ≥ 〈sil, s′il〉+〈slj , s′lj〉,
contradiction.
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Let Ai be the i-th row of A. IfAi > Aj , i.e, 〈aid, a′id〉 > 〈ajd, a′jd〉 for any d=1,2,3...n, then

〈sij , s′ij〉 > 〈0, 1〉, Where 〈sij , s′ij〉 is the(i, j) entry of S = A − AT . 〈sij , s′ij〉 denotes, in
accordance to the definition of the operation − the strict preference of Ai over Aj . So, S
provides the pecking order of the rows of A. If A is a term-document matrix, S represents
the fuzzy strict preference amoung the terms. �

Theorem 3.14. Let R is irreflexive and w-transitive IFM, then (T/T )+ ≈ T

Proof. Let N = [〈nij , nij〉]n×n = T/T ,〈
nij , n

′
ij

〉
=
〈
tij , t

′
ij

〉
↽

〈
n∨

k=1

(tik ∧ t′kj),
n∧

k=1

(t′ik ∨ t′kj)
〉

.

To prove N+ ≺ T , suppose
〈
tij , t

′
ij

〉
= 〈0, 1〉 and

〈
nkij , n

′k
ij

〉
> 〈0, 1〉 for some k,

i.e.,
〈
nih1 , n

′
ih1

〉
> 〈0, 1〉,

〈
nh1h2 , n

′
h1h2

〉
> 〈0, 1〉,...,

〈
nhk−1j , n

′
hk−1j

〉
> 〈0, 1〉 for a few in-

dices h0 = i, h1, h2, ..., hk−1, hk = j, which implies
〈
tih1 , t

′
ih1

〉
> 〈0, 1〉,

〈
th1h2 , t

′
h1h2

〉
>

〈0, 1〉,...,
〈
thk−1j , t

′
hk−1j

〉
> 〈0, 1〉. By w-transitivity of T, we get

〈
tij , t

′
ij

〉
> 〈0, 1〉, a con-

tradiction, now we have to prove that, T ≺ N+. By theorem 2.5, T and N is nilpotent,

since N ≤ T . Assume that
〈
tij , t

′
ij

〉
> 〈0, 1〉 and

〈
nkij , n

′k
ij

〉
= 〈0, 1〉 ⇒

〈
nkij , n

′k
ij

〉
> 〈0, 1〉

for every k = 1, 2, ..., n− 1. Since
〈
nij , n

′
ij

〉
> 〈0, 1〉.

We obtain
〈
tih1 , t

′
ih1

〉
≥
〈
tij , t

′
ij

〉
> 〈0, 1〉,

〈
th1j , t

′
h1j

〉
> 〈0, 1〉 for some h1 and conse-

quently
〈
t2ij , t

′2
ij

〉
> 〈0, 1〉.

Now we have to prove that
〈
nip, n

′
ip

〉
> 〈0, 1〉 and

〈
tpj , t

′
pj

〉
> 〈0, 1〉 for a few p. If〈

nih1 , n
′
ih1

〉
= 〈0, 1〉 then

〈
tih2 , t

′
ih2

〉
≥
〈
tih1 , t

′
ih1

〉
> 〈0, 1〉,

〈
th2h1 , t

′
h2h1

〉
≥
〈
tih1 , t

′
ih1

〉
>

〈0, 1〉, for a few h2 and consequently
〈
t3ij , t

′3
ij

〉
> 〈0, 1〉. Of course,

〈
th2j , t

′
h2j

〉
> 〈0, 1〉. If〈

nih2 , n
′
ih2

〉
= 〈0, 1〉 , then 〈tih3 , t

′
ih3〉 ≥

〈
tih2 , t

′
ih2

〉
> 〈0, 1〉,

〈
th3h2 , t

′
h3h2

〉
≥ 〈tih2 , t

′
ih2〉 >

〈0, 1〉 for a few h3 and consequently
〈
t4ij , t

′4
ij

〉
> 〈0, 1〉. Of course,

〈
th3j , t

′
h3j

〉
> 〈0, 1〉.

