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VERTEX AND EDGE-VERTEX GRACEFUL LABELING ON
NEUTROSOPHIC GRAPHS

G. VETRIVEL', M. MULLATI?**, §

ABSTRACT. A graph G with gracefully numbered labels is known as graceful labeling.
An intuitionistic fuzzy graph/ neutrosophic graph, which admits graceful labeling, and
if all vertex labels are distinct by each membership, then the graph is said to be an intu-
itionistic fuzzy vertex graceful graph/ neutrosophic vertex graceful graph. Suppose both
vertex and edge labels of an intuitionistic fuzzy graceful graph/ neutrosophic graceful
graph are distinct by each membership. In that instance, it is referred to as an intuition-
istic fuzzy edge-vertex graceful graph/ neutrosophic edge-vertex graceful graph. In this
paper, the concept of vertex and edge-vertex graceful labeling has been newly discussed
on some intuitionistic and neutrosophic graphs.

Keywords: Intuitionistic fuzzy graph, Neutrosophic graph, Intuitionistic fuzzy vertex
graceful labeling, Neutrosophic vertex graceful labeling.
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1. INTRODUCTION

The crisp set theory had been refined by introducing a fuzzy set, where the con-
tinuation of membership grades is possible between [0,1]. L.A. Zadeh[31] initially for-
mulated fuzzy sets and the relations on fuzzy sets in 1965. Applications with fuzzy sets
were demonstrated in detail by Zimmermann. H.J. Later, A. Kaufmann’s[13] elaborate
work on the fuzzy graph and fuzzy graph models based on the fuzzy set definition was
modeled by Azriel Rosenfeld[20] in 1975. P. Bhattacharya and K.R. Bhuttani[9, 10] con-
tributed some noteworthy results, exemplifying the fuzzy graph approach and properties.
A. Nagoorgani[14, 15, 16] is a notable researcher who yields several results regarding fuzzy
graphs and their labeling properties. In 1983, K.T. Atanassov[8] generalized the fuzzy
set by adding a degree of non-membership and renamed the set as an intuitionistic fuzzy
set(IFS). With the definition of IFS, an intuitionistic fuzzy graph(IFG) was designed by
R. Parvathi et al.[17, 18] and M. Akram[l, 2]. A. Nagoorgani discussed its structural
properties in detail. Numerous intuitionistic fuzzy works and ideas on graphical environ-
ments are done by S. Sahoo and M. Pal[21, 22, 23, 24]. In addressing the inconsistency in
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real-world applications, F. Smarandache[26] introduced a new set named the neutrosophic
set, which differs from the prior sets by the space given for the indeterminacy membership
function. Wang’s[30] single-valued neutrosophic set is the refined form of the neutrosophic
set, where the standard unit interval [0,1] has been considered for the truth, indetermi-
nacy, and false membership functions. S. Broumi and F. Smarandache[11] presented the
work on single-valued neutrosophic graphs(SVNG), which deals with the degree, order,
and size of SVNG.

As for all labeling, graceful labeling was elaborately discussed with varying edge and
vertex parameters in graph theory. Graceful labeling was coined by W. Golomb, which
was initially named § — labeling by A. Rosa[l9]. An injection f : V(G) — 0,1,2,...,q
that results in all of the edge labels being distinct when each edge xy € E(G) is given
by the label |f(x) — f(y)| is a graceful labeling of a graph G with p vertices and ¢ edges.
Numerous researchers have produced several works on the graceful labeled graph, which
assigns integer values to vertices and edges. However, R. Jahir Hussain et al. have
done the first graceful work on fuzzy graphs. Following that, R. Jebesty Shajila and S.
Vimala[12, 29] presented fuzzy graceful labeling & fuzzy vertex graceful labeling on some
graphs, and this motivated us to introduce graceful labeling to the extension of fuzzy
and intuitionistic fuzzy graphs, i.e., neutrosophic graphs (NG). There is a lack of graceful
labeling discussion in the dimensions of intuitionistic fuzzy and neutrosophic graphs. In
this paper, we explore the study of vertex and edge-vertex graceful labeling on intuitionistic
fuzzy graphs and neutrosophic graphs by enhancing the conditions taken to prove vertex
graceful labeling for fuzzy graphs[6, 7, 12, 29] and associating it with current trends and
technological applications.

2. PRELIMINARIES

Definition 2.1.
A wheel graph W, is a graph with n vertices (n > 4) obtained by the union of a star graph
Sp and a cycle with n — 1 vertices (i.e),Sy,+Cp—1.

Definition 2.2. [12]

A fan graph F,, , is defined as the graph join K, + P,, where K, is the empty graph on
m vertices and Py, is the path graph on n vertices. If m = 1 in K,,, then it corresponds to
the normal fan graph and m = 2 corresponds to the double fan graph.

Definition 2.3.
A friendship graph F,, ,n > 1, is a graph which consists of n copies of cycles with a common
vertezx.

Definition 2.4.
A star friendship graph SF(n,m) consists of a cycle Cp,(n > 3) and n sets of m independent
vertices where each set joins each of the vertices of C,,.

Definition 2.5.

A generalized butterfly graph BF,,,n > 2, obtained by inserting vertices to every wing with
assumption that sum of inserting vertices to every wing is same and it has 2n + 1 vertices
and 4n — 2 edges.

Definition 2.6.

An intuitionistic fuzzy graph is of the form G = (V,E,o,u), where o = (Th,F}) and
= (Ta, Fy) with the following conditions,

(i) V = vi1,va,...,0, such that Th : 'V — [0,1] and Fy : V — [0,1] denote the degree of
membership and nonmembership of the element v; € V respectively, and 0 < Ti(v;) +
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Fi(v;) <1 for everyv; €V, (i =1,2,...,n),

(ii)) ECV xV, where Ty : V. x V — [0,1] and F5: V x V — [0, 1] are such that
Ty(vi, v;) < min[Ty(vi), T1(vy)],

F>(vs,v5) < max[Fi(v;), Fi(vj)] and

0 < To(vi,v5) + Fa(vs,vy) < 1, for every (vi,v;) € E, (4,5 =1,2,--- ,n)

Definition 2.7.

A graph G = (V,E,o,u), where o = (Th,F1) and p = (T2, Fy) is said to be
intuitionistic fuzzy labeling graph if Ty : V. — [0,1], F1 : V. — [0,1], T : V x V — [0, 1]
and Fy : V xV — [0,1] are bijective such that T (v;),F1(v;), To(vs, v;),Fa(vs,v5) € [0,1] all
are distinct for each node and edge, where T} is the degree of membership and Fy is the
degree of non-membership of nodes. Similarly, To and Fs are the degrees of membership
and non-membership of edges.

Definition 2.8.

A neutrosophic graph is of the form G = (V,o,u), where o = (11,11,F1) and
p = (Ta, Iz, Fy) with the following conditions,

(i) The functions Ty : V. — [0,1], I : V' — [0,1] and Fy : V — [0,1] denote the degree of
truth, indeterminacy and false membership functions of the element v; € V', respectively
and 0 < Ty (vi) + I (vi) + F1(v;) <3, for allv; € V.

(ii) The functionsTo : ECV XV = [0,1], I: ECV XV = [0,1] and F» : ECV XV —
[0,1] denote the degree of truth, indeterminacy and false membership functions of the edge
(vi,vj) respectively, such that

Ty(vi, v;) < min[Ty(vi), T1(v;)],

I (vi, v5) < min[li(v), I (v))],

FQ(’U@', Uj) < ma:U[Fl(vi), Fl(Uj)] and 0 < TQ('Uj, Uj) + IQ(Ui,Uj) + FQ(Ui,Uj) <3,

for every edge (v;,vj).

Definition 2.9.

A neutrosophic graph G = (V, o, 1), where o = (T1, 11, F1) and p = (Ty, I, F») is said to
be an neutrosophic labeling graph, if Ty : V — [0,1], I; : V — [0,1] F} : V — [0,1] and
To : VxV = [0,1], I : VXV = [0,1], Fb : V xV — [0,1] are bijective such that the
truth, indeterminacy and false membership functions of the vertices and edges are distinct
and

Ty(vi, v;) < min[Ty(vi), T1(vy)],

I (vi, v5) < min[li(v;), I (v))],

FQ(’U@', Uj) < ma:U[Fl(vi), Fl(Uj)] and 0 < TQ('UZ', Uj) + Iz(Ui,Uj) + FQ(Ui,Uj) <3,

for every edge (v;,vj).