By repeating the same process, we have
〈
tnij , t

′n
ij

〉
> 〈0, 1〉 which is impossible because

T is nilpotent. So we get
〈
nihp , n

′
ihp

〉
> 〈0, 1〉 and

〈
thp , t

′
hpj

〉
> 〈0, 1〉 for a few p.

Since
〈
n2
ij , n

′2
ij

〉
= 〈0, 1〉,we obtain

〈
nhpj , n

′
hpj

〉
= 〈0, 1〉 and consequently

〈
thpk, t

′
hpk

〉
≥〈

thpj , t
′
hpj

〉
> 〈0, 1〉,

〈
tkj , t

′
kj

〉
≥
〈
t2hpj

, t′2hpj

〉
> 〈0, 1〉. By repeating the above process , we

get
〈
nhpl2 , n

′
hpl2

〉
> 〈0, 1〉 for a few l2 and consequently

〈
n2
il2
, n′2il2

〉
> 〈0, 1〉 (l1 = hp). By

continuing this procedure, we would have
〈
nniln , n

′n
iln

〉
> 〈0, 1〉, which contradicts the fact

that N is nilpotent. �

Corollary 3.15. Let R is s-transitive, then (∆T/∆T )+ ≈ ∆T .

Theorem 3.16. If U be an w-transitive IFM of oder n and T be such that U+ ≈ T . Then
T/T ≺ U2 ≺ U ≺ T

Proof. By the given conditions, it follows that, since Uk ≤ U+, Uk ≺ T for k = 1, 2, 3, ..., n.

In particular, we have U ≺ T . Then we have show that T/T ≺ U2. Let N = [
〈
nij , n

′
ij

〉
] =

T/T,i.e.,
〈
nij , n

′
ij

〉
=
〈
tij , t

′
ij

〉
c
↽

〈
n∨

k=1

(tik ∧ tkj),
n∧

k=1

(t′ik ∨ t′kj)
〉

.
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Suppose that
〈
nij , n

′
ij

〉
> 〈0, 1〉 and so,

〈
u+
ij , u

′+
ij

〉
> 〈0, 1〉.

On the other side, we have for some h, 1 ≤ h ≤ n:〈
ul0l1 , u

′
l0l1

〉
∧
〈
ul1l2 , u

′
l1l2

〉
∧ ... ∧

〈
ulh−1lh , u

′
lh−1lh

〉
=
〈
uhij , u

′h
ij

〉
=
〈
u+
ij , u

′+
ij

〉
> 〈0, 1〉

for suitable indices l1, l2, ..., lh−1(h ≥ 1),

Where lo = i and lh = j.
〈
uilh−1

, u′ilh−1

〉
> 〈0, 1〉

from the w-transitivity of U and
〈
ulh−1lh , u

′
lh−1lh

〉
i.e.,〈

u2
ij , u

′2
ij

〉
≥
〈
uilh−1

, u′ilh−1

〉
∧
〈
ulh−1j , u

′
lh−1j

〉
> 〈0, 1〉.

It has already proved that from U+ = T [30], it follows that T/T ≤ U ≤ T while,
If T is an irreflexive and max-min transitive matrix, then T/T ≤ U ≤ T implies U+ =
U ∧ U2 ∧ ... ∧ Un−1 = T. �

Theorem 3.17. if T be irreflexive and w-transitive IFM and U be an IFM of oder n such
that T/T ≺ U ≺ T .Then U+ ≈ T .