3. INTUITIONISTIC VERTEX/EDGE-VERTEX GRACEFUL LABELING GRAPHS

Definition 3.1.

A wheel graph with intuitionistic fuzzy labeling is called an intuitionistic fuzzy wheel graph.
An intuitionistic fuzzy wheel graph has a vertex set V= {v.} U{v;} such that u(vcv;) >0,
wherei=1 ton—1 and p(v;vit1) > 0, where i=1 to n—2. If all vertices of an intuitionistic
fuzzy wheel graph are distinct, then it is called an intuitionistic fuzzy vertex graceful wheel
graph.

Definition 3.2.

A fan graph with intuitionistic fuzzy labeling is called an intuitionistic fuzzy fan graph. An
intuitionistic fuzzy fan graph has a vertex set V= {v.} U{v;} such that u(vev;) > 0, where
i=1 ton and p(viviy1) > 0, where i=1 to n — 1. If all vertices of an intuitionistoic fuzzy
fan graph are distinct, then it is called an intuitionistic fuzzy vertex graceful fan graph.
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Definition 3.3.

A friendship  graph  with an  intuitionistic  fuzzy  labeling is  called as
intuitionistic fuzzy friendship graph which comprises of a vertexr set V.= {v.} U {v;}
such that p(vev;) > 0, where i=1 to n — 1 and p(viviy1) > 0, where i=1 to n — 2. If all
verter values of an intuitionistic fuzzy friendship graph are distinct, then it is called an
intuitionistic vertex graceful friendship graph.

Theorem 3.4.
Every intuitionistic fuzzy fan graph F1,,n > 2 admits an intuitionistic fuzzy vertex grace-
ful labeling.

Proof. Consider an intuitionistic fuzzy fan graph Fj,,n > 2 consists of two ver-
tex sets V and V,, with |V|=1 and |V,| > 1, such that u(V,V;) > 0, where i=1 to
n and u(V;,Viyz1) > 0, where i=1 to n — 1. Let V be the central vertex and V; de-
notes the other vertices of Fi,. In an intuitionistic fuzzy fan graph Fj,,n > 2, the
central vertex(V) labeling o : V' — [0, 1] satisfies the condition that if each member-
ship value of V starts from %,#, 7{3‘,}, etc., where £k € N then the intuitionistic
fuzzy fan graph is termed to have intuitionistic fuzzy vertex graceful labeling. Here,
fix u(V,V1) = (T(V, V1), F(V,V1)) = (%3F, %32), where | € W to obtain the value of (V1)
by the expression, (V1) = o(V) — u(V, V1). The labeling for other vertices o : V; — [0, 1]
is defined by o(Viy1) = o(V) — u(V,Vipr), where u(V,Vip1) = (T(V,Vi) + (S50)(i +
1), F(V,Vi) + (%32)(i + 1)), where i= 1 to n — 1, | € W (when the intuitionistic fuzzy
labeling condition fails for edges, then minimizing it as per the defined central vertex is
necessary). If the intuitionistic fuzzy fan graph is vertex graceful then the outer edges are
labeled using u(V;, Vit1) = pu(V, Vig1) — w(V,V;), where i= 1 to n — 1. Since, each edge
membership value are less than the corresponding membership value of vertices and all
the vertices are distinct by each membership, we conclude that every intuitionistic fuzzy

fan graph Fi ,,n > 2 is an intuitionistic fuzzy vertex graceful labeling graph.

Example : The fan graphs Fi & Fi3 satisfy the vertex labeling property for k,1=1.
For other order of fan graphs, we have to increase the value of k and 1 to preserve the total
sum condition for vertex and edge membership of intuitionistic fuzzy graph. The following
examples of intuitionistic fuzzy vertex graceful labeling bears the same condition.

V5(0.17,0.24)

1(0.19,0.28)

V(0.2,0.3)

v(0.2,0.3)

FIGURE 1. Intuitionistic fuzzy vertex graceful Fy o & Fj 3 graphs

Note 3.5.
The following theorems 3.6 and 3.7 can be proved by proceeding with the same steps of
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the above theorem 3.4, from assinging the value for u(V,Vq) to generate other edges and
vertices of the graph considered.

Theorem 3.6.
Every intuitionistic fuzzy wheel graph W,,n > 4 admits an intuitionistic fuzzy vertex
graceful labeling.

Proof. Let W,,n > 4 be an intuitionistic fuzzy wheel graph consists of two vertex
sets U and V with |U|=1 and |V| > 1, such that u(U,V;) > 0, where i=1 to n — 1 and
p1(Vi, Viz1) > 0, where i=1 to n — 2. Let U be the central vertex and V' denotes the other
vertices of W,,. In an intuitionistic fuzzy wheel graph W,,,n > 4 the central vertex(U)
labeling o : U — [0, 1] satisfies the condition that if each membership value of U starts
from qT_E, ?T_’CQ ’}T_,}, etc., where k € N then the intuitionistic fuzzy wheel graph is termed
to have intuitionistic fuzzy vertex graceful labeling. The label values of other vertices and
edges are generated as mentioned in Note 3.5. Since, each edge membership value are less
than the corresponding membership value of vertices and all the vertices are distinct by
each membership, we conclude that every intuitionistic fuzzy fan graph Fi,,n > 2 is an
intuitionistic fuzzy vertex graceful labeling graph.

Example :
1@.\\@ %/0_9? V3(0.20,0.40)
WA 003002) 2y,
= =
S S
2 Do
= o
= S
V3(0.29,0.48)
V3(0.27,0.44)
FIGURE 2. Intuitionistic fuzzy vertex graceful Wy & W5 graphs
Theorem 3.7.

Every intuitionistic fuzzy friendship graph F, ,n > 1 admits an intuitionistic fuzzy vertex
graceful labeling.

Proof. Let us consider an intuitionistic fuzzy friendship graph F;, ,n > 1 consists of
two vertex sets U and V' with |U|=1 and |V| > 1, such that u(U,V;) > 0, where i=1 to
n—1and u(V;, Viy1) > 0, where i=1 to n — 2. Let U be the central vertex and V' denotes
the other vertices of F),. In an intuitionistic fuzzy friendship graph F,,n > 1 the central
vertex(U) labeling o : U — [0, 1] satisfies the condition that if each membership value of
U starts from #, %‘,}, etc., where k € N then the intuitionistic fuzzy friendship graph
is termed to have intuitionistic fuzzy vertex graceful labeling. The label values of other
vertices and edges are generated as mentioned in Note 3.5. Since, each edge membership
value are less than the corresponding membership value of vertices and all the vertices are
distinct by each membership, we conclude that every intuitionistic fuzzy friendship graph
F,, ,n > 1 is an intuitionistic fuzzy vertex graceful labeling graph.
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U(0.2,0.3) 28)

V09 0

FIGURE 3. Intuitionistic fuzzy vertex graceful F; & Fy graphs

Theorem 3.8.
An intuitionistic fuzzy corona graph Cy © K, admits an intuitionistic fuzzy edge-vertex
graceful labeling.

b1(0.09,0.18)
5(0.04,0.08) b,(0.08,0.16)
-
41(0.05,0.10) (0.02,0.04) (0.03,0.06)
0.04,0.08)
2 b
(0.01,0.02) \0““‘\\‘\ (0']9-09
Rt 2O (0.06,0.12) <Y
(0.18,0.36) (0.07,0.14)
(,‘1 0
( 10 25)
. (0.05,0.10) 0.08,0.16)
11.0.2 -
%, 0 2, 2, © 9,5%\
o'lu'»() ’ ‘316’) c\\\'
2 (0.09,0.18)
(0.10,0.20)
" : ¢2(0.10,0.20)
d1(0.14,0.28