Proof. Let

E ≺ G and F ≺ H
(11)

It follows that
(EF ) ≺ (GH) (12)

for any n× n matrices E, F, G, H. By (10) we have〈
eij , e

′
ij

〉
> 〈0, 1〉 implies

〈
gij , g

′
ij

〉
> 〈0, 1〉 and

〈
fij , f

′
ij

〉
> 〈0, 1〉 implies

〈
hij , h

′
ij

〉
>

〈0, 1〉. Thus, if (
〈
eik ∧ fkj , e′ik ∨ f ′kj

〉
) > 〈0, 1〉 for some k(i.e., the entry (i,j) of E ◦ F is

positive). This is equivelent to (11).Then from R/R ≺ U , we obtain (T/T )k ≺ Uk for
all k, which means that (T/T )+ ≺ U+ implies T ≺ U+ . On the other hand, using the
w-transitivity of T, we have U2 ≺ T 2 ≺ T , U3 ≺ T 2 ≺ T ,U4 ≺ T 2 ≺ T , and so on. Thus
U+ ≺ T , �

3.1. Example. Consider irreflexive and w-transitive IFM, whose graph is depicted easily.

T =


〈0.0, 1, 0〉 〈0.3, 0.6〉 〈0.5, 0.4〉 〈0.6, 0.3〉
〈0.0, 1, 0〉 〈0.0, 1, 0〉 〈0.4, 0.5〉 〈0.0, 1, 0〉
〈0.0, 1, 0〉 〈0.0, 1, 0〉 〈0.0, 1, 0〉 〈0.0, 1, 0〉
〈0.0, 1, 0〉 〈0.4, 0.5〉 〈0.8, 0.1〉 〈0.0, 1, 0〉

 Then reduction of T and its transitive

Figure 1. Matrix T



1664 TWMS J. APP. AND ENG. MATH. V.14, N.4, 2024

closure are, are given below

⇒ T/T = T
c
↽ (TT ) (13)

TT =


〈0.0, 1.0〉 〈0.4, 0.5〉 〈0.6, 0.3〉 〈0.0, 1.0〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.4, 0.5〉 〈0.0, 1.0〉


Then

T/T =


〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.6, 0.3〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.4, 0.5〉 〈0.0, 1.0〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉
〈0.0, 1.0〉 〈0.4, 0.5〉 〈0.8, 0.1〉 〈0.0, 1.0〉


Here (T/T )+ = T/T ∨ (T/T )2 ∨ (T/T )3 ∨ (T/T )4

Figure 2. Matrix (T/T)

(T/T )+ =


〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1, 0〉 〈0.6, 0.3〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.4, 0.5〉 〈0.0, 1.0〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉
〈0.0, 1.0〉 〈0.4, 0.5〉 〈0.8, 0.1〉 〈0.0, 1.0〉

 ∨

〈0.0, 1.0〉 〈0.4, 0.5〉 〈0.6, 0.3〉 〈0.0, 1.0〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.4, 0.5〉 〈0.0, 1.0〉


∨


〈0.0, 1.0〉 〈0.4, 0.5〉 〈0.0, 1.0〉 〈0.0, 1.0〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉

∨

〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉


⇒ (T/T )+ =


〈0.0, 1.0〉 〈0.4, 0.5〉 〈0.6, 0.3〉 〈0.6, 0.3〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.4, 0.5〉 〈0.0, 1.0〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.0, 1.0〉 〈v〉
〈0.0, 1.0〉 〈0.0, 1.0〉 〈0.8, 0.1〉 〈0.0, 1.0〉


At last we observe that (T/T )+ ≈ T and we set M = T/T . It has been observed that〈
m+

ij ,m
′+
ij

〉
≥
〈
mij ,m

′
ij

〉
for arcs (i,j) removed after the reduction and〈

m+
ij ,m

′+
ij

〉
≤
〈
mij ,m

′
ij

〉
for the other transitive arcs(i,j) of the digraph.
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Figure 3. Matrix (T/T )+

4. Conclusion

In this paper, we have studied the properties of w-transitive and s-transitive intuition-
istic fuzzy matrices and their are applications like resolution of certain decision making
problem and design intuitionistic fuzzy controller. In future these properties can be ex-
tended to index matrices.
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