FIGURE 4. Intuitionistic fuzzy edge-vertex graceful Cy © K,

Proof. Let a;,b;,ci,d; be the pendent vertices of intuitionistic fuzzy corona graph
C4® K, which emerge from the Cy4 vertices a, b, ¢, d of the graph C4® K,,. Then the vertex
set of C4 ® K, is the union of {a;/1 <i < n}, {b;/1 < j < n} {ct/1 <k < n},{d/1 <
I <n} & {a,b,c,d} and the edge set is the union of {(a,a;)/1 <i < n}, {(b,b;)/1 < j <
n}{(c,er)/1 < k < n},{(d,d;)/1 <1 < n} and {ab,bc,cd,da}. For 1 < i, j k1l < n,
the pendent edges must satisfy the condition: p(a,a;) > 0, pu(b,b;) > 0, p(c,cx) > 0,
w(d, dy) > 0 and there will be no edges between pendent vertices. Each vertex component
of (V) € [0,1] and defined by o(a) = ((n +m)(i — 1) x 0.01, (n +m)(i — 1) x 0.02) for
i =2n=2andi=3n =3 and so on, g(b) = 2(c(a)), o(c) = ((3(n +m) + 3i —
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2) x 0.01,(3(n +m) + 3i — 2) x 0.02), ¢ = 1,2,--- and o(d) = 4(c(a)). The pendent
vertices of vertex a are labeled using 0‘( 1) = a( ) wula,ayr), o(az) = o(a) — p(a,as).
Similarly, the other pendent vertices of b,c,d are labeled. The intuitionistic fuzzy pendent
edge memberships are defined by u(a, az) (z x 0.01,i x 0.02), p(b,b;) = ((n+ j) x
0.01, (n + j) x 0.02), p(c,cx) = ((2n+ (m — 1) + k) x 0.01,(2n + (m — 1) + k) x 0.02),
p(d,d;) = (Bn+(m —1)+1) x0.01, Bn+ (m —1) +1) x 0.02) for 1 < i,j,k,l <n and
m = 4. The edge memberships of cycle C4 will be attained by the absolute difference
between the adjacent vertices of Cy. As a result, every edge membership value satisfy the
definition of neutrosophic edge labeling and also each edge and vertex membership values
are found to be distinct. Therefore, the corona graph C4y ® K, admits an intuitionistic
fuzzy edge-vertex graceful labeling.

4. NEUTROSOPHIC VERTEX/EDGE-VERTEX GRACEFUL LABELING GRAPHS

Definition 4.1.

A generalized butterfly graph with neutrosophic labeling is called as generalized neutro-
sophic butterfly graph which comprises of a vertex set V(v) = {vc.} U {v;/1 <i < 2n} and
the edge set E(e) = {ej/1 < j < 4n —2} = {v.v;/1 <@ < 2n} U{vvip1/1 <i < 2n—1}
such that p(vev;) > 0 for 1 <i < 2n and p(vivipr) >0, for 1 <i < 2n—1. If all the vertex
values corresponding to each membership of a neutrosophic generalized butterfly graph are
distinct, then it is called a generalized neutrosophic vertex butterfly graph.

Definition 4.2.

A double wheel graph DW,, with neutrosophic labeling is called as neutrosophic double
wheel graph which is the join of two cycle graphs of same size n and K1, i.e. 2Cy, + K1,
where the vertices of the two cycles are connected to a common central vertex. If every
vertex value are distinct by each membership and graceful labeling exists, then it is called
a neutrosophic vertex graceful double wheel graph.

Definition 4.3.

The helm graph H, is obtained by attaching pendent edges to each vertex of the n-cycle
of a wheel graph. If all the vertex(edge) values are distinct by each membership of a
neutrosophic helm graph then H, admits neutrosophic vertex(edge) graceful labeling.

Definition 4.4.

The bistar graph B, is by joining m pendent edges to one end of Ko and n pendent
edges to other end of K. If all the vertex(edge) values are distinct by each membership of
neutrosophic bistar graph then B, , admits neutrosophic vertez(edge) graceful labeling.

Theorem 4.5.
Every generalized neutrosophic butterfly graph BF,,n > 2 admits a neutrosophic vertex
graceful labeling.

Proof. Let us consider a neutrosophic butterfly graph BF,,,n > 2, which consists
of vertex set V(v) = {v.} U{v;/1 < i < 2n} and the edge set E(e) = {e;/1 < j <
dn — 2} = {VV;/1 < i < 2n} U{V;Visa/1 < i@ < 2n — 1} such that pw(VV;) > 0
for 1 < i < 2n and p(ViViy1) > 0, for 1 < i < 2n — 1. Let V be the central ver-
tex and V; denotes the other vertices of BF,,. In a generalized neutrosophic butterfly

graph BF,,,n > 2, the central vertex(V) labeling o : V' — [0, 1] satisfies the condition
that if each membership value of V' starts from qT_kl, 0% > %ﬁ}, etc., where £ € N then
the generalized neutrosophic butterfly graph is said to have neutrosophic vertex graceful

labeling. Fix u(V,V1) = (T(V,V1),I(V, V1), F(V,V1)) = (%0, 502, 008) where | € W
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to obtain the value of o(V}) by the expression, o(Vi) = o(V) — u(V,V1). The label-
ing for other vertices o : V; — [0,1] is defined by o(Viy1) = (V) — pu(V, Vit1), where
p(V, Vigr) = (T(V, Vi) + (550 (i + 1), I(V, Vi) + (552) i+ 1), F(V, V) + (552) (i 1)), where
i=1 to consecutive integer sum of n, [ € W. If the generalized neutrosophic butterfly graph
is vertex graceful then the outer edges are labeled using u(V;, Vit1) = (Vi) — 0(Vig1),
where i # n,2n and i= 1 to consecutive integer sum of n. Since, each edge membership
value are less than the corresponding membership value of vertices and all the vertices are
distinct by each membership, we conclude that every generalized neutrosophic butterfly

graph BF,,,n > 2 is a neutrosophic vertex graceful labeling graph.

Example : The butterfly graphs BFy & BF3 satisfy the vertex labeling property for

V3(0.14,0.18,0.22) V5(0.17,0.24,0.31)

[ p

a B

S I

o0 =}

S o

S =~

. =

g E
[ J

V4(0.10,0.10,0.10) V1(0.19,0.28,0.37)

¥4{0.40,0.40,0.40) V35(0.44,0.48,0.52)

[
p
S =
& =
= g
= o
o =
= &
£ 5
ot o
= &
(0.15,0.30,0.45) (0.03,0.06,0.09)
— 1061

V5(0.35,0.30,0.25) = v, 04705408
a o =
= E =
B 3 S
[=} o
— D
5 S

[ J
V5(0.29,0.18,0.07) V1(0.49,0.58,0.67)

FI1GURE 5. Neutrosophic vertex graceful BFy & BF3 graphs

k,J=1. For other order of butterfly graphs, we have to increase the value of k and 1 to
preserve the total sum condition for vertex and edge membership of neutrosophic graph.
The following examples of neutrosophic vertex graceful labeling bears the same condition.

Theorem 4.6.

Every neutrosophic double wheel graph DW,,,n > 4 admits a neutrosophic vertex graceful
labeling.

Proof. Consider a neutrosophic double wheel graph DW,,,n > 4, which comprises
of vertex set V(v) = {V} U{V;/1 < i < 2n} and the edge set E(e) = {E;/1 < j <
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dn} = {VV;/1 <i <2n}U{V;Viy1/1 <i < 2n} U{V,,V1,V2,V,11} such that all edges
are greater than zero. Let V be the central vertex and V; denotes the inner and outer
cycle vertices of DW,,. In a neutrosophic double wheel graph DW,,n > 4, the central
vertex(V') labeling o : V' — [0, 1] satisfies the condition that if each membership value of
V starts from T{Tﬁf’, %7 %, etc., where k € N then the neutrosophic double wheel graph
is said to have neutrosophic vertex graceful labeling. The edges connected to the central
vertex of DW,, can be obtained from, u(V,V;) = (% X 1, 0'1%1,1 X 1, % X 1), where i= 1
to 2n, [ € W. The labeling value of other vertices are obtained by using the expression,
o(Vig1) = o(V) — u(V,Viy1), where i= 0 to 2n — 1. The outer edge values u(V;, Vit1)
of both the cycles in DW,, are attained by the absolute difference between its adjacent
vertices. Since, each edge membership value are less than the corresponding membership
value of vertices and all the vertices are distinct by each membership, we conclude that
every neutrosophic double wheel graph DW,,,n > 4 is a neutrosophic vertex graceful la-

beling graph.

Example :

V5(0.52,0.512,0.42) V5(0.58,0.578,0.48)

(0.06,0.066.,0.06)

(0 V1(0.59,0.587,0.49) Q_@,\
.jdfo A NS
4 \\(3\ o NS
dfg o = \\\q’“
-0 O = *
Y AN o S
QQ)' (==}
Q* -
= =) Q) o=
|z 2 2 =2
SE 5 RONEEIE
o (0.17,0.077.,0.07) Y NG s
SER@ 10.13,0.033,0.03) ==
M 9 . o
of e ZD © ==
S & \'0.(/, o 2
Nl 3/ >
2 9
o . S NG,
§& = NZ %
Q 5 P Z
Q- N ), &
S S &,
A N 20
I\ Y
V5(0.55,0.545,0.45)

(0.02,0.022,0.02)

Vs (0.54,0.534,0.44) V7(0.56,0.556,0.46)

Central Vertex(V): (0.7,0.6,0.5)
F1GURE 6. Neutrosophic vertex graceful DW,y graph

Theorem 4.7.
Every neutrosophic helm graph H,,n > 3 admits a neutrosophic edge-vertex graceful la-
beling.

Proof. Consider a neutrosophic helm graph H,,n > 3, which has the vertex set
V(v) = {V}U{Vi/1 < i < 2n} and edge set E(e) = {E;/1 < j < 3n} = {VV;/1 <
i <npU{ViVis1/1 <i<n—-1}U{V,V1} U{V;Viy3/1 < i < n} such that these edges
are greater than zero and pu(Vy41, Viy2) = 0. Let V' be the central vertex and V; de-
notes the pendent vertices and vertices of the cycle in H,. In a neutrosophic helm graph
H,,n > 3, the central vertex(V') labeling o : V" — [0, 1] satisfies the condition that if each
membership value of V' starts from %ﬂf, T{Tﬁf’, %ﬂf, etc., where k € N. The neutrosophic
helm graph is said to have neutrosophic vertex graceful labeling if it bears the following
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edge labels: For 1 < i < n and [ € W, define u(V;,Viy1) = (i x 01'—([))12,1' X %,i X ()1—(());1),

M(Via Vn—f—i) = ((n + Z) X 01'78127 (n + Z) X %7 (n+l) X 017814) Fix /1’(‘/7 Vl) = (%7 %7 %)’
I € W and using this value, generate the other edges connected to central vertex by
w(V,Viei) = p(Vi,Vigi) + p(V,Vi). The labels for vertices can be obtained by using
o(Vi) =o(V)—u(V,V;) and 0 (Viyy) = (Vi) — u(Vi, Viti), for 1 < i < n. Since, each edge
membership value are less than the corresponding membership value of vertices and all
the vertices are distinct by each membership, we conclude that every neutrosophic double

helm graph H,,n > 3 is a neutrosophic vertex graceful labeling graph.

Example :

¢ V,(0.41,0.46,0.51)
(0.08,0.12,0.16)

V1(0.49,0.58,0.67)

(€0°020°0°10°0)

xd

(

k. A5 AC 44
V3(0.43,0.49,0.55) V/,(0.47,0.55,0.63)

(0.04,0.06,0.08) (0.10,0.15,0.20)
{0.12,0.18,0.24)

V5(0.31,0.31,0.31) V5(0.37,0.40,0.43)

FI1GURE 7. Neutrosophic vertex graceful H3 graph

Theorem 4.8.
Every neutrosophic bistar graph By, n,m,n > 1 admits a neutrosophic edge-vertex graceful
labeling.

Proof. Let By, ,, m,n > 1 be a neutrosophic bistar graph, which consists of the vertex
set V(v) = {U,V}U{U;/1 <i <m}U{V;/1 <j < n} and edge set E(e) = {E/1 <
kE<2n+1} ={UV}U{UU;/1 <i <m}U{VV;/1 < j < n} such that these edges are
greater than zero and p(U;, Uit1) = pu(Vj, Vi) =0for 1 <i<m,1<i<n. Let U, V
be the central vertices and U;, V; denotes the pendent vertices from U & V respectively.
In a neutrosophic bistar graph By, ,,m,n > 1, let 0 : U — [0,1] & o : V — [0,1] be
the labeling for central vertices U and V respectively, which satisfies the condition that
if each membership value of U starts from Zetitl mdntd mandd ote - where k € N and

5 0 ) 100k * 100k > 100F
V starts from (771135? ) (mlggﬁfg), (”E)L&%), etc., where k € N. The neutrosophic vertex

graceful labeling of neutrosophic bistar graph is assured by the following edge labels: For
1<i<m&keN, define u(U,U;) = (155> 1”5%1,6, 110%2,6) and for 1 < j <n & k € N, we
have u(V,V;) = (#ok" %, %) where i = m+1,m+2,---. The edge u(U, V') connecting
the central vertices U and V is obtained by the absolute difference between these vertices.
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The label value for pendent vertices is given by o(U;) = o(U) — u(U,U;), for 1 < i < m
and o(V;) = a(V) — u(V,Vj), for 1 < i < n. Since, each edge membership value are less
than the corresponding membership value of vertices and all the vertices are distinct by
each membership, we conclude that every neutrosophic bistar graph B,, ,,m,n > 1 is a
neutrosophic vertex graceful labeling graph.

Example :

U1(0.09,0.10,0.11)

V1(0.15,0.18,0.21)

V5(0.14,0.17,0.20)

(0.07,0.08,0.09)

V3(0.13,0.16,0.19)
(0‘0“009
)

V4(0.12,0.15,0.18)
U4(0.06,0.07.0.08)

V5(0.11,0.14,0.17)

FIGURE 8. Neutrosophic edge-vertex graceful BFy 5 graph

5. APPLICATION

Energy System: Among the power generation systems, thermal power plants produce
a high range of electricity by burning fossil fuels such as coal, natural gas, etc. The
generated electricity is transmitted and distributed to industries, transport systems, and
household consumers through HT & LT lines, substations, and transformers. Globally, it
is the most centralized and primary source of electric power generation. Here, we consider
the central vertex as the thermal power plant in a town or city and the other vertices as the
cities that need the significant electric power generated through power plants. The edges
connecting the central vertex and the other vertices are considered to be the villages, which
lie in the route between the power plant and the city. The edges between the adjacent
vertices are taken as villages, which receive the difference amount of electricity(through the
cities) from the villages situated in the pathway between these cities and the power plant.
The truth membership of the central vertex is assumed to be the percentage of electricity
that is equally transmitted to all cities. The indeterminacy membership of the central
vertex is taken to be the percentage of electricity that is equally shared but not correctly
received due to fluctuations, cable failure, climatic influence, etc. The central vertex’s
false membership is thought to be the same amount of electricity that is not sent because
of shutdowns and not enough fossil fuel sources. The memberships of each edge (village)
between the central vertex and the city are considered to be the amount of electricity
consumed, uncertain electricity, and unsupplied electricity, respectively. Likewise, the
membership of each city can be taken, and the membership of each edge (village) between
the cities is assumed to be the same as the edges between the power plant and the city,
with a difference amount of electricity from villages situated between these cities and the
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power plant. Through this model, a high range of electricity can be equally distributed
among the cities and an adequate amount to villages. This model resembles the structure
of a wheel graph, and it can be matched with Figure 2.

6. CONCLUSION

In this paper, the study of vertex and edge-vertex graceful labeling on some intuitionistic
and neutrosophic graphs has been carried out by introducing the definition of vertex
and edge-vertex graceful labeling in the intuitionistic and neutrosophic types of graphs.
In the future, extended work can be done by applying graceful labeling to other kinds
of neutrosophic graphs like, pythagorean neutrosophic graphs, fermatean neutrosophic
graphs, etc. Further, we have planned to execute different types of labeling on neutrosophic
graphs.
